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PREFACE

The world of chemical engineering is entering a turbulent period of
change. Some of the mature areas of the chemical and petroleum industries
are retrenching and could benefit greatly from the application of the latest
scientific and engineering advances to reduce costs and thus remain com-
petitive. Many new high-tech areas are ‘‘waiting to be born”’ (from ‘Sec-
ond Coming’’ by William Butler Yeats) and need engineering innovations to
solve pioneering problems. Concerns about the environment and about
safety and health must be satisfied so that our industries are accepted by the
public. In fact, we should declare our willingness to become the guardians
of the cradle-to-grave responsibility of potentially toxic chemicals. To solve
these pressing problems, we need to develop more fundamental concepts
and tools that are powerful and applicable.

The research community of chemical engineering has a responsibility to
address and to solve problems that bolster the health of the chemical and
petroleum industries, as well as that of many emerging high-tech and en-
vironmental industries. Advances in Chemical Engineering has a respon-
sibility to publish articles that would shorten the gap between research
results found in primary journals on the one hand, and the stimulation of
new research, the teaching of graduate courses, and the practice of
engineering on the other hand.

Four articles are contained in this volume. The first one, ‘‘Future Oppor-
tunities in Chemical Engineering,’’ represents the Warren K. Lewis Lecture
of Edward Jefferson at Massachusetts Institute of Technology in November
1985. It draws on his experience as Chief Executive Officer of DuPont and
architect of the transformation of the company into new areas. The second
article, ‘‘Analysis of Transport Phenomena Using Scaling and Physical
Models’’ by Eli Ruckenstein, gives insight into chemical engineering in the
microscale. ‘‘Mathematical Modeling of Packed Bed Reactors’’ by Khanna
and Seinfeld gives a vigorous account of the workhorse of chemical
engineering reactors. The last article, ‘' KINPTR (Mobil’s Kinetic Reform-
ing Model)’’ by Ramage et al., summarizes the much acclaimed refinery
model developed over a long period of time, and contains parameter values
that are suitable for the initiation of simulation efforts.

vii



viii PREFACE

Future issues of Advances in Chemical Engineering will include articles in
all the major subjects of support frontiers of mature areas, development of
high-tech areas, protection of environment and health, and development of
new engineering science concepts and tools.

James Wei



FUTURE OPPORTUNITIES
IN CHEMICAL ENGINEERING

Edward G. Jefferson

Retired Chairman of the Board
Chairman of the Finance Committee
E. I. du Pont de Nemours and Company, Inc.
1007 Market Street
Wilmington, Delaware 19898

In many respects we have outgrown the traditional definition of the
chemical industry. Changes in worldwide business conditions are having their
impact on all of industry, and I shall look at what this means for companies
with chemical products and for the people who work for them—especially
scientists and engineers.

There is growing recognition of broad opportunities for the application of
chemistry and chemical engineering. Chemistry, interacting with other
disciplines, provides the fundamental knowledge required to deal with many
of society’s needs. These include new materials for aerospace, automotive, and
electronics industries; basic data for the design of effective environmental
controls; and the understanding of life processes important to agriculture and
health care. A report by the National Academy of Sciences entitled
“Opportunities in Chemistry”—also called the ‘Pimentel Report’—helps
us to crystallize our thoughts about the central importance of chemistry
and chemical engineering and the wide bounds of their application.

The maturing of commodity chemicals, plastics, and apparel fibers
businesses; growing international competition; and problems with environ-
mental quality and toxic materials have led many to a defensive view of our
industry. If we are not careful, such a view could stultify creativity. In point of
fact, the opportunities are bright for new businesses based on the chemical
sciences. But to take advantage of these opportunities, we must be prepared to
depart from traditional fields into new areas.

Consider Du Pont as a case in point. From the company’s founding to the
beginning of the twentieth century, Du Pont was primarily a producer of

1
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2 EDWARD G. JEFFERSON

explosives. But by the end of World War I, management was already aware
that future growth in explosives was limited, and the company therefore used
its strong cash position to diversify into businesses that would provide greater
long-term growth. During the 1920s and 1930s Du Pont made substantial
investments in General Motors, purchased rayon and ammonia technology
from the French, and acquired dyes, pigments, electrochemicals, and photo-
graphic businesses in the United States. As a consequence, by the late 1930s
explosives accounted for less than 109 of sales.

While pursuing growth opportunities during that period, management also
tried a new strategy: basic research. As it turned out, Du Pont was very
successful at both the basic work and its translation to new product
development. Commercial products evolved rapidly and included neoprene
synthetic rubber and, of course, nylon. These successes encouraged the
company to continue research in polymer science and to become a world
leader in the field.

This technology base led to many more fiber, plastic, and elastomer
products. By the 1960s, Du Pont comprised more than 50 businesses, which
were organized into 14 largely autonomous departments. About three-
quarters of the products were based on high polymers. Du Pont had grown
through a combination of research and development, purchase of technology,
and the driving force of market opportunity.

By the early 1970s, it once again became necessary for Du Pont to look for
new growth areas. It had strong commodity chemical businesses; a very large
fibers business; leading positions in engineering plastics, packaging, and
engineering films; automotive paints; and numerous specialty and consumer
products. But the company was already losing proprietary positions for many
of the products it had invented. Companies in other countries became
competitors in many product areas. The fibers business, which in the early
1970s accountéd for a third of Du Pont’s sales, was cyclical and only
marginally profitable in the down part of the business cycle. More than 80°] of
Du Pont’s product portfolio was dependent on petroleum-based raw
materials, and it was hurt in the mid-1970s by the oil price volatility and the
recession that followed the Arab oil embargo.

The company also had to deal with declining industrial growth. From 1955
to 1973, growth in industrial production averaged 4.5% annually. The
compound real growth in industrial production from 1980 to 1985 has been
less than 2%. The drop in growth of the chemical industry has been even more
dramatic. From 1955 to 1973, the chemical industry grew more than 8% per
year—almost double the growth rate of the economy. The compound real
growth rate fell to 49 per year in the period 1973 to 1979 and dropped to
only 1.8 per year from 1980 to 1985.
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Other competitive developments have taken place in the world markets Du
Pont serves. Commodity petrochemical production in the Middle East has
increased, with the Saudis and other oil producers using their exceptional
petroleum position to gain advantage.

During the early 1980s the abnormally strong dollar made it difficult for
American manufacturers to compete in world markets while making it easier
for foreign manufacturers to export their products to the United States.
Du Pont suffered the negative effects of import penetration in markets for
many products including commodity chemicals, plastics, and fibers. It was
necessary to idle plants that were fully competitive in scale and efficiency.

Since the 1970s American industry has faced a series of special challenges:
oil shocks, a dramatic falloff in industrial growth, recession, trade difficulties,
and serious economic policy problems that have yet to be resolved. In light of
these factors, Du Pont’s management established a set of broad goals.

First, it wanted to secure hydrocarbon assets to lend stability to its mainstay
businesses, because while many of the businesses were maturing, management
knew that they would have to remain healthy to generate cash for years to
come.

The second goal was that the company should seek to be the lowest-cost
producer in the more mature businesses. These include oil and gas exploration
and production, coal production, commodity fibers and plastics, automotive
finishes, plastic films, and titanium dioxide white pigment. Extensive process
and productivity improvements have been achieved.

Many of Du Pont’s chemical products are made in reactions employing
catalysts. Great progress has been made in understanding and advancing
both homogeneous and heterogeneous catalysis used in manufacture. Biolog-
ical systems, of course, accomplish complex syntheses under very mild
conditions. As more is learned from life processes, new and more powerful
catalytic methods for synthesis will be developed. Du Pont expects to remain
in the vanguard of this work.

Third, the company has divested assets that cannot be brought up to good
economic performance and those that do not fit our long-range strategy.
From 1982 to 1985, Du Pont sold or withdrew from more than 20
such businesses, including consumer paint, colored pigments, and a number of
commodity chemicals. '

Fourth, Du Pont’s management has given strong support to diversification
into businesses where substantial growth is expected and in which the
company has now achieved or can expect to achieve a strong competitive
position. Such businesses include electronics, health care and agricultural
products, specialty fibers, engineering plastics, and composite structures,
Du Pont is not generally thought of as an important factor in electronics or
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businesses based on the life sciences, such as agricultural products and health
care. Yet these have already become very substantial businesses for the
company.

Du Pont’s fifth goal has been to achieve new growth through discovery. The
company has remained convinced that science and engineering is a means for
developing new opportunities for long-term growth and profitability. From
1981 to 1985, Du Pont invested nearly $4 billion in research and develop-
ment and about $13 billion in capital projects and petroleum exploration.
This is a large investment in the future to sustain and build the competitive-
ness of our businesses in world markets.

Perhaps of particular interest are the efforts in the last two areas mentioned:
diversification into higher-growth businesses and some current research and
development interests. In these businesses Du Pont is generally moving
downstream closer to the consumer—and in so doing is adding more value.

Let us consider first electronics. With sales of roughly $1.2 billion per year,
Du Pont is one of the largest worldwide suppliers of materials to the
electronics industry. The company’s sales in this area have grown at a 20%,
compound rate since 1972, and Du Pont expects them to reach $3 billion by
the mid-1990s. The latest development in this area is reflected in the an-
nouncement of a joint venture with N. V, Philips of the Netherlands. Philips
brings its strong position in compact discs and video discs to the venture.
Du Pont brings technology for high-density information storage discs. The
Du Pont research in advanced materials is important to the overall venture.

In another major area, biomedical products, Du Pont has annual sales of
medical diagnostic and therapeutic products of $1 billion. The company is
second only to Abbot Laboratories worldwide in clinical diagnostic sales.

Du Pont’s medical diagnostics and pharmaceutical businesses are under-
pinned by substantial basic research in molecular biology and biochemistry.
For example, Du Pont recently announced an improved, more reliable test
for detection of antibodies to the virus that causes acquired immunodefi-
ciency syndrome. In another program the protein interleukin-2 produced in
Du Pont’s laboratories by recombinant DNA methods is being used in some
very promising cancer research.

Sales of agricultural products were $600 million in 1984. Du Pont expects to
double this amount by 1990. There are many new products in the pipeline.
Several of these new products are weed killers based on sulfonylurea
chemistry. This family of weed killers is characterized by very low toxicity to
mammals and high herbicidal activity at very low application rates in the
field—often less than an ounce per acre of cropland.

Another key opportunity is in engineering plastics, which accounted for
over $700 million in sales in 1985. Du Pont has a 12%, share of a 3-billion-
pound market that is expected to double by the turn of the century. The
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market for exterior automobile parts is just beginning to develop, and it alone
could reach 5 billion pounds per year by the year 2000. Du Pont’s sales for such
applications could be $500 million by the middle of the next decade.

Advanced composites represent another major growth market. It is
expected to reach $10 billion by the end of the next decade. Du Pont recently
announced the formation of a new composites division to consolidate
operations and business-planning functions. The company intends to par-
ticipate in every step of the composites process, from the manufacture of
reinforcing fibers and resins to the design and fabrication of finished products
to replace metals in aeronautic, aerospace, and automative applications.
Du Pont’s families of engineering resins and industrial fibers give it an
excellent springboard for this opportunity.

As can be seen from this quick sketch, Du Pont’s activities in new business
areas are replete with opportunities for the chemical engineer. The businesses
just discussed are supported by developments in two broad areas, materials
science and the life sciences. Let us look at some of the specific intellectual
challenges for the chemical engineer offered by these categories of inquiry.

Of the high-growth businesses foreseen for companies in the chemical
industry, many opportunities are the result of advances in materials science. In
electronics, the demand exists for new materials in semiconductor technology,
photovoltaics, optical media for data storage, and (longer range) electro-
optical materials for data transmission. These applications require complex
compounds—gallium arsenide and lithium niobate in semiconductors, for
example—of very high purity. Their design and manufacture present
numerous engineering challenges even in small-scale batch processing using
laboratory techniques, the current mode of manufacture. We have yet to
develop larger-scale continuous industrial processes for their manufacture,
which will be necessary to take full advantage of these materials.

In the area of specialty polymers, we are seeing an explosion of new polymer
blends, alloys, and composites. The properties of novel polymer alloys, for
example, are significantly better than those of the materials from which they
are blended, but many aspects of these alloys are not well understood. Most of
the materials consist of multiple polymer phases, But there is still uncertainty
as to the desired characteristics and size of the polymer domains and the
mechanisms by which forces are transferred through the material. All of these
questions will benefit from the chemical engineering approach.

Another important area of materials development is related to the life
sciences and concerns the development of materials to serve as replacements
for body parts. There are challenges in replacing hard tissues such as hip and
knee joints as well as soft tissues such as vascular tissue and ligaments. These
implants will require very sophisticated composite materials if they are to
model the properties of living tissues successfully.
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Of course, specialized materials constitute only one aspect of chemical
engineering in the life sciences. The term life sciences has become about as
vague as the term biotechnology. But in the industrial context life sciences for
the chemical engineer can be divided into at least two areas: processes to
synthesize compounds and systems applied for biological results.

The reader is probably already familiar with the most common area of
chemical engineering in the life sciences: the application of classic chemical
engineering techniques to the manufacture of compounds with biological
activity. At present, this includes most agricultural chemicals and many drugs.
Another life science technology is the design and control of systems for
microbial processing to produce chemicals by biological processes. Alcohols,
sugars, and penicillin are typical products in this field. Switching from
processes to raw materials, both microbial and traditional reactor processing
can emphasize renewable resources. Light hydrocarbons from low-value trees
and brush or from crop residues are excellent examples. A final compound-
directed example is the much publicized work to produce interferon and
human insulin by recombinant DNA methods.

A different but very important area of chemical engineering in the life
sciences involves the design and manufacture of health care systems for
diagnostic or therapeutic purposes. Consider the example of controlled
release drugs or dermal penetration drugs. Here the emphasis is on the system
rather than on the compound. The design of these systems requires an
understanding of reactions, kinetics, fluid mechanics, and membrane systems.

Another good example is a diagnostic system that Du Pont manufactures
and sells called the automatic clinical analyzer. These instruments process
blood and other body fluids and quickly perform a wide range of diagnostic
tests on a single sample. Although some models are compact enough tositona
physician’s desk, they are small chemical plants. They employ reaction
technology, separation columns, and other elements in their design and
function.

Over 20 years ago, when I was responsible for research in the plastics
business, I learned that chemical engineering principles are just as applicable
to polymer synthesis, isolation, and processing as they are in the technology of
lower-molecular-weight conventional compounds. Above all, control of
reactant purity, good instrumentation and measurement, thorough material
and heat balances, control of mixing, and understanding of rates and
equilibria will pay handsome dividends. Extension to the macromolecules of
biological systems will require similar rigorous application of basic principles.

Some of the businesses that we are developing are by no means typical of
what was traditionally thought of as the chemical industry. Yet they are very
much based on chemical science and fall well within the scope of chemistry
described in the Pimentel Report. More than 4000 of the nearly 16,000
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technically trained people working in Du Pont operations are chemical
engineers, and there will be plenty of opportunities for them to apply their
skills and insights in these new areas.

Nevertheless, those beginning or contemplating the study of chemical
engineering are no doubt asking themselves certain questions: What generally
will be the demand for the chemical engineer in the future? Is my course of
study preparing me for an industry that is obsolete or moving off shore? Will I
be expected to become specialized in order to obtain employment? Will there
be genuine challenges for the chemical engineer in the new industries that are
on the horizon, or will I have to take a back seat to other engineering and
science disciplines?

To a certain extent, answers to these questions are implicit in what I have
already discussed. But these are all serious concerns, and I would like to make
a few general observations about chemical engineering in response to them.

First, I do not believe that any engineering discipline is vocational training
pure and simple. The engineer learns to think about physical concepts, systems
design, and problem solving. A properly educated engineer has a world view
that equips the individual well for living and working in the modern industrial
world.

The chemical engineer is particularly well suited to working on the
problems at hand. It is not enough to say that the growth areas for chemical
engineering parallel the growth areas of the chemical industry. It is more
fundamental than that. Chemical engineering preparation will be broadly
useful in the future of industry because many of the developments we expect in
the life sciences, electronics, and other fields will actually be developments in
chemistry, and their application will require the contributions of chemical
engineers. :

Second, even with new areas opening up, some very traditional chemical
engineering will require attention. Process technology is a good example. The
challenge to make existing and future plants as safe, as environmentally
acceptable, and as efficient as possible has never been more critical. The
established products of the chemical industry find uses throughout the
industrial system, and the need for them will endure. Also, the engineer will be
required to deliver more plant construction for the money as efficiency and
productivity become key to the profitability and perhaps the competitive
survival of segments of our industry.

Third, because the chemical engineer will be useful in proportion to how
well he or she helps other disciplines solve problems, it will become necessary
for chemical engineers to broaden their training and expectations. Although
the baccalaureate degree will continue to be very good preparation for
positions in marketing and plant supervision, the time may be passing when
the bachelor’s degree is sufficient for entry-level chemical engineering
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positions in research and process development. Just as positions in chemistry
and biology traditionally have required an advanced degree—often a
doctorate—similar credentials may be required of the chemical engineer in
the future. In other words, the role of the chemical engineer will become less a
matter of running plants and more a matter of interdisciplinary problem
solving.

Fourth, the chemical engineer will be squarely in the middle of develop-
ments in many of the high-technology industries. We must transcend the
image of the chemical engineer as the guy in the hard hat standing on the
catwalk of a refinery surveying his world-scale plant.

In fact, “he” may well be “she” these days. But more to the point, the whole
notion of a change of scale is one of the more intriguing and challenging
developments in chemical engineering at the present time. This change is
occurring on two fronts. One is that the scale of the physical piece of
equipment on which engineers will work in some of the new fields may be
much smaller; instead of thinking in thousands of square feet or gallons, they
will be thinking in square inches and milliliters. Quantities of material moving
through the equipment may no longer be measured in tons or hundreds of
pounds, but in ounces and grams.

The other change in scale is more conceptual but stiil quite real in impact. It
has to do with increasing the effectiveness of chemical products. We live during
an era of “smart” chemicals. This is seen at Du Pont with supertough nylon,
“Kevlar” aramid fiber, high-covering-power coatings, superfine denier
textiles, and high-activity agricultural chemicals, such as Du Pont’s “Glean”
sulfonylurea weed killer. In end-use applications, these products result in the
same or better job performance with fewer pounds of chemicals than the
products they replace. To the extent that we can make these new products in
existing facilities, we have effectively added new capacity—and certainly more
value in use. Consequently, rather than sinking expensive capital into new
facilities, it will become important to be able to retrofit existing facilities.

Chemical engineering in the years ahead will be practiced increasingly in a
retrofit world. For new facilities it will be necessary to consider retrofit options
up front. This approach conserves capital while allowing faster, more flexible
response to changing markets and worldwide conditions.

There are, undoubtedly, other generalizations that one might make
concerning the outlook for chemical engineering. It has been my aim to
emphasize that companies with chemical businesses are applying advanced
technology to existing products and are moving beyond traditional chemical
lines into areas that offer new growth prospects. These are businesses that
depend on chemical sciences, and they will have an essential need for chemical
engineering.
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However, the demands made of the discipline and those who practice it are
changing. The challenge before us is to prepare chemical engineers who think
in terms of the overall solution to a problem, including product, processing,
marketing, economic, and human resource considerations. Appropriate
changes in curricula are evident, suggesting that our chemical engineering
departments are adjusting to these new realities as they have historically to
other changes. The chemical sciences and chemical engineering have helped
make our industry competitive on the world scene, a competitiveness reflected
in a positive balance of trade in chemical products, even under the challenging
economic circumstances of recent years.

The study and practice of chemistry and chemical engineering will continue
to be excellent preparations for a variety of operational, management, and
research assignments in the modern corporation. And the beauty of it is that it
is exciting, challenging, and rewarding work. In many ways [ wish that I myself
was just beginning.
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ANALYSIS OF TRANSPORT PHENOMENA
USING SCALING AND PHYSICAL MODELS

Eli Ruckenstein

Department of Chemical Engineering
State University of New York at Buffalo
Buffalo, New York 14260

l. Introduction

The purpose of this chapter is to provide a comprehensive discussion of
some simple approaches that can be employed to obtain information on the
rate of heat and mass transfer for both laminar and turbulent motion. One
approach is based on dimensional scaling and hence ignores the transport
equations. Another, while based on the transport equations, does not solve
them in the conventional way. Instead, it replaces them by some algebraic
expressions, which are obtained by what could be called physical scaling. The
constants involved in these expressions are determined by comparison with
exact asymptotic solutions. Finally, the turbulent motion is represented as a
succession of simple laminar motions. The characteristic length and velocity
scales of these laminar motions are determined by dimensional scaling. It is
instructive to begin the presentation with an outline of the basic ideas.

Conventional dimensional analysis uses single length and time scales
to obtain dimensionless groups. In the first section, a new kind of dimensional
analysis is developed which employs two kinds of such scales, the microscopic
(molecular) scale and the macroscopic scale. This provides some physical
significance to the exponent of the Reynolds number in the expression of the
Sherwood number, as well as some bounds of this exponent for both laminar
and turbulent motion.

In developing the boundary layer concept, Prandtl suggested an order-
of-magnitude evaluation of the terms in the Navier—Stokes equations, which
provides an expression (with an unknown proportionality constant) for the

11
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12 ELI RUCKENSTEIN

thickness of the hydrodynamic boundary layer. Such order-of-magnitude
evaluations are transformed here into a computational tool, which can
provide expressions for the mass transfer coefficient in complex cases in terms
of the mass transfer coefficients for simpler cases. The terms of the convective
diffusion equation are replaced by algebraic expressions in terms of scaling
quantities but multiplied by constants. Thus, an algebraic equation containing
a number of constants is obtained for the mass transfer coefficient. The
undetermined constants are determined from the solutions available for
simpler limiting cases. This approach is termed “algebraic” because the
convective diffusion equation is replaced by an algebraic equation.

Third, turbulent transport is represented as a succession of simple laminar
flows. If the boundary is a solid wall, then one considers that elements of liquid
proceed short distances along the wall in laminar motion, after which they
dissolve into the bulk and are replaced by other elements, and so on. The path
length and initial velocity in the laminar motion are determined by dimen-
sional scaling. For a liquid—fluid interface, a roll cell model is employed for
turbulent motion as well as for interfacial turbulence.

The essential point of the treatments discussed here is that simple
procedures based on scaling (either dimensional or physical) or physical
models can be used to interpret some complex cases of transport in terms of
simpler ones.

Il. Dimensional Analysis Based on Two Kinds of Scales

For dimensional analysis one needs to identify the physical quantities upon
which the transfer coefficients depend. The number of dimensionless groups
equals the number of physical quantities involved minus the number of
independent dimensions. In this procedure, the dimensionless groups are
constructed without involving the transport equations. They can also be
formed on the basis of the similarity method applied to the transport
equations [1]. The latter method extends the concept of similitude from
geometry to the transport equations. By using scaling transformations for all
the quantities involved, the conditions for two temperature or concentration
fields to be similar are derived. The resulting dimensionless groups are the
same as the ones obtained by dimensional analysis.

Conventional dimensional analysis employs single length and time scales.
Correlations are thus obtained for the mass or heat transfer coefficients in
terms of the minimum number of independent dimensionless groups; these
can generally be represented by power functions such as

Sh = A Re™Sc" (1)
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and

Nu = ARe™Pr" 2)
where

Sh (the Sherwood number) = kd/D 3)
Nu (the Nusselt number) = hd/k’ 4)
Re (the Reynolds number) = Ud/v (5)
Sc (the Schmidt number) = v/D 6)

and
Pr (the Prandtl number) = v/a N

Here k is the mass transfer coefficient, d is a characteristic length of the system
{e.g., the diameter of the tube), U is a characteristic velocity, v is the kinematic
viscosity, D is the diffusion coefficient, h is the heat transfer coefficient, k' is the
thermal conductivity, ais the thermal diffusivity, and 4, m, and n are constants.

The present approach to dimensional analysis is based on the observation
that, in both laminar and turbulent flows, two kinds of quantities are involved:
the physical properties, such as D, v, and g, and the macrodimensions and
macrovelocity of the system, such as d and U. For this reason, two kinds of
length and time scales should characterize the process: the micro- and
macroscales. The microlength [ and microtime ¢ are associated with molecular
phenomena and can therefore be used to express the dimensions of the
molecular diffusion coefficient, of the thermal diffusivity, and of the kinematic
viscosity. The macrolength L and macrotime T can be used to express the
diameter and length of the tube and the velocity of the fluid. The mass transfer
coefficient depends, however, on both micro- and macroquantities. It is,
therefore, necessary to include both these kinds of scales in its dimensions.
Denoting the exponent of the macrolength by o and that of the macrotime by
B, the dimensions of the mass transfer coefficient k become

(k] =L/ Tht# 8)
The dimensions of the other relevant quantities can be written as
[d]l]=L, [Ul=LT™, [D] =11, and V=02t 9
Assuming, as usual, a power relation between the variables
k= AU*d*v*D® (10)

then, the dimensional analysis in which the macro- and microscales are treated
separately, leads to

kd/D = A(Ud/v)*(v/D)* ~* (1)
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where
B=(1+0a)2 (12)

Equation (11) has the same form as Eq. (1). The exponent m of the Reynolds
number,

m=p=(1+a)2 (13)

acquires, however, some physical meaning, because § is a measure of the
participation of the macrotime scale and « is a measure of the participation of
the macrolength scale in the dimensional structure of the mass transfer
coeflicient. Since one expects the participation of the macroscales to be greater
in turbulent motion than in laminar motion, the value of m should be larger in
the former case.

In the extreme case of Re — oo (strong turbulence), no microparticipation is
expected to occur because the molecular processes do not play any role in the
transport rate. In this case, o = f§ = 1 [see Eq. (8)]. In the other extreme case,
such as the vanishingly small Reynolds number flows around a sphere or the
mass transfer in laminar flow in a long tube, the Sherwood number is constant.
In this case, the microparticipation dominates and « = —1 and f=0. In
turbulent flows involving sufficiently large Reynolds numbers, some micro-
participation will arise because the molecular quantities do play a role in the
rate of the process. The macroparticipation still remains more important than
the microparticipation, however. Similarly, at the other extreme, such as the
laminar flow past a sphere at not too large Reynolds numbers, the
microparticipation is expected to decrease in comparison to that for Re — 0,
but will still be greater than the macroparticipation. Extrapolating in both
directions, it is plausible to consider that the macroparticipation is greater
than or equal to the microparticipation for turbulent motion and that the
opposite is valid for laminar flow. Thus, for the turbulent flow,

x>1—-a and f>1-5 (14)

Since a and f are not independent quantities, being related via Eq. (12), the
preceding two inequalities are simultaneously satisfied only if

05<a<1 and 075<f<1 (15)
Similarly, for the laminar case,
l—au>a and 1—->8 (16)
These inequalities are satisfied without contradicting Eq. (12) only if
<05 and a<0 17

Equations (15) and (17) show that the exponent of the Reynolds number is
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greater than or equal to 0.75 for turbulent flow and smaller than or equal to 0.5
for laminar flow. Indeed, in turbulent flow, the exponent of the Reynolds
number is equal or larger than 0.75 [2]. In laminar flow, the exponent of the
Reynolds number is 1/2 for sufficiently large Reynolds number flows along
a plate or around a sphere, to become 1/3 for a Stokes flow around a sphere
and zero for vanishingly small Reynolds number flows around a sphere or for
laminar motion in a long tube [2].

One may also note from Eq. (11) that the exponent of the Schmidt number
is independent of the exponents of the macro- and microscales. In other
words, the exponent of v/D should be the same for both laminar and tur-
bulent flows. Experiment indeed indicates that the value of 1/3 for this
exponent is valid for many laminar and turbulent flows along solid interfaces
and that the value of 1/2 is valid for laminar and turbulent motions along
fluid —fluid interfaces. It is interesting to note that there is a jump from 0.5 to
0.75 in the value of the bound of the exponent m with the transition from
laminar to turbulent flow, a result which is in agreement with experimental
observations [2].

lil. The Algebraic Method

A. PRANDTL’S EVALUATION PROCEDURE

In order to familiarize the reader with Prandtl’s evaluation procedure [3-5]
on which the algebraic method is based, let us examine the steady laminar
motion of a fluid along a plate and denote by x the coordinate along the plate,
by y the distance to the plate, by u and v the x and y components of the velocity,
and by p the pressure. The equations of motion of an incompressible fluid of
density p and kinematic viscosity v have the form

ou ou 1 ép o*u  d%u
— 4= —— — 18
“ax t v(?y p 0x v(ax2 * oy? (18)
and
ov ov 18p v 9%
— = - — + = 19
“x % p6y+v<6x2+6y‘ 19
where u and v are related via the continuity equation
ou Ov
b 20
dOx + oy 0 (20)

As suggested by Prandtl, the entire zone of motion can be subdivided into two
regions: a boundary layer region near the plate of thickness J, = §,(x), in
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which the viscosity plays a role, and a region of inviscid motion further from
the plate, in which the effect of viscosity can be neglected and hence Euler’s
equations can be used. The Navier—Stokes equations can be simplified within
the boundary layer because the thickness of this layer is small compared with
the length I of the plate. In order to evaluate the terms of the equations of
motion, it is useful to scale the coordinates x and y with [ and 3, respectively,
by introducing the dimensionless variables

X =x/l and Y = y/b, (21)

Equations (18) to (20) are thus transformed into

udu v ou 1p vortu v o*u

uM M vou o 2

1ox 5oy~ plox TiEex? T szav? 22

udv v o 1 p v o v 0%

Tox Y50y~ peav TPoxT taiave @)
and

1 du 1 ov

Tox 5 a7 =" (24)

Denoting by u, the value of u at the outer edge of the boundary layer and
taking into account that 0 < X < 1and 0 < Y < 1, one can write

1du u

TEY— ~ T (25&)
and hence, using the continuity equation (24), that
o
v~ T"u(, (25b)
where the sign ~ means of the order of. Similarly, one can write that
du  0%u v v,
ox “exz T X TaxrT (259
du  0*u v o 4,
P I CI 1 et ity (254)
v %u v, v %0 v,u,
AR CF O e @5)
v 0%u v, v 8% vy,

Replacing the terms of the equation of motion with their evaluations, one
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concludes that d%u/dy® » 0%u/0x? because ,/! « 1 and that the thickness &,
of the boundary layer is given by the expression

8, oc (vx/u,)? (26)

The exact solution of the problem leads to the same expression with a
proportionality constant between 3 and 5, depending on the definition of the
thickness of the boundary layer. In the following sections, the preceding
evaluation procedure is applied to a large number of problems, particularly to
complex cases for which limiting solutions can be obtained. As already noted
in the introduction, the terms in the transport equations will be replaced by
their evaluating expressions multiplied by constants. The undetermined
constants will then be determined from solutions available for some asymp-
totic cases.

B. THICKNESS OF THE HYDRODYNAMIC BOUNDARY LLAYER FOR A
VISCOELASTIC FLUID

We show here that the preceding scaling procedure can be extremely useful
in complex cases involving viscoelastic liquids. Various authors [6-8] have
extended Prandtl’'s boundary layer approach to a viscoelastic fluid, their
treatments being summarized by Schowalter [9]. However, these authors have
used the boundary layer approach solely to simplify the equations of motion.
It will be employed here to obtain an expression for the thickness of the
boundary layer, which will be used to extract insights concerning some
experimental results. The following approximate equation is assumed to be
valid for the flow of a viscoelastic fluid along a plate [9]:

dou du  d%u 0 d’u Bu  oud*u du 0*u
ua-i-li-a}— V—ay—z*f'v [u——axayz +Ua}§+aa—yf—$5x—ay'] (27)
where 0 is a constant characterizing the relaxation of polymer chains.
Extending the procedure used for the viscous fluids to Eq. (27), one can write

ou  u? ou  OSyuou, ul
2l — e e 28
"oax T x U@y x 8, x (282)
*u  vu
. 28b
oyr ~ ot (28b)
and
dou ou  oud*u Ou 0%u vOu?
ou  ou ouou dmou | W 28
Ve[“axay2 TS T oy 6x6y:| 32 (28¢)

Replacing the terms of Eq. (27) by their corresponding evaluations multiplied
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by constants, one obtains
8% = A(vx/u,) + BvO (29)

where 4 and B are constants. One must emphasize the fact that the possibility
of evaluating a boundary layer thickness does not necessarily mean that a
similarity solution exists. Equation (29) indicates only the existence of a region
near the wall where viscosity and elasticity play a role. This simple expression,
however, has some interesting implications. First, one may note that, in
contrast to the case of a viscous fluid, the thickness of the hydrodynamic
boundary layer has a finite value at the origin. Second, for large values of the
free stream velocity, the thickness of the boundary layer caused by viscosity,
which is of the order of (vx/u,)'/?, becomes small compared to that caused by
elasticity, which is proportional to (v8)!/2, and the thickness of the hydro-
dynamic boundary layer becomes independent of velocity. As a result, the
drag coefficient and the heat transfer coefficient are expected to become
independent of velocity when the ratio (v8)!/?/(vl/u,)!/* of the thicknesses
becomes sufficiently large. This ratio contains the so-called Deborah number
[10], De = 6u,/l, which compares the relaxation time 6 to the residence time
I/u,. It is interesting to note that experiments have shown [11] that when a
viscoelastic fluid flows past a cylinder, the heat transfer coefficient and the drag
coefficient become independent of velocity at large values of the latter.
However, the experiments of James and Acosta [11] have been carried out at
relatively low Reynolds numbers (Re < 50), while the boundary layer
approximation is valid for large Reynolds numbers. Thus, while no
quantitative agreement between the preceding considerations and experiment
is expected, the boundary layer approach still provides insight into the
problem.

Let us now use this evaluating procedure to obtain an expression for the
drag coefficient at large velocities. In order to calculate the drag coefficient, the
expressions of the stress tensor corresponding to Eq. (27) must be written
explicitly. They are

e _ 0w F 0 P ol
_vay-}-v(?[uaxay+vay2 +26x 3 (30)
and
ou\?
Opx X — 0y = —vpl 3y (31)

where 1,, is the shear stress component and o,, and o,, are the normal
components of the stress tensor. The components of the stress tensor at the
surface of the cylinder, which are marked with the superscript o, can be
evaluated as follows:

i/ pus = C'(v/uy0y) + C"'(v0/x8y) (32)
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and
asy/pud = C""v0/5; (33)
where C’, C”, and C’" are constants.
For sufficiently large values of u,, &, occ (v8)!/2 and, as a result,
15./pui oc (v9)'?/x,  and  ¢3S,/pu? = const (34)

Neglecting the presence of the wake, the drag coefficient Cy, is given by the
expression

R . n 1
Cp = <J‘ 5. singdo + f a5, cos¢d¢)/§pu§ (35)
0 0
where ¢ = 2x/d, d being the diameter of the cylinder. For large values of u,,
one thus obtains

Cp, oc (v0)'12/d (36)

Regarding the heat transfer coefficient, let us write that the thickness J of the
thermal boundary layer is related, for sufficiently large Prandtl numbers, to
that of the hydrodynamic boundary layer by

8 =8,Pr 1

This expression, which is valid for Newtonian fluids only, is extended here to
viscoelastic fluids only because it eventually leads to a satisfactory correlation
of the experimental data.
The heat transfer coefficient h, can therefore be evaluated from
k' k' Pri/3
h e —1 37a
* 8 T {A(vx/u,) + Bvo}1? (37a)

and

_hx Pri/3

Tk {A(v/u,x) + Bvg/x2}12
For sufficiently large values of u,, h, becomes independent of both x and u,,
since Eq. (37a) leads to

Nu, (37b)

h, = k' Pr3/(Bvg)12 (38)

Consequently, the boundary layer approach suggests that the drag coefficient
and the heat transfer coefficient should indeed become independent of the
velocity at sufficiently high velocities.

In addition, Eq. (37b) can be modified to correlate the data of James and
Acosta using the observation that in the lower range of Reynolds numbers
employed by them the exponent of the Reynolds number is nearer to 1/3 than
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to 1/2 [5]. Experiment has shown that in the viscous limit [12]
hd/k’ = 0.965Pr®3Re®2®  for 0.08 <Re <8 (38a)

where h is the average heat transfer coefficient over the surface of the cylinder.
This suggests that Eq. (37b) should be replaced by the equation

hd Pri/3

hhingy 38b

k' {A(v/u,d) + B(v8/d?)}°-2® (38b)
Determining the constant A by means of Eq. (38a), to which Eq. (38b) should
reduce for § = 0, and the constant B from the experimental data, one obtains
the expression

hd Pr!/3 Re®-28
kT {1035 + 22.3(u,0/d)}° 2"

which constitutes a satisfactory representation of the experimental data of
James and Acosta.

In what follows, the preceding evaluation procedure is employed in a
somewhat different mode, the main objective now being to obtain expressions
for the heat or mass transfer coefficient in complex situations on the basis of
information available for some simpler asymptotic cases. The order-of-
magnitude procedure replaces the convective diffusion equation by an
algebraic equation whose coefficients are determined from exact solutions
available in simpler limiting cases [13,14]. Various cases involving free
convection, forced convection, mixed convection, diffusion with reaction,
convective diffusion with reaction, turbulent mass transfer with chemical
reaction, and unsteady heat transfer are examined to demonstrate the
usefulness of this simple approach. There are, of course, cases, such as the one
treated earlier, in which the constants cannot be obtained because exact
solutions are not available even for simpler limiting cases. In such cases, the
procedure is still useful to correlate experimental data if the constants are
determined on the basis of those data.

(38¢)

C. LAMINAR FREE CONVECTION FROM A VERTICAL PLATE
OVER THE ENTIRE RANGE OF PRANDTL NUMBERS

The laminar free convection from a vertical plate can be described by
the equations

ou ov
FER Ml (39)
ou du u
u_(?x + v—ay =gp(T-T,)+ v—ay2 (40)
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and

2 (41)

Here u and v are the x and y components of the velocity, x is the distance up
the plate, y is the distance to the plate, T is the temperature, T, is the am-
bient temperature, g is the acceleration due to gravity, and g is the volu-
metric coefficient of expansion. It has already been argued that convective
momentum and energy transport dominate diffusive processes in the flow
direction.

The velocity field is caused in free convection by the temperature field.
Therefore, the thickness & of the thermal boundary layer can be used as the
single length scale that characterizes both the temperature and velocity fields.
Denoting the velocity scale in the x direction by u,, the continuity equation
{Eq. (39)] shows that the velocity scale v, in the y direction is of the order of
u,0/x.

The terms of Egs. (40) and (41) are evaluated by replacing u and du by u,, dx
by x, dy by 4, 6T and T— T, by AT=T, — T, (where T, is the wall
temperature). This yields

- Z 20 42
“ax+”ay X (422)
u  vu T  aAT
. ~ _~ 2b
TN EA N (420)
and
T  OT _u,AT a2

ua+05; X

Replacing each term by the corresponding evaluation multiplied by a
constant, Eqgs. (40) and (41) are replaced by

A'(u2/x) + B'(vu,/8%) = gBAT (43)

and
C'(uy/x) = a/d? (44)

where A’, B’, and C’ are constants.
Eliminating the velocity scale u, between Eqgs. (43) and (44) yields

5 = a’x[A + B(v/a)]
© gBAT

where 4 and B are constants. Since the local heat transfer coefficient h, is given

(45)
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by
h,=k'/5 (46)

Eq. (45) becomes [15]

3\ 1/4 1/4 —-1/4
Nu, = h,’x = (gﬁATx ) <X> (A + BX>
k va a a

= Ral*Pr'%(4 + BPr)™'* “é7)

where Ra, = gBATx3/va is the Rayleigh number. For the extreme cases
Pr — 0 and Pr — oo, expression (47) acquires the forms of the exact rela-
tions given subsequently. The constants 4 and B are determined from these
exact relations.

For an isothermal plate, the solutions derived by LeFevre [16] are

Nu, = 0.6(Ra,Pr)!/*  for Pr—0 (48a)
and

Nu, = 0.5Ral/* for Pro o (48b)
while for uniform heat flux, they have the form [17]

Nu, = 0.7(Ra,Pr)* for Pr-0 (49a)
and

Nu, = 0.56Ral/* for Pr— oo (49b)

Employing the above asymptotic solutions, one can calculate the constants A
and B, and Eq. (47) becomes [15]

Nu, = Ral*Prl/4(7.7 + 15.7Pr)~ 114 (50)
for uniform wall temperature and
Nu, = Ra}/*Pr'/4(4.36 + 10Pr)~"/* (1)

for uniform heat flux.

Equations (50) and (51) are in good agreement with the empirical
correlations suggested by Churchill and Ozoe [17] to represent their numer-
ical solution of the governing transport equations. Tables I and II com-
pare the results.

D. Mass TRANSFER COEFFICIENT IN A SEMIINFINITE LIQUID
THAT MOVES ALONG A PLANAR FLUID BOUNDARY

This case was treated by Potter [ 18] by means of the integral method. Since
for high values of the Schmidt number only the region in the vicinity of the
planar fluid boundary contributes appreciably to the value of the mass
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TABLE 1

CONSTANT WALL TEMPERATURE CASE (Nu,/Ra!’* versus Pr)

Pr Present equation (50) Churchill’s equation
0.01 0.1889 0.1812
0.05 02771 0.2548
0.10 0.3224 0.2901
0.20 0.3687 0.3257
0.50 04236 0.3704
1.00 0.4549 0.4004
2.00 04758 0.4259
5.00 0.4911 0.4521

10.00 0.4967 0.4667

20.00 0.4997 0.4775

50.00 0.5015 0.4872

100.00 0.5021 0.4921

200.00 0.5024 0.4956

500.00 0.5026 0.4985

1000.00 0.5026 0.5000
TABLE 11

CONSTANT WALL HEAT FLuX CasE (Nu,/Ra}’* VERsUs Pr)

Pr Present equation (51) Churchill’s equation
0.01 02176 0.2083
0.05 03185 0.2919
0.10 0.3696 0.3315
0.20 0.4212 0.3712
0.50 0.4810 0.4206
1.00 0.5141 0.4534
2.00 0.5358 0.4810
5.00 0.5513 0.5091

10.00 0.5570 0.5247

20.00 0.5600 0.5361

50.00 0.5618 0.5464

100.00 0.5624 0.5516
200.00 0.5627 0.5552
500.00 0.5629 0.5583
1000.00 0.5629 0.5598

transfer coefficient, one can use for the velocity components u and v the
expressions valid near that boundary:

i=i‘i+2(1—ﬁ>l (52)

Uy Uy Uy ) O
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and

W 630, —u,) ¥
_ U — o) Y 53
YT ML 74+ 115(ujuy) 03 (53)

where
_ 4vx 630
" u, 74 + 114(u,/u,)

u, being the velocity at the fluid—fluid boundary and u,, the velocity of the
liquid at large distance from the fluid—fluid boundary.
The convective diffusion equation has the form

oc dc ¢

6} (54)

ua + U’a—y = Da—y2 (55)
where c is the concentration.
The terms of Eq. (55) can be evaluated as follows:
0
w28, + 20y, —up | (56a)
0x 5;, X
oc  2v 630(u, —u,) 6%Ac
Uay u, 74 + 115(u0/um)57 (56b)
and
dc Ac

where the thickness & of the diffusion boundary layer is related to the mass
transfer coefficient k, via

k,=D/é (57)

Replacing each of the terms of Eq. (55) by its algebraic evaluation muitiplied
by a constant, one obtains

u, [ 6\? U 5\* D74+ 115(u,/uy)
A=) 4Bl — =)&) =T el Pe) 8
a, (5,,) + ( u. ><5h> y 630 (58)
The two constants A and B can be determined from the solutions available in
the limiting cases of u, = 0 and u, = u_. For the extreme case of u, = 0, the

boundary behaves like a solid surface and the mass transfer coefficient k,,,
is given by the expression valid for the laminar flow along a solid surface [2]:

u 1/2 v 1/3
kx,=o.330(ﬁ) (5) (59)
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In the other extreme case, u, = u,, and the transport equation simplifies to

eyl
* 0x oy?
which has, for the boundary conditions
c=C for x=0 andall y
c=C; for y=0 andall x

the solution

e “du

c—C 2 Z(W)
C - “WL

The mass transfer coefficient is in this case given by
k= (uD/nx)'?
For the constants 4 and B one thus obtains

A=4/n and B=09

(60)

(61)

Equation (58) can also be obtained by integrating Eq. (55) with respect to y

between zero and ¢ and by assuming that
(c — OY(C; — C) = F(y/d)

Integrating Eq. (55) with respect to y, one obtains

d (° (6c)
— | (¢ — Cludy = —D{|—
de( Judy 3]0

Assuming in addition that
(¢ — ONC; — C)=F(y/d)
and using Eq. (52) for u, there results

2
ty 4,40 +(1 _“_o)Brd@ /o) _ DE
w dx © dx Uep
where
1
= X X:
A LF(é)ch const
1
f Yr(YY4Y =
B—2J:)5F(5)d(S const

(62)

(63)

(64

(65a)

(65b)
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and

__[dF(y/9)
k= (dy/é

If one assumes that 8/4, is independent of x, one arrives again at Eq. (58). If a
particular form is chosen for the function F, as one proceeds in the method of
polynomials, the calculation of the constants A’, B, and E becomes possible.
While in this particular problem one can follow a parallelism between the
algebraic method and the method of polynomials, the same parallelism can no
longer be identified in the other examples examined. It is worth emphasizing
that the use of the boundary layer thickness concept in the algebraic method
does not imply the existence of a similarity solution. In general, the algebraic
method interpolates between the two similarity solutions which are valid in
the two asymptotic cases.

> = const (65¢)
y6=0

E. CoMBINED FORCED AND FREE LAMINAR CONVECTION FROM VERTICAL
SURFACES WHEN BOTH ARE IN THE SAME DIRECTION (ASSISTING FLOWS)

Equations 39-41 are again employed and the boundary conditions assume
the form

u=v=0, T=T, at y=0 andall x (66a)

u=u,, T=T, at y—oo andall x (66b)
and

u=u,, T=T, at x=0 andall y (66¢)

It is difficult to solve the system of Eqgs. (39)—(41) for these boundary
conditions. However, certain simplifying assumptions can be made, if the
Prandtl number approaches large values. In this case, the thermal boundary
layer becomes very thin and, therefore, only the fluid layer near the plate
contributes significantly to the heat transfer resistance. The velocity compo-
nents in Eq. (41) can then be approximated by the first term of their Taylor
series expansions in terms of y. In addition, because the nonlinear inertial
terms are negligible near the wall, one can further assume that the combined
forced and free convection velocity is approximately equal to the sum of the
velocities that would exist when these effects act independently. Therefore, for
assisting flows at large Prandtl numbers (theoretically for Pr — o), Eq. (41)
can be rewritten in the form:

or _ o

E =a ayz (67)

oT
(ug + “N)g + (vp + vN)
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where the subscripts F and N refer to forced and natural convection,
respectively. The velocity components of Eq. (67) are given by [20,5]

up = 0.332u32v712x 712y p = 0.083ud2y 12 732y2  (68a)
and by [5]
uy = 0.679 Pr Y4(gB AT/v?)34yx /4y for Pro o  (68b)
and
vy = —0.084 Pr=Y4(gB AT/v2)34yx~3/4y2 for Proo  (68¢)

It is important to emphasize that the forms of Egs. (68) are obtainable from
scaling considerations. Indeed, near the wall, one can write ug/u,, o y/d,,
where J, is given by Eq. (26), and uy/uy, oc y/d, where uy, is given by Eq. (44)
and & by Eq. (45) [in which A « B(v/a)]. These expressions together with the
continuity equation provide the forms of vr and vy.

The order-of-magnitude analysis leads to

ARe?Pr + BRa}* = Nu} (69)
where
Re, = ux/v

The constants A and B can be calculated from the limiting expressions for free
or forced convection. For isothermal plates [2,5],

Nu, = 033 Re!? Pr!/? (70a)
and [17]

Nu, y = 0.50Ra}* (70b)
For constant wall heat flux [2],

Nu, ¢ = 046 Re!/?> Pr!”? (71a)
and [17]

Nu, y = 0.56Ral {71b)

The constants in Eq. (69) can be calculated from the limiting cases provided by
Egs. (70) and (71). However, it is of more interest to rewrite Eq. (69) in terms of
Nu, ¢ and Nu, 5 [19]

Nu? = Nu2 ; + Nu? 72)

This result can be obtained without knowing the values of the proportionality
constants in Egs. (68), but only the forms of the velocity distributions. As noted
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earlier, scaling arguments can provide these forms. Equation (72) constitutes a
derivation of Churchill’s suggestion [21]. Similar expressions can be derived
for spheres or cylinders, by replacing the coordinate x by the diameter [19].
These approximate results complement the rigorous treatment of mixed
convection given by Acrivos [22] and Sparrow and Gregg [23].

Let us compare the result obtained on the basis of the algebraic method
with those obtained from an exact solution of Eq. (67). The solution of the
latter equation for the boundary conditions (66) can be obtained through a
similarity transformation. Indeed,

u=uy+up = fi(x)y (73a)

and, because of the continuity equation,

1df(x
U=UN+UF=—§%)}2 (73b)
where
f1(x) = dx V24, + 24,x3%) = 4x 713, (x) (74)

A, = 0.083u32y712 and A, = 0.085v Pr 14 (gBAT/v?)** (75)

Now let us introduce the similarity variable

n = y/p(x) (76)
Performing the calculations, one obtains
ax3/4 aAll&/Z x3/4 1/3
= - 7
Pl) { 4, A4, [(A1 n 2A2x3/“)3/2:|} (77
and
d’T dT
—+3—=0 (78

where a is a constant.
The solution of Eq. (78) for the boundary conditions (66) is

T-T [
w o —u3
T.—T, T@&p3) L e du (79)

where I'(4/3) is the gamma function I'(¢) for & = 4/3. Defining the local heat
transfer coefficient h, by

(0T
hx(Tw - Tco) =—k (};)yzo (80)
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one obtains
k' 8n> k' 1
hy=—e— () =er— 81
I'(4/3) <5y y=0 T'(4/3) p(x) &
Substituting for p(x) from Eq. (77), Eq. (81) yields
hyx ! A;\'? 3/4 172 32 3
=X - _ _  {_Z£ _ 21-1/3
Nux = k; F(4/3)( o ) X [fZ(x)] {[fZ(x)] Al } (82)
The expressions for f5(x), A;, and 4, can be substituted in Eq. (82) to obtain
the following representation for Nu,:
Nux : _ {1 + %(Nux,N/Nux,F)3}3/2
NuxN B {1 + %(Nux.N/Nux,F)s}slz - 1

For small values of (Nu, n/Nu, )3, Eq. (83) reduces to Eq. (72). The two
equations differ at most by 8% over the entire range.

We introduce the buoyancy factor as the relative influence of the natural
convection over forced convection

B, = Gr,/Re? (84)

(83)

It is instructive to compare the predictions of Egs. (83) and (72) with the
numerical solution obtained by Lloyd and Sparrow [247]. Table I1I shows that
for large Prandtl numbers the difference is within 10%;. The approximate
equation is, unexpectedly, satisfactory even for low values of the Prandtl
number if the buoyancy factor B, is sufficiently small. Even though the error
increases for larger values of B,, this can be corrected by using the appropri-
ate limiting values for Nu, y and Nu, ¢. The first column in Table III for
Pr = 0.72 is based on Nu_ y and Nu, ¢ for Pr - co. The appropriate expres-
sions for Prandtl numbers around unity are, however,

Nu, n = 0.387Ral/* (85)

and
Nu, ¢ = 0.316Re;/2 Pr'/3 (86)

When these expressions are employed in Eq. (83), the predictions are in ex-
cellent agreement with the calculations of Lloyd and Sparrow (see third col-
umn of Table 11T under Pr = 0.72).

In Fig. 1, the experimental results of Gryzagoridis [25] are compared with
the algebraic equation (72) and with the series solution of Szewczyk [26],
which is accurate only for B, < 0.5. It is of interest to note that while the
interpolation equation (72) is expected to be valid at large Prandtl numbers
only, it remains valid even for Pr &~ 1 if the appropriate expressions are
employed for the two asymptotic expressions.



TABLE II1

ASSISTING CONVECTION OVER ISOTHERMAL VERTICAL PLATES:
COMPARISON WITH THE NUMERICAL SOLUTION OF LLOYD AND SPARROW [24] (Nu,/Rel’?)

Pr = 100 Pr=10 Pr=10.72
B, This work Lloyd and Sparrow This work Lloyd and Sparrow This work® Lloyd and Sparrow This work®
0 1.5735 1.572 0.730 0.7281 0.3038 0.2956 0.283
0.01 1.587 1.575 0.741 0.7313 0.3125 0.2979 0.288
0.04 1.611 1.585 0.761 0.7404 0.327 0.3044 0.297
0.1 1.646 1.605 0.789 0.7574 0.348 0.3158 0.309
0.4 1.766 1.691 0.880 0.8259 0411 0.3561 0.349
1.0 1.928 1.826 0.994 09212 0.483 0.4058 0.398
20 2.117 1.994 1.121 1.029 0.558 0.4584 0451

?Nu, » = 0492 Ral/* (expression for Pr — o).

’ Nu, y = 0.387Ra’}/* and Nu, ; = 0.316 Re/? Pr'/? (correct expression for Pr = 0.72).
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¢ Gryzogoridis's data
Pr=0.72

o1 L 1 1
[¢A] 1 10 100 1000

Bx

FiG. 1. Comparison of the predictions of the algebraic method (solid line) with the
experimental data of Gryzagoridis and with the series solution of Szewczyk (broken line).

F. CoMBINED CONVECTION IN INTERNAL FLOWS

In electrochemical reactors, the externally imposed velocity is often low.
Therefore, natural convection can exert a substantial influence. As an example,
let us consider a vertical parallel plate reactor in which the electrodes are
separated by a distance d and let us assume that the electrodes are sufficiently
distant from the reactor inlet for the forced laminar flow to be fully developed.
Since the reaction occurs only at the electrodes, the concentration profile
begins to develop at the leading edges of the electrodes. The thickness of the
concentration boundary layer along the length of the electrode is assumed to
be much smaller than the distance d between the plates, a condition that is
usually satisfied in practice.

The velocity profile of the fully developed forced flow. is given by

up = 6u,,[(y/d) — (y*/d*)] @7

where u,, is the average forced flow velocity through the reactor. Close to the
electrode, the velocity components can be approximated by

up = (6uy, /d)y; v =0 (88)

The natural convection velocity is given by Eq. (68b). The order-of-magnitude
analysis provides the following algebraic equation:

(k.x/D)? = Sh? = ARe, Sc(x/d) + BRa¥* (89)

where Ra, = gA px3/pva is the Rayleigh number for mass transfer, p is the
density of the fluid, Ap is the density difference between the fluid at the wall
and at a large distance from the wall, k, is the local mass transfer coefficient,
and Re, = u,,x/v. The negative sign in Eq. (89) applies when the external flow
and the buoyancy-induced flow oppose each other. When pure natural
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convection is dominant, Eq. (89) must take the form of Eq. (48b) and one
obtains
B =0.127

The first part of Eq. (89) is just the cube of the Leveque [27] solution given by

X 1/3
Sh, ¢ = 0.98 [Rex Sc Z] (90)
Consequently, 4 = (0.98)3, and Eq. (89) becomes
x 1/3 Ra3/4 1/3
= 0.98| R - +0.136— 91
Sh, = 0.9 [ exSCd] {1_0 3 RexSc(x/d)} 1)

Experimentally one often measures the average value of the mass transfer
coefficient, which is defined as

A L

k,, =J k. dA/A =j k W dx/WL
0 0

where A = WL, W is the width, and L is the length of the plates. Integrating

Eq. (91) by parts, one can derive an expression for Sh,, = k,,d/D. The

integration leads to a power series in terms of x, from which, retaining the first

two terms, one obtains [19]

92)

3/471/3
Sh,, = ].47GZ”3[1 + 0.1%]

z

where Gz = ReSc(d/L) is the Graetz number, Re =u,,d/v, and Ra =
gA pd3/pva.

G. PENETRATION THEORY FOR THE RATE OF DIFFUSION
ACCOMPANIED BY A CHEMICAL REACTION

The problem of absorption accompanied by a chemical reaction in a liguid
film flowing along a vertical wall was often treated by using the framework of
the penetration theory [28-32]. This theory also constitutes the starting point
of the renewal models of turbulence [31,33,34].

In the penetration theory, the mass transport equation takes the form

dc 0%c
a - Par-

where ¢ is the concentration, ¢ is the time, and K, is the reaction rate constant.

K,c 93)
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This equation is solved for the initial and boundary conditions
¢c=0 for t=0 andall y
c=c* for y=0 andall ¢ (94)
c=0 for yo>oo andall ¢

The terms of Eq. (93) are evaluated as follows:

de  Ac
0%c DAc
and
Kic~ K, Ac (95¢)

Introducing these expressions multiplied by constants in Eq. (93) yields
(A/t) + BK, = D/§* (96)

where A and B are constants. The rate N of absorption per unit area of the
interface and unit time is therefore given by
*D D(A + BK 1) |'”?
NP C[Mt—l)] ©7)
The constants 4 and B can be obtained from the simple solutions available for
the cases in which either K, = 0 or dc/dt = 0. In the first case,

oc d%c
Z_p = 98
ot D6y2 ©8)
and the rate is
D 1/2
N, = (—) c* = kic* 99)
it

where k, is a mass transfer coeflicient in the absence of reaction. In the second
case,
d*c
Dd_y2 = KIC (100)
and the rate of mass transfer is given by
N" = C*(KID)l/Z = k"C* (101)

where k; is the mass transfer coefficient for steady diffusion and reaction.
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Eq. (97) must reduce to Eq. (99) for K, = 0 and to Eq. (101) for ¢t — c0;
therefore

D 1/2
N= c*l}f?(l + nK,t)] = kc* (102)
and
k? =k + ki, (103)
or
Sh? = Sh? + Shj (104)

The Sherwood numbers have been obtained by multiplying Eq. (103) by x/D,
where x is a length scale. The maximum difference between the simple
equation (102) and the more complicated exact solution {28,29] is about 109
(see Table IV).

H. STEADY LAMINAR FLOW ALONG A PLATE WITH
HOMOGENEOUS REACTION

In this case, the convective diffusion equation can be written as

ax  dy  ay?

and the boundary conditions are

—K,c (105)

c=c at y=0 andforall x
c=0 for y— oo andforall x (106)
c=0 for x=0 andforall y

TABLE 1V

RATE oF DIFFUSION WITH FIRST-ORDER CHEMICAL REACTION

N/[c*DK,)'?]  N/[c*(DK)'?]  KY*[\Ndi/(c*D"?)  K12fy Ndi/(c*D"2)

K,t {(interpolation}j (exact) (interpolation) (exact)
0.1 2.05 1.96

0.2 1.61 1.51 0.55 0.54
04 1.34 1.23 0.89 0.82
0.6 1.24 1.12 1.09 1.04
0.8 1.18 1.07 1.34 1.27

1 1.15 1.05 1.57 1.50
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Since for large Schmidt numbers, the depth of penetration by diffusion is very
small, only the region near the wall affects the mass or heat transfer rate.
Consequently, in such cases, one can retain only the first term in the Blasius
expansions for the velocity components, to obtain

y/Vl/le/?', U(Iui!ZyZ/vl/ZXMZ (107)

Let us note that Egs. (107) can be obtained from scaling arguments alone, since
near the wall u/u,, oc y/6,, where 8, is given by 8, oc (vx/u,)'/? [see Eq. (26)].
The algebraic method leads in this case to

ARe2?Sc + B(K,x2/D)(x/8) = (x/8)? (108)

Introducing the local mass transfer coefficient k, and the local Sherwood
number by the expressions

k,= D/ and Sh, = k. x/D = x/d (109)
Eq. (108) becomes
ARe2?Sc + B(K;x?/D)Sh, = Sh3 (110)

The constants 4 and B can be determined from the solutions available for the
simple cases in which either K, =0 or u, =0. The first limiting case
corresponds to the dissolution of a planar wall in a semiinfinite liquid in steady
flow (Blasius flow), while the second limit corresponds to steady-state dif-
fusion with chemical reaction in a stagnant fluid. For Blasius flow at large
Schmidt numbers [2],

uoc ud?

Sh, ; =0.33Rel/>Sc!3 11y
whereas for u,, = 0, one obtains (as in the previous example),
Sh, y = (K,x*/D)"?* = Dal? (112)

where Da, is the Damkdhler number. Eq. (110) can therefore be rewritten as
Sh2 | + (Sh, p)?Sh, = Sh} {113)

This result can be obtained directly from Eq. (110) without first determining
the constants 4 and B.

Chambré and Young [35] have solved the above problem, for Sc = 1, by a
perturbation expansion procedure. However, this method breaks down when
Sh, ;/Sh, | exceeds roughly 4. Equation (113) is compared to the Chambré—
Young solution in Table V to show that the interpolation procedure provides
almost the same values as those resulting from the more exact solution. The
maximum deviation from the exact results occurs when the convective and
reaction effects are roughly equal (i.e., Sh, ,/Sh, (= 1), and the error is
generally within about 5-10%,.
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TABLE V

Mass TRANSFER IN FLOW ALONG A FLAT PLATE WITH
HoMoGENEOUS FIRST-ORDER REACTION

Y = (Sh,/Sh,,)

X = (Sh, ,/Sh, ) This work Chambré and Young

1072 1.00003 1.0002
107! 1.0033 1.0031

2x 107! 1.0133 1.0118

4x 107! 1.0533 1.0464

8§ x 107! 1.2108 1.1815

1 1.3247 1.2796

2 2.1149 2.0036

X225 Y~X 2

“ The perturbation solution breaks down.

I. TRANSPORT PHENOMENA IN WEDGE FLOWS WITH
SUCTION AT THE SURFACE

Suction (or injection) of fluids through confining surfaces is often used to
control the boundary layer development over such surfaces. The rate of
suction affects the transfer coefficients as well as the stability of the laminar
flow. The group of problems called wedge flows or Falkner—Skan flows is
characterized by free-stream velocities U(x) that vary as a power of the
distance x along the wedge measured from the leading edge [ie., U(x) =
U,x™]. This class of problems has similarity solutions both for the flow field
and for the temperature or concentration field [4] if the suction rate at the
surface is of the form

(114)

m+ 1 vU(x)\'?
2 x

(X, Y)y=0 = Vo(x) = K (——
where K is a constant. Near the wall, the velocity components are given by the
following leading terms of the power series:

u= AmU(x)32y~12x" 12y (115)
and
v = By(m)U(x)2v12x~ 12 4 B, (m)U(x)> v~ 12x7312y2 (116)

where A(m), By{m), and B,{m) are known coeflicients which depend on the
exponent m of the free-stream velocity.
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For sufficiently large values of the Prandtl or Schmidt number the rate of
transfer is controlled by the region of thickness § near the wall. The terms of
the convective-thermal diffusivity equation

u£+v6T = °T (117)
dx dy a4 oy?
can be evaluated as follows:

aT U(x)*?5

uax NwAT (1183)
T  U(x)!/y\2 U(x)¥28
and
02T AT
a'ay—z ~ 05—2 (118(3)

Substitution of the preceding estimates in Eq. (117) and some rearrangements
lead to

C,Re}?Pr + C;Rel?PrNu?2 = Nu? (119)
where
Re, = U(x)x/v (120)
and
Nu, = h, x/k’ (121)

The constants C, and C; are determined from the solutions easily obtainable
for the limiting cases of zero suction and no free-stream flow.

Expressions for the Nusselt number for zero suction are available for
various values of m [4]. For the Blasius flow (m = 0), the expression has the
form

Nu, = 034 Rel/?Pr!/3 (122)
which leads to
C, =(034)° (123)
For the zero free-stream flow, Eq. (117) becomes

ar_ o1

vo(x)—d? =a iy (124)
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The solution of Eq. (124) which satisfies the boundary condition
T=T, at y=0 and T=T, as y—oo  (125)
is then
T = exp(voy/a){ To[exp(—voy/a) — 11 + T,} (126)

One may note that Eq. (126) satisfies the boundary condition for y — co only if
v, < 0, that is, for suction only. The expression for the Nusselt number that
follows from the definition of h,,

h, = —k'(0T/0y),=o/(T\ — T,.) (127)
is given in the zero free-stream flow case by
Nu, y = —v,X/a (128)

The particular form of vy(x) for which similarity solutions exist [Eq. (114)]
can be substituted in Eq. (128) to obtain

1 1/2
Nux‘,,=—<£§—) KRe!?Pr (129)

where K is a negative quantity. As a result, the second constant C, in Eq.(119)
is related to K via the expression

C; = —[(m+ 1)/2]'2K (130)

The Nusselt number Nu, for the combined case can be written, regardless of
the value of m, as [36]

Nui_l + Nux‘" Nui = Nug (131)

One may note again that Eq. (131) follows immediately from Eq. (119), without
it being necessary to know the values of the constants C, and Cj.

A comparison between the values of Nu, calculated from Eq. (131) and the
exact numerical results of Stewart and Prober [37] is presented in Table VI for
m = 0. The comparison shows that, even though the algebraic approach is
strictly valid for large Prandtl numbers, it is sufficiently accurate even for
Pr — 0(1), particularly when the suction rate is large (|K| > 1). It may also
be noted that Stewart and Prober have provided some rather accurate ana-
lytic approximations for the transfer coefficient.

It is important to note that the algebraic equation (131) probably holds even
when the velocity of suction at the wall v,(x) assumes a form different from
Eq. (114). The latter equation involves the existence of a similarity solution,
but this is not required for applying the algebraic method of interpolation.
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TABLE VI

HEAT TRANSFER IN FLOW ALONG A FLAT PLATE WITH SUCTION AT THE PLATE

Nu,
Pr=10;K = -5 Pr=10;K = -0.5 Pr=1;K=-5
Stewart and Steward and Steward and

Re, This work Prober This work Prober This work Prober

1 x 102 353.55 353.69 3550 37.00 35.37 36.02
2 x 10? 500.00 500.19 50.18 52.33 50.02 50.94
4 x 102 707.11 70737 70.94 74.00 70.73 72.04
8 x 102 1000.00 1000.38 100.29 104.66 100.03 101.89
1x 10° 1118.04 1118.46 112.11 117.01 111.83 11391
2 x 103 1581.14 1581.74 158.50 165.48 158.15 161.10
4 x 103 2236.07 2236.91 224.10 234.02 223.66 22782
8 x 10° 3162.28 3163.47 316.85 330.96 316.29 322.19
{ x 10* 3535.54 3536.87 354.22 370.02 353.62 360.22
2 x 10 5000.01 5001.89 500.84 523.29 500.08 509.43
4 x 10* 7071.07 7073.74 708.17 740.04 707.21 720.44
8 x 10*  10000.01 10003.77 1001.34 1046.58 1000.13 1018.86
1x10°  11180.34 11181.56 111948 1170.11 1118.18 1139.12

For arbitrary forms of v (x), one simply has
Nu, = —v,x/a

which can be used together with Eq. (122) for predicting Nu,. This re-
emphasizes that the algebraic approximation method can be used even when
the complex problem has no similarity solution.

J. MaAass TRANSFER TO A CONTINUOUS PHASE FROM
A SINGLE SPHERICAL DROP

For sufficiently large Schmidt numbers, the depth of penetration by
diffusion is small compared to the droplet radius R. Therefore, the convective
diffusion equation can be approximated by

dc vy Oc %
4+ =D 132
sy TR Va7 (132)
where y is the distance from the surface of the bubble, 4 is the polar angle, and
v, and v, are the radial and tangential velocity components, respectively.

For low Reynolds numbers and large Schmidt numbers, the components of

the velocity can be approximated by retaining the first two terms in the series
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expansions of the equations derived by Hadamard and Rybczynski [38,39]

2
v, = —Z[uo% + %(%) (%U - 2uo>jlcos() (133)
3U 2 in f (134)

U, +R 5 U, | |sin

Here U is the velocity of the drop and u, is the velocity at the interface with
respect to the center of the drop for 8 = n/2. For solidlike behavior, which
occurs in the presence of surface active agents, u, becomes zero, while u, # 0in
systems in which the surface active agents are either absent or present in
extremely small amounts [5,40]. When the interface has a solidlike behavior
[5,40]

and

2Rk 3
Sh, = D" 0998(2111)1() = 0.998 Pe!/ (135)

while for a liquidlike behavior [5,40]

2 1/2
Sh, = l;k'=o.923<-‘l‘—}’) Pell? (136)

where Pe is the Peclet number.
The order-of-magnitude evaluation leads to [40]

u, 3 u, o3
0.8495 PeSh + 0.662(5 — 25) Pe = Sh (137)
which can be rewritten as
4u,
ShZSh + S = Sh3
+ Sh; ( 3 U) Sh (138)

For large Reynolds numbers, the interpolation equation has the form [40]

1/2
0.849%811‘2 Re + 0.278@ — 5)@ + ﬁ) Re¥2Sh~3 = Sc!

Uuj\2 U
_ . (139)
where Re = 2RU/v. Equation (139) can be rearranged as
2u 2 2 u, 2u, 3 on3
IV —Sh Sh; (1 ~3 U)(l + 3 5) Shy = Sh (140)

where
Sh; = 1.13 Pe/? (141)
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is valid for potential flow (u,/U = 3) [41], whereas
Sh, = 0.8 Re!/*S¢!/? (142)

is valid when the interface behaves like a solid boundary (u, = 0) [42-44].
Comparisons between the algebraic equations and those obtained by using the
integral method are given in Figs. 2 and 3.

K. UNSTEADY-STATE MAsS TRANSFER TO A ROTATING Disk

This problem has received special attention from electrochemists. If the rate
of mass transfer is controlled by liquid diffusion, the governing unsteady-state
transport equation

oc de 6_2£

a5 +v @ = D3y (143)
must be solved for the boundary conditions
C=Cq at t=0 forall y
c=0 at y=0 forall ¢ (144)

€ =Cy as y—o forall ¢

FiG. 2. Comparison for Pe = 10° between Eq. (137) (broken line) and the results of the
integral method (solid line).
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Sh Re~ Y2

5 1 ) 1
0 0.4 o8 1.2

Yo

U

FiG. 3. Comparison for Sc = 10 between Eq. (139) (broken line) and the results of the
integral method (solid line).

Here y is the distance to the disk and v is the velocity in that direction. Since the
Schmidt number in this case is much larger than unity, only the velocity close
to the disk is important in predicting the rate of mass transfer. This is given by

(5]
v=—051w¥2y? /v (145)

where o is the rate of rotation of the disk in radians per second.
The application of the order-of-magnitude evaluation leads to

dc Ac
=~ (1462)
dc w36 Ac
v~y (146b)
and
d%c Ac

D— ~D= 146¢
" (146¢)
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Equation (143) can therefore be replaced by the algebraic equation

AFo™'Sh + BRe*?Sc = Sh? (147)
where
Dt wd? kd
Fo = d—z, Re = T, and Sh = ‘E (148)

Fo being the Fourier number and d the diameter of the disk. The mass trans-
fer coeflicient k can be considered as interpolating between the steady-state
convective diffusion at large times (¢t — oo) and unsteady-state diffusion
at short times (t - 0 and v = 0). The constants 4 and B of Eq. (147) follow
from the solutions for these two limiting cases. For these two limiting cases

Sh, = 0.62 Ret/2Sc!/? (149)
and
Shy, =" Y2Fo~!/2 (150)
One thus obtains
A=1/n and B = (0.62)3 (151)

Equation (147) can be also rearranged in the form
Sh2Sh + Sh{ = Sh? (152)

Of course, this result can be obtained directly from Eq. (147) without
determining the constants 4 and B.

A comparison of the predictions of Eq. (152) with an approximate solution
of Pleskov and Filinovski [45] is given in Table VII. Since the expression of

TABLE Vil

UNSTEADY-STATE MASS TRANSFER TO A ROTATING Disk

Y= Sh/Sh,
(1/1.212)(Shy/Sh;) 2 This work Pleskov and Filinovski®
1072 9.09 8.93
5x 1073 4.09 3.79
107! 293 2.57
5x 107t 1.5 1.26
1 1.26 1.06
2 1.14 0.95
>S5 Y1 Y —-0.94

“ The equation given in Pleskov and Filinovski (45) is an approxi-
mation that is about 6% below the exact numerical results.
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Pleskov and Filinovski is about 6%, below the exact results, the comparison
indicates that the algebraic method is accurate within 5 to 10%.

L. UNSTEADY HEAT TRANSFER TO A LIQUID IN STEADY LAMINAR FLOW
ALONG A PLATE

Let us consider a semiinfinite fluid in steady laminar flow along a plate.
Initially, the plate and fluid are at the temperature T, , but for times ¢ > 0 the
temperature of the wall becomes equal to T, . In this case, the temperature field
satisfies the equation

oT _ OT oT  &°T

—6t_+u§+vﬁ=aﬁy2 (153)
and the appropriate initial and boundary conditions are
T=T, for t=0 andforall x and y
T=T, for y=0, t>0, andall x (154)

T=T, for y—» oo andall ¢ and x

Assuming large Prandtl numbers, one can substitute only the first terms of
Blasius series [Eqgs. (68a)] for the velocity components 4 and v, and the
algebraic evaluation leads to the expression:

372
A ud2 a

T B = (1)
which can be rewritten in the form
x? x x\?
Z 4+ BRe3?Pr=(= 15
A i + e* Pr ( 6) (156)

The values of the constants 4 and B are calculated from the solutions available
for (I) the steady-state heating of the flowing liquid and (II) the unsteady
heating of the stagnant liquid. In the former case,

k
Nu,, = "k—"‘ = 0.339Re!2 Pr' (157)
whereas in the latter,
howx  (x2)2
Nu, 3 = —kl,l— = (?a?) {158)

One thus obtains

2
(;;—t)Nu, + (0.339 Rel? Pr'3)® = Nu? (159)
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It is convenient to rewrite Eq. (159) in the form [13]
IM 1 M 3
nt 27 Pr
where M = (hx/k')Re;'? and © = tu /x.
As shown in Fig. 4 this expression compares well with the more exact

solution of Cess [46].
In terms of the Nusselt numbers in the two extreme cases, Eq. (159) becomes

(Nux,l)3 + (Iqux,ll)2 Nux = Nug (161)

(160)

M. LAMINAR FREE CONVECTION ALONG A VERTICAL PLATE WITH
HOMOGENEOUS REACTION

Equations (105) and (106) describe the concentration field. The fluid
velocity components are approximated by Eqgs. (68b) and (68c). The evaluation
procedure leads in this case to the expression

(Sh,/Grl/*)? = (Sh,/Gr!*)(Da, ,/Grl/?) + (0.503 Sc'/4)? (162)
This equation leads in the case of convection without reaction to
Sh, ; = 0.503 Grl/* Sct/* (163)
and in the case of reaction without convection to
Sh, ; = Da,/2 (164)

where Gr, = gfc,x*/v? and Da, , (the Damkholer number) = [2/(n + 1)] x
k.c" 1x?/D, n being the order of the reaction.

o} el MRS RS AT R Ry
Q.01 04 1 10 100

FiG. 4. Comparison between Eq. (160) (solid curve) and the more exact solution of Cess
{broken curve).
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Perturbation solutions for two special cases, namely, for n = 1 and n = 2,
have been presented by Meadley and Rahman [47]. Results based on Eq. (162)
and the “exact” values computed from the perturbation expansion are shown
in Tables VIII and IX (for n = 1 and 2, respectively). The agreement is again
within 5 to 10%,. The expressions of Meadley and Rahman are not accurate
for large values of the ratio Da, ,/Grl/%. However, Eq. (162) can be used
without any such restriction.

N. TuURBULENT MASS TRANSFER WITH FIRST-ORDER
CHEMICAL REACTION

Consider the turbulent flow of a liquid through a tube whose wall is
dissolving in the liquid and that the diffusion of the solute is accompanied by a
first-order chemical reaction. The turbulent diffusivity is employed to
represent the turbulent transport. Since the dissolving species is consumed by
reaction, only the region near the wall (whose thickness is small compared to

TABLE VIII

LAMINAR NATURAL CONVECTION TO A VERTICAL PLATE WITH FIRST-ORDER
HOMOGENEQUS REACTION

Y = (Sh,/Gr.’)

Sc = 100 Sc¢ = 10,000
Meadley and Meadley and
X =(Da, ,/Gr}?) This work Rahman This work Rahman

1x 1072 1.59 1.54 5.03 498
1x107! 1.61 1.56 5.04 499
2x 107! 1.63 1.58 5.04 5.00
4x 107! 1.67 1.62 5.06 5.01
8 x 107! 1.76 1.70 5.08 5.03
1 1.80 1.74 5.10 5.04
2 2.00 1.94 5.16 5.11
4 2.38 2.34 5.29 5.23
8 3.05 3.12 5.56 548
1x10 335 3.53 5.69 5.60
2 x 10 Yo X2 “ 6.33 6.22
4 x 10 7.54 7.46
8 x 10 9.65 9.94
1 x 102 10.58 11.18
2 x 10?2 Y X2 a

% The perturbation solution of Meadley and Rahman is not accurate for larger values of X.
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TABLE IX

LAMINAR NATURAL CONVECTION FOR A VERTICAL PLATE WITH SECOND-ORDER
HOMOGENEOUS REACTION

Y = (Sh,/Gr;/*)

Sc =100 Sc = 10,000
Meadley and Meadley and
X =(Da, ,/Grl?) This work Rahman This work Rahman

1x1072 1.59 1.54 5.03 4.98
2% 1072 1.59 1.55 5.03 498
4 x 1072 1.60 1.55 5.03 498
8 x 1072 1.61 1.56 5.04 499
1 x 107! 1.61 1.56 5.04 499
2 x 107! 1.63 1.59 5.04 5.00
4 x 107! 1.67 1.63 5.06 5.01
8 x 107! 1.76 1.72 5.08 5.04
1 1.80 1.76 5.10 5.05
2 2.00 1.99 5.16 5.12
4 2.38 243 529 5.26
8 3.05 332 5.56 5.53
[ x 10 335 3.77 5.69 5.67
2x 10 457 5.99 6.33 6.36
4x 10 Y- X172 a 7.54 7.73
8§ x 10 9.65 10.48
1 % 10% 10.58 11.85
2 % 102 Y- X2 “

“ The perturbation solution of Meadley and Rahman is not accurate for large values of X.

the radius of the tube) is relevant. The effect of curvature can therefore be
neglected and the transport equation becomes

d dc
il 7 ) Z1l-K,c=0 165
dyI:( +8)dy] 1€ (165)
where ¢ is the turbulent diffusivity and y the distance to the wall. Equation
(165) must be solved for the boundary conditions
¢ =c for y=0

and
c=0 for y- oo (166)

Since, in this case, only a narrow region near the wall is relevant, one can use
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for the turbulent diffusivity the expression [48,49]

e =7, (¥(1o/p) 2V = yy? (167)

where 1, is the shear stress at the wall, p is the density of the liquid, and v,
is a constant. The order-of-magnitude evaluation procedure leads to

d _dc c
—D—~D=5 168
dy dy U8 (1682)
d dc
P Suadiy 168b
PR 9¢s (168b)
and
K,c~K,c, (168¢)
Therefore,
D
A3~2+ Byd = K, (169)
In the limiting case in which y = 0, Eq. (165) becomes
d?c
D——— — =
piE: ke=0 (170)

When multiplied by dc/dy, this equation can be integrated readily to obtain
the concentration gradient at y = 0,

(%) --(%)" (a7)

The corresponding mass transfer coefficient k;; is therefore given by the
expression

ky = D/é, = (K, D)"? (172)
Consequently, A = 1. In the absence of a chemical reaction
D/} + Byd; =0 (173)
Eliminating B between Eqs. (169) and (173) one obtains
(8:/3)* — (9/8)) = K, 8¢/D (174)
which, introducing the mass transfer coefficient k = D/J, becomes
(k/k)? — (ki/k) = K, D/k{ = M (175)

In Fig. 5, Eq. (175) is compared with the exact numerical solution of Eq. (165),
obtained by Vieth et al. [50]. There is excellent agreement between the two.
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F1G. 5. Comparison between Eq. (175) (solid curve) and the results of the numerical solution
of Vieth et al. (points).

In terms of the mass transfer coefficients k; and k;, for the two extreme cases,
Eq. (169) can be rewritten as

k2 = k2 + (k3 /k) (176)

0. Tue ALGEBRAIC METHOD AND THE RENEWAL MODELS

Turbulent mass transfer near a wall can be represented by various physical
models. In one such model the turbulent flow is assumed to be composed of a
succession of short, steady, laminar motions along a plate. The length scale of
the laminar path is denoted by x, and the velocity of the liquid element just
arrived at the wall by u,. Along each path of length x,, the motion is
approximated by the quasi-steady laminar flow of a semiinfinite fluid along a
plate. This implies that the hydrodynamic and diffusion boundary layers
which develop in each of the paths are assumed to be smaller than the
thickness of the fluid elements brought to the wall by turbulent fluctuations.
Since the diffusion coefficient is small in liquids, the depth of penetration by
diffusion in the liquid element is also small. Therefore one can use the first
terms in the Taylor expansion of the Blasius expressions for the velocity
components. The rate of mass transfer in the laminar microstructure can be
obtained by solving the equation

dc dc 0%
ué;—kva—y—DW—ch (177)
where

2

Uy Y
oC W and vaoC MOW (178)

There are now two length scales: the thickness & of the diffusion boundary
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layer and the length x, of the laminar path lenght. Hence,
dc Jc u,6 Ac

D N AT 179
Yax "oy xolmov/u) (179a)
% Ac
D—~D— 179b
s~ DG (179b)
and
Kyc ~ K, Ac (179¢)

where 0 is an average thickness of the diffusion boundary layer over the path
length x,. Eq. (177) becomes

D U0

4+ B— " __K

ARETTRTTA LI

From the solution available when convection is ignored, one obtains 4 = 1,
while for the limiting case which is free of reaction, one can write

D u, _

'k Xo(xov/u)' 2

Eliminating B between Eqs. (180) and (181), one again arrives at Egs. (175) and
(176).

(180)
(181)

P. RATES OF PARTICLE DEPOSITION UNDER COMBINED FLOW
AND ASSISTING ELECTROSTATIC FIELD

Let us apply the interpolation procedure to a case involving an electric field.
It is well known that the efficiency of the granular bed filters can be
significantly increased by applying an external electrostatic field across the
filter. In this case, fine ( <0.5-um) particles deposit on the surface of the bed
because of Brownian motion as well as because of the electrostatically
generated dust particle drift [S1]. The rate of deposition can be calculated
easily for a laminar flow over a sphere in the absence of the electrostatic field
[5]1. The other limiting case, in which the motion of the particles is exclusively
due to the electric field, could also be treated [52]. When, however, the two
effects act simultanecusly, only numerical solutions to the problem could
be obtained [51].

The velocity components 4, and u, in the spherical polar coordinates r and @
are in this case given by the Stokes expressions

3
u, = —U[l - 1.5?-&- 0.5(%) ]cos@ (182a)
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U R 3
u9=5[2— 1.5——0.5(8—) ]sinﬂ (182b)
r r

where R is the radius of the spherical collector and U is the velocity of the
undisturbed flow.

The electrostatic field E is due to the external field E, and the field induced
by the polarization of the collector. The components of the field in polar
coordinates, when E , and the flow are in the same direction, are [53]

and

E, = —[2b(R/r)* + 1]E ,cos 8 (183a)
and
Eq = —[b(R/r)? — 1]Esin6 (183b)
where
b =(ec — &)/(ec + 2¢) (184)

and ¢ and ¢ are the dielectric constants of the collector and of the free volume,
respectively. The dust particles are assumed to be of uniform charge q.
Therefore, the force acting on each of the particles is

F=Eq (185)
and the flux generated by the electric field can be calculated as
j. = BFn (186)

where B is the mobility coeflicient and n is the concentration of the particles.
The mobility coefficient B is related to the diffusion coefficient D via the

expression
B=D/kT (187)

where k is the Boltzmann constant and T is the absolute temperature.

Two additional electrostatic forces, the space charge effect and the image
force, are also present. As shown by Shapiro et al. [54], their effect can,
however, be neglected when g and the dust concentration are sufficiently small.

Since the diffusion coefficient of the dust particles is very small, the thickness
of the diffusion boundary layer is small compared to the radius R of the
collector. Therefore, the concentration distribution and the rate of deposition
can be calculated by substituting for the velocity and electric fields the
expressions valid for y/R « 1. In that region, Eqs. (182) and (183) become

u, = —~3U(y*/R?)cos b (188a)
uy = 3U(y/R)sin 0 (188b)
E,=—(2b+ 1)E cosf (189a)



52 ELI RUCKENSTEIN
and
E; = (1 — b)Esinf (189b)

Since diffusion along the interface is negligible compared with that normal to
the interface, the convective diffusion equation can be approximated by

B U% +(1— b)Bqu]sinB%
—FUX;+(2b+ l)Bqu]coseﬁzDaz—n (190)
2 R oy dy?
The appropriate boundary conditions are
n=90 for y=0 (191a)
and
n=n, for yo o (191b)

The terms of Eq. (190) are evaluated by replacing y and dy by the thickness 6 of
the boundary layer and dn by n_ . One obtains

o*n n
er _pl=
Do~ D5 (192a)
3.0y, . 0n o
EUESIHBWNUHOOF (192b)
. on (1 —b)BgE_n,
— b)B4E LN S b el it
{1 )Bq msmBRaO R (192¢c)
3 y? on  Un,d
EUEECOSBE;N—RZ— (192d)
and
(2b + 1)BgE,, cos 9" ~ 20+ VBaEoNe (192¢)

dy 8
Replacing each of the terms of Eq. (190) by its evaluating expression from
Eqgs. (192) multiplied by a constant yields

Un,d

RZ

BqE on
F;

Because d « Rand 2b + 1 > (1 — b),

(1 — b)BgE ,n,, (2b + 1)BgE ,n,,
R « 3

BqE n, Dn,

A R 82

+A2b+1) + A”(1 — b) (193)
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and Eq. (193) becomes
Ud (2b + 1)BgE,, D

Agz + 4 3 52 (194)
Introducing the mass transfer coefficient k, defined by
k=D/é (195)
and the Sherwood and Peclet numbers
2Rk 2R RU ~ RBqE
Sh=——=—, Pe=—, = 1®
D 5 e D and Pe D (196)
Eq. (194) can be rewritten as
MPe M'(2b+ 1)P
e M@b+Pe (197)

sh? T sn

The constants M and M’ can be determined by using the expressions valid in
the limiting cases in which E_ = 0or U = 0.
When E_ = 0[5],

Sh = 1.26 Pe'/? (198)
while when U = 0 [52],
sh <22 L e (199)
Consequently,
ot = (1269 + 2L (o (200

The maximum deviation between Eq. (200) and the numerical solution of
Shapiro and Laufer [517 is less than 10%.

Q. DiscussioN

In the examples treated in Section I, expressions for the rate of transfer in
coupled processes have been derived by using scaling arguments and by
interpolating between two limiting cases. Although the method is very simple,
its results are generally within 10%, of the more exact (and more complicated)
solutions. As expected, the form of the interpolation equation depends on the
particular physical problem. Indeed, in terms of the Nusselt (Sherwood)
numbers for the two extreme cases between which the interpolation is carried
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out, the algebraic equation is quadratic in the case of penetration theory with
chemical reaction and cubic for mixed (free plus forced) convection. This
difference in form can be associated with different kinds of velocity profiles.
The tangential velocity component is independent of the distance from the
interface in the penetration model, but it varies linearly with the distance in
the mixed convection case. In the other cases treated, convection with reaction,
convection with suction, and steady convection with unsteady temperature
field, the interpolation equation is also cubic, but one of the terms consists of
mixed Sherwood (or Nusselt) numbers of the form Sh2 ; Sh, or Sh, ; Sh2.
When a chemical reaction or an unsteady concentration (or temperature) field
is involved, the mixed term is of the form ShZ ;, Sh, ; when suction is involved,
the mixed term has the form Sh, ; Sh2.

IV. Turbulent Heat and Mass Transfer

A. INTRODUCTION

The transport equations for laminar motion can be formulated, in general,
easily and difficulties may lie only in their solution. On the other hand, for
turbulent motion the formulation of the basic equations for the time-averaged
local quantities constitutes a major physical difficulty. In recent developments,
one considers that turbulence (chaos) is predictable from the time-dependent
transport equations. However, this point of view is beyond the scope of the
present treatment. For the present, some simple procedures based on physical
models and scaling will be employed to obtain useful results concerning
turbulent heat or mass transfer.

First, a physical model is used to describe turbulence near a solid boundary,
the motion being represented by a succession of short laminar paths. The
turbulent fluctuations bring elements of liquid to the proximity of the wall.
These elements of liquid proceed short distances along the wall in laminar
motion, after which they dissolve into the bulk, being replaced by other
elements, and so on. Thus, the problem of turbulence is reduced to the solution
of a simple laminar motion. The path length of the laminar motion as well as
the velocity of the element of liquid brought close to the wall by fluctuations
are obtained on the basis of dimensional considerations. The physical scaling
method is employed to obtain expressions for the mass or heat transfer
cocfficient in each of the laminar paths. When a quasi-steady state in each
laminar path is assumed, the model is applied to the flow of Newtonian and
non-Newtonian fluids through a tube; to turbulent heat or mass transfer in a
stirred vessel; to heat transfer in separated flows; to heat transfer between a
fluid flowing through a fixed or fluidized bed and the wall; to heat transfer
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between a bubble bed and the wall; and to boiling heat transfer. A more
complicated version of the model which includes transient contributions is
also discussed.

Second, the mechanism of mass transfer near a liquid boundary is examined
by means of a physical model that involves a roll ceil structure near the
interface. The elements of liquid have a translatory motion with the average
local velocity and a circulatory one in the roll cell. Two limiting cases are
examined: (1) the elements of liquid keep their identity without any change
during the motion along the inside paths of the roll cell, and (2) the elements of
liquid undergo complete exchange (acquire the bulk concentration) during
their inside motion. In the first limiting case, the rate of mass transfer is
increased in comparison to that predicted by the penetration theory since the
time interval spent by the element of liquid at the interface is reduced. The
second limiting case is similar to the Danckwerts [31] renewal model. This
treatment is employed for turbulent flow and for the case of interfacial
turbulence induced by the Marangoni effect.

B. TURBULENT FLOW NEAR A SOLID BOUNDARY

The turbulent transport equations are obtained in the traditional treatment
of turbulence by time averaging the unsteady-state transport equations, after
substituting the concentration and velocity components by the sum of their
mean values and the corresponding time-dependent fluctuations. The follow-
ing expression is thus obtained for the (time) average of the number of moles N
that are transferred per unit time through unit area, in the direction y normal
to the wall:

N=-D_—-+bc+v'c (201)

where ¢ is the (time) average concentration, o is the time average of the y
component of the velocity, v’ is the fluctuating y component of the velocity, ¢’
is the fluctuation of the concentration, D is the diffusion coefficient, and the
bar denotes time averages. In what follows, o will be taken as zero. In the classic
theory of turbulence, the fluctuation ¢’ is expressed as the product of a certain
length /, called the mixing length, and d¢/dy. Hence

N = —(D + v'1)(0¢/8y) (202)

Assuming that the mixing length for the concentration field is equal to that of
the velocity field, the turbulent diffusivity

e=1v'l (203)
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becomes equal to the turbulent kinematic viscosity. This means that, at least in
principle, information regarding & could be obtained from the (time-average)
velocity distribution near the wall. However, in liquids the diffusion coefficient
is very small (D ~ 10~ % cm?/sec) and the Schmidt number v/D ~ 10%. As a
result, the turbulent kinematic viscosity is negligible in comparison with the
kinematic viscosity in the relevant region near the wall where the concen-
tration has an appreciable variation. Therefore, it is difficult to measure the
turbulent kinematic viscosity very near the wall. From the classic theory of
turbulence it nevertheless follows that, in the immediate vicinity of the wall, ¢ is
a function of y, v, the shear stress 7, at the wall, and the density p of the fluid.
Dimensional considerations lead therefore to

1/2
£= v (y_(t.,(}L) (204)
Does the turbulent diffusivity £ decay to zero at a certain distance from the wall
or at the wall itself? At present, there is unanimous agreement that turbulence
decays at the wall as [48,49,55]

¢ o« (M)n (205)

v vV

where values between 2 and 4 have been suggested for the exponent n.
Measurements of the mass transfer coefficient [56] from the dissolution of the
wall of a tube into a turbulent liquid with very large Schmidt numbers (up to
Sc = 10%) indicate that n = 3. The arguments which have been adduced [49]
on behalf of Eq. (205) will be examined in some detail because by stressing
some of the contradictions which arise in the turbulent diffusivity concept, the
plausibility of the suggested physical model will appear in a more natural
manner. Equation (205) with n = 3 can be derived if one assumes that [ c y
and that the tangential component of the fluctuation u’ oc ti oc y, where # is
the average local velocity of the main flow. The continuity equation

o ov

™ + N =0 {(206)
leads to
v’ oc y? (207
and consequently to
goc y? (208)

The turbulent diffusivity concept involves a local (point) description of the
transfer process, which is physically reasonable as long as the mixing length is
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sufficiently small in comparison with the distance to the wall. However, near
the wall (but not in its immediate vicinity) ! = 0.4y [4], and the preceding
condition is not satisfied. In addition, because i depends only on y, du’/dx dif-
fers from zero only if the proportionality constant relating u’ and # depends
on x. Since the experimental values of ¢ are independent of x, the dependence
on x is probably repeated quasi-periodically over small successive paths.
Consequently, ¢ might be considered a result of both a temporal and a spa-
tial averaging. The first comment suggests that a nonlocal description of
turbulence near the wall might be more appropriate than a local one, whereas
the second suggests that the hydrodynamic process repeats itself over short,
successive paths. It is worth noting that Fage and Townsend [57], in following
the motion of small suspended particles by means of an ultramicroscope, have
observed large lateral displacements very near the wall and that the motions of
the particles are almost rectilinear along the wall, in the interval between two
such displacements. Both comments concerning turbulent diffusivity and the
preceding experimental observations suggest that one should represent
turbulence near a solid by a succession of short laminar motions, the quasi-
local turbulent quantities being averages over the short path [58]. In other
words, this model considers that elements of liquid, which have been brought
at the wall by turbulent fluctuations, are moving through short laminar paths
along the wall, after which they dissolve into the bulk of the fluid, being
replaced by other elements of liquid, and so on (see Fig. 6a). This model,
proposed by Ruckenstein in 1958 [58], borrows the renewal idea from Higbie
[307 and Danckwerts [31], but accounts for the microchydrodynamic structure
of the elements of liquid instead of considering them to be solidlike. Further,
in contrast with the latter models, which provide only the dependence of the
mass transfer coefficient on the diffusion coefficient, Ruckenstein [ 58] relates
the mass transfer coeflicient not only to the diffusion coefficient but also to
hydrodynamics.

A more realistic description that avoids the countercurrent flow in the
region between two successive paths is represented in Fig. 6b, but we will
assume that the regions 2 have a much smaller extent than the regions 1. It is
appropriate to cite here references [59,60] in which the Danckwerts renewal
idea was used to describe the turbulent boundary layer near a wall, as well as
the 1969 paper of Black [61] in which a model similar to that of Ruckenstein
[58] is considered.

More recent experiments [62] concerning the viscous sublayer have shown
a three-dimensional structure for turbulence near the wall. In a plane normal
to the mean flow, counterrotating eddy pairs are involved (Fig. 6¢), whereas in
the direction of the mean flow, the motion is quasi-periodic (as described
earlier). Since the wavelength along the mean flow is much larger than along
the perimeter of the tube, a simplified bidimensional model may account only
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F1G. 6. (a) The flow pattern assumed in the physical model for the motion near the wall. (b) A
more realistic flow pattern of the motion. (c) The roll cell pattern near the wall in a section normal
to the main direction of flow.

for what happens in the plane normal to the mean flow. The steady laminar
motion along a plate is used in the first model to represent the elementary
phenomenon occurring along each path length, in the direction of the mean
flow, whereas the steady stagnation flow pattern appears to be an adequate
simplifying description for the motion in the plane normal to the mean flow
and will be employed in the second model. As shown subsequently, the final
expression for the turbulent mass transfer is the same in both models. For this
reason, one expects the derived equation to constitute an adequate relation-
ship between the parameters involved.

C. MODEL BASED ON STEADY LAMINAR MOTION ALONG A PLATE

In this model, the velocity and concentration fields are described by the
equations valid for the steady laminar motion of a semiinfinite fluid along a
plate. Therefore, the velocity components in each of the paths satisfy the



ANALYSIS OF TRANSPORT PHENOMENA 59

equations
du u 0%u
uE+va—y—va—y—2 (209)
and
u v
e + 6_y =0 {210)

and the concentration field satisfies the equation

oc de d%c
uax+v(3y_D6y2 (211)
The length x, of the laminar path is assumed to be so short that the
thickness of the hydrodynamic boundary layer and the depth of penetration
by diffusion remain smaller than the thickness of the liquid element that are
brought and move along the wail. For additional complexities see Ruckenstein
[58]. Let us denote by u, the uniform velocity of an element of fluid which has
just arrived at the wall and by §, the thickness of the hydrodynamic boundary
layer. Using a scaling procedure, one can evaluate the terms in Egs. (209) and
(210) by
ou  ul

Ll 212
u8x x (212a)

2
ou  ud, u, U
~ TR e

s ol 212b
v dy x ¢4, «x ( )
and
0%u  vu,
Consequently, Eq. (209) leads to
82 oc vx/u, (213)

At sufficiently large Schmidt numbers [as in liquids, where the diffusion
coefficient is very small (D ~ 10~ % cm?/sec)], only the region very near the
wall is affected by diffusion. Therefore, the velocity distribution can be
approximated by the first term in the Taylor expansion

u/u, oc y/8y = plu,/vx)'’? (214)
Combining Eq. (214) with the continuity equation, one obtains

v/u, oc yrull?/y1i2x32 (215)
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The evaluation procedure leads to
dc dul? Ac

Yox TV Y (2162)
de Sul? Ac
and
0% Ac

where & = &(x) is the thickness of the diffusion boundary layer. Consequently,
Eq. (211) yields
83 oc Dv'12x3/2jy312 (217)
which, when rewritten in terms of the mass transfer coeflicient k, = D/d,
becomes
ky. oc (uev/X)'A(D/v)*3 (218)

Since the term “local” in the case of turbulent flow refers to a path of length x,,,
the local turbulent mass transfer coefficient should be defined as the average

k=ifohh (219)

X5 Jo

where x, is the length of the laminar path. Hence,
ke oc (ugv/x0)' 2D /) (220)

The path length x, can be related to the shear stress at the wall and the velocity
u,. Indeed, the shear stress at the wall 7, , is given by

To.x 6u> vid,
—= =v|— o (221)
p <5y y=0  On
The average 7, of 7, , over the path length x, should be considered as the
“local” turbulent shear stress at the wall. Hence

1 vl/Zug/Z

Ty = x—OJ; ro‘xdx aC pv (222)

from where one obtains
Xo 0 VUI(To/p) (223)
Eliminating x, between Eqgs. (220) and (223) yields
k= (D/v)*(1o/p)(1/,) (224)
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The proportionality constant is unity because the numerical coefficients in
Eqs. (220) and (223), which can be obtained on the basis of exact solutions, lead
to such a value. As for the velocity u,, the following considerations can be used
to relate this quantity to t,/p. The universal law of velocity distribution near
the solid surface has the form

u (y(/p)'?
=) @s

Since the region of origin of the eddies which penetrate up to the wall must be
at a critical distance y.,;,, corresponding to a critical Reynolds number

ycri((‘[o/p) 1z

v

= const

one finds
Uy o (z/p) 12 (226)
Eliminating u, between Eqs. (224) and (226), one finally obtains
k oc (z,/p)2(D/v)*? (227)

D. MODEL BASED ON STEADY STAGNATION LAMINAR FLOW

As already noted in Section IV,B, turbulence can be described in the plane
normal to the main flow by the stagnation flow pattern. For steady laminar
stagnation flow, u = a,x and v = —a,y far from the solid surface and [2]

1/3 D
k o (g) G (228)

where «, is a constant with the dimensions of seconds™'. The state of tur-
bulence near the wall can be characterized by t,, p, and #. Since the number
of quantities is 4 while the number of dimensions involved is 3, a single
dimensionless group can be formed, which must be a constant. Consequently,

o, € T,/ pv (229)

Eliminating o, between Eqs. (228) and (229), Eq. (227) is again obtained.

One may note that two kinds of considerations are involved in the two
treatments of turbulent mass transfer near a solid boundary. First, the local
turbulent behavior is described by microlaminar motions over short path
lengths, and, second, the scales of the laminar microstructure are expressed
in terms of the characteristics of the turbulent motion.
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E. UNSTEADY LAMINAR MoTiON USED TO DESCRIBE
TURBULENT TRANSPORT

Pinczewski and Sideman [63] have introduced additional transient terms
in the steady-state model of Ruckenstein. Egs. (209) to (211) were therefore
replaced by the unsteady equations

ou ou du  *u

'a—t ug'{'l)-a—y: VW (230)
ou dv
ix + Fi 0 (231)
dc dc dc 0*c
'a‘t'i'ua'l'lié;— (—?tv—i (232)
The new boundary conditions are
u=u, for t=0 andall y and x
u=u, for y->oo andall ¢ and x
u=0 for y=0 and t>0 andall x
(233)

c=c, for t=0 andall y and x
c=c, for y—->o andall ¢t and x
for y=0 and t>0 andall x

These boundary conditions, and hence the model, involve the assumption that
an element of liquid having a uniform velocity u, is brought at time ¢t = O ina
given small region of the surface and that fluid is flowing in this region along
the wall during a time A. The approximate solution which has been used must
be, however, replaced since it involves the quasi-steady approximation at
short times and the transient approximation at long times, instead of the
opposite. Since a simple analytical solution to this problem is not possible,
the algebraic approximation is now employed to obtain an expression for
the time-dependent thickness of the hydrodynamic boundary layer and fur-
ther for the mass transfer coefficient. The terms of Eq. (230) are evaluated as
follows:

ou u ou u? du ou  u?
ou b ou oo e 4
a~ T YT x U(?y “ox T x (234)
and
u v,

"ot
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Therefore,
(A/1) + (Bug/x) = v/6; (235)

The solutions available for the asymptotic cases of negligible nonlinearities
and steady state allow determination of the constants A and B. In the first case,

% = vg% (236)
the solution of which, for the appropriate initial and boundary conditions, is
u= W%L exp(—u’)dp (237)
Since the velocity u becomes almost equal to u, at a distance y = §,, where
S,/(dvt)2 x 1.5 (328)
one obtains
A=}
In the steady-state case [2,4],
8, = 5.2(vx/u,)''? (239)
Therefore,
B=1/27

Equation (235) can be written as

2 4

=— 240
o 1/9¢t + u,/27x (240)

By using Eq. (68a) it is easy to show that the first term in the Taylor expansion
of u for the steady-state case has the form

ufu, = 1.7(y/6,) (241)

Note that, in the other extreme case, one also obtains, on the basis of Egs. (237)
and (238), u/u, = 1.7(y/3,). [In fact, the value 1.5 of the constant in Eq. (238)
was chosen in such a way as to obtain in both limiting cases the same value for
the coefficient which multiplies the ratio y/8,.] Therefore, Eq. (241) will be
used for the velocity u in the present context, with J, given by Eq. (240). The
continuity equation, yields

v L7 uy? (1 LMo >-1/2 (242)
u, 108 v'2x2\9r ' 27x
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Since expressions for the velocity components are now available, the terms of
the convective diffusion equation (232) can be evaluated as

&t
ot t
ua—c Oty i+ e l/zAc
Ox  v2x\9t  27x
(243)
vgE _u§5 i+ Yo 41/2A'
dy  v¥2x2\9r  27x c
o’c D
DW'\’S—EAC

Equation (232) can thus be replaced by the algebraic expression

A du, (1 u, \!7? uzs (1 u, \2 D

P Bv”zx (9! * 27x0> * Cv”2x2 (9t * 27x> R (244)
where A, B, and C are constants. The constants B and C cannot be determined
independently. However, since Eq. (244) is an interpolation equation, it is
reasonable to consider that a similar interpolating expression could be
employed for the average mass transfer coefficient. The following expression
for the average mass transfer coefficient is obtained by replacing t by A, x by x,,,
and & by &, (= D/k) in expression (244):

A Su, (1 u, \? uzd 1 u, \°Y2 D
4 mio (1 Yo cMoom (1 Yo -2
At Bv1/2x0<9A + 27x0> +CTz\oa T arx, 5z (24

One the basis of Egs. (252), which are derived later, one can write

A oc xo/u, (246)
and, consequently, Eq. (245) becomes
A , O (U \? D
A W(?) -7 (247)

where B’ is a new constant. In terms of the average mass transfer coefficient
k = D/é,,, Eq. (247) can be rewritten as
D u3?D?
3 1
k® = AkZ +B v_”Tx_g/T (248)
In the case without convection, the mass transfer coefficient is given by the
expression

ki = (4/m)'*(D/A)'? (249)
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whereas in the steady-state case it is given by the expression
ky = 0.68(u,/x,)!/2D2/3y 116 (250)

Comparing Eq. (248) with Egs. (249) and (250) yields A = 1.27 and B’ = 0.314.
Consequently,

D
K> = 127k + 0.314(u,/x,) ¥3(D?/v'7%) (251)

The state of turbulence near the wall can be characterized by t,, p, and #.
Hence A, x, and u, are functions of the preceding quantities. Since only single
dimensionless groups can be formed, they must be constants. Hence,

v

Aoc—, u, o (t,/p)'?, and x,oc——7
To/P (zo/P)"?

Replacing in Eq. (248) A, u,, and x, with their expressions from (252) yields
k* = akSc™!(z,/p) + fSc”*(zo/p)** (253)

o and f being constants.
The experimental data regarding the renewal time A have been expressed as
[64]

(252)

A =243[v/(z,/p)] (254)
and the wall shear stress 1, is given by
o/p = (f/2)ur, (255)

where f is the friction factor and u,, is the average velocity. For turbulent flow
in a tube, the friction factor / can be calculated using the Blasius expression

f/2 =0023Re°2 (256)

where Re = u,,2R /v, u,, being the average velocity and R the radius of the tube.
If one assumes that x,/u, = A, one obtains

(k/u,)® =3 x 107" Re ®3Sc™? + 1.2 x 107 *(k/u,,)Sc™* Re™*? (257)

The first term on the right-hand side of Eq. (257) is provided by the quasi-
steady model, whereas the second represents the contribution of the transient
process. Measurements of the mass transfer coefficients from the dissolution
of the wall of a tube into a turbulent liquid having Schmidt numbers as large
as 103 could be correlated with the expression [56]

Sh = 2kR/D = 0.0096 Re®-°13 Sc0-346 (258)

A comparison of the empirical correlation (258) with the theoretical result
(257) shows that the quasi-steady term leads to the same dependence on the
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Schmidt number, ShocSc!/3, as the experiment does. The transient term leads
to a too strong dependence, Shoc Sc!/2. In addition, one can easily verify that,
for sufficiently large values of the Schmidt number, the term in Eq. (257) due to
the transient process has the dominant contribution to the value of the mass
transfer coefficient and that the values predicted are much too large.

Using the quasi-steady model and writing

Xo/Uo = 243[v/(t4/p)] (254a)
one obtains

Sh = 0.0067 Re®? Sc!/3 (259)

The exponent of the Schmidt number in Eq. (259) coincides with the
experimental one, while the coefficient 0.0067 is somewhat low. However, one
must not take very seriously the value of 243 for the coefficient in Eq. (254a).
Accounting for the statistical distribution of the pathlength x, and the
associated average value of the mass transfer coefficient with respect to this
distribution, one might avoid the slight discrepancy.

In reality, the turbulent process is more complex than described by any of
the preceding models. The transient model exaggerates the importance of the
transient process, while the quasi-steady model neglects the transient effects. It
is easier to understand the shortcomings of the former model than the
compensatory effects which cause the latter model to be in better agreement
with experiment. Indeed, the boundary conditions (233) involve the as-
sumption that, at time zero, an element of liquid, which has the velocity
u,, is brought in a given fixed region near the wall and that during a time A,
the fluid is flowing in that region along the wall. However, an eddy which
has arrived at the wall will move along the wall being entrained by the flow
of liquid. The mentioned boundary conditions do not properly account for
this propagating feature. Perhaps the quasi-steady model better approx-
imates this propagation because the concentration ¢ depends on ¢ via the
combination x — Ut, where U is a velocity. This may reduce Eq. (232) to an
equation similar in form to the steady-state equation (211) but with velocity
components which are quasi-periodical functions of time.

More complex models involving several length and velocity scales have
been examined elsewhere [58].

F. TurRBULENT MAsS OR HEAT TRANSFER COEFFICIENT IN A
TuBE FOR Sc OR Pr > 1

When the Schmidt (or Prandtl) number is sufficiently large, the transfer
coefficient near the wall, as calculated in the preceding section, can approx-
imate the overall transfer coefficient. For smaller values of the Schmidt
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number, the resistance due to the core region also has to be taken into account.
Reynolds analogy leads for the core region to:

c—c¢, N,

W=ty Tolp

(260)

where N, is the wall mass flux and u, and ¢, are the values of u and ¢ at the outer
limit of the wall layer. The region near the wall is very thin compared to the
fully turbulent one. Therefore, the average concentration can be calculated by
using only Eq. (260) to obtain

12
Cm — Co =£|:M— u{l (261)
To/PL Um
where
1 R
Cn = "Ru. fo 2nrucdr (262)
and
2 1 (*®
') =— 2 263
(u,,) e L 2nru® dr (263)

r being the distance from the center of the tube. Since x, is short, we assume
that the thickness of the hydrodynamic boundary layer is much smaller than
the thickness of the element of fluid. In addition, if the Schmidt number is not
too small, we can still use the first terms in the expansion of the velocity
components. For the wall region, one can therefore write

Ny = =B 8c™*3(zo/p) (e; = ¢,) (264)

where ¢; is the concentration at the interface. For the overall mass transfer
coefficient, defined by

N, = —k(c; — ¢,) (265)
one obtains [65]

k f12 = p-1/3

== = 266

TR Ty G 7 ey I
For heat transfer, good agreement with experiment is provided by the
equation

ho f/2
peyi, 110 + 12.8(f/2)'2[(v/a)*? — 1] (267)

where ¢, is the specific heat. A similar expression was proposed by Friend and
Metzner [66].
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The preceding expressions can easily be extended to non-Newtonian fluids
by using, for the region near the wall, the quasi-steady model [67]. For a
power law fluid

t = K(du/dy)" (268)

and one can still use Egs. (266) and (267) by replacing the kinematic viscosity v
by the quantity v’ defined by

To/P To (n—1)n K 1/n
"= =|-—= — 269
" T dujdy (p ) p (269)

G. TuURBULENT HEAT OR MASS TRANSFER IN A STIRRED VESSEL

The motion which occurs in this case is generated by the dissipation of the
mechanical energy supplied by stirring. Denoting by P the mechanical energy
supplied per unit time and by V the volume of the vessel, the energy &,
dissipated, on the average, per unit volume is given by

P =V, (270)

Of course, the energy dissipated per unit volume is not uniform and the
nonuniformity depends on the details of the stirring device. Nonetheless, in
what follows we will consider, for the sake of simplicity, that the energy
dissipated per unit volume is uniform. The following problems are of interest:

(a) heat transfer between liquid and either the wall of the vessel or the
cooling or heating coil introduced into the vessel;

(b) rate of dissolution of large unsuspended crystals in the liquid;

(c) rate of dissolution of suspended crystallites in the liquid.

In case (a), turbulence can be described as in a pipe, with the difference that
stirring ensures the uniformity of temperature in the core of the fluid vessel.
Near the wall, the process is described by the quasi-steady model. This leads to

h/pc, = B'1° Pr 21 (z,/p)'/? m)
P

The shear stress ,, at the wall can be expressed in terms of P. Indeed 7, is given

by the expression
To o v<@> 272)
P dy/y=o

and the energy dissipated per unit volume in a point located at the solid
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boundary is
2
o _ v(i“) 273)
P dy)y=o
By eliminating the velocity gradient between Eqs. (272) and (273), one obtains

‘;" = (&,v/p)'1? (274)

Consequently, Eq. (271) becomes [68]
hipe, = B Pr2P3(¢v/p)'/* (275)

A similar expression was suggested later by Calderband and Moo-Young
[69]. Concerning the value of the constant /3, Eq. (267) suggests a value of
0.078. The mechanical energy consumed per unit time by a blade stirrer can be
evaluated by using the expression [70a]

P = d°n®pF[(nd?/v), (gd*/v?),...] (276)
where d is the diameter of the circle described by the end points of the stirrer
blades, n is the number of revolutions per unit time, and the friction coefficient

F is a function of the Reynolds number nd?/v, the Galileo number gd*/v2, and
various geometric ratios. Combining Egs. (275) and (276), one obtains [68]

Nu = ———dm:,mh = B'3F!Y4Re34Pri? (277)
Expressing the friction coefficient F in terms of Reynolds number via [70a]

FocRe™ with 0.20 < m < 0.40 (278)
Eq. (277) becomes

Nu oc Re®7 Pri/3 for m=0.20 (279a)
and

Nu o Re%83 pri/3 for m =040 (279b)

For comparison, let us note that experiment shows that for the heat transfer
between liquid and wall [70b],

hD/k’ = 0.36 Re®:%7 Pr!/3

where D is the diameter of the vessel. Equations (279) are also in agreement
with the correlations suggested for the dissolution of a fixed crystal in a stirred
liquid [71] when the mass transfer constitutes the rate-determining step of the
process.
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For suspended particles, the relative velocity is zero and turbulence brings
elements of liquid into contact with the particles, elements which are renewed
after time intervals A. In this case, one can assume that the mass transfer
between the solid and liquid is unsteady and that the concentration
distribution in each element of liquid during the time A is provided by the
solution of the equation

oc 9%
ot ay?
Since A is short, one can consider that the depth of penetration by diffusion is
smaller than the thickness of the element of liquid. Consequently, the

concentration distribution can be calculated by using the expression valid for a
semiinfinite fluid:

c—C 2 fmwn”’

(280)

exp(—u*)du (281)

172
C,—C, =n'?],

where C; is the concentration at the interface and C, is that in the bulk of the
liquid.

For the average mass transfer coefficient over the time interval A, one thus
obtains

k= 1.13(D/A)'? (282)

The state of turbulence near the wall is characterized by &,, p, and v.
Dimensional analysis leads, therefore, to

A oc (&/py) 17 (283)
Combining Eqs. (282) and (283), one obtains
k oc (D/v)!12(&,v/p) ' (284)

While of the same form, Egs. (284) and (275) have different exponents of the
Schmidt number. Now, Eq. (277) is replaced by [34]

Sh = d'*V'*k/D oc F'/4Re3*Sc!/2 (285)

H. HEAT TRANSFER BETWEEN A FLUID FLOWING THROUGH A FIXED
OR FLUIDIZED BED AND A WALL

The quasi-steady laminar model is now employed to describe the heat
transfer near the wall. Note that while the shear stress at the wall can be related
easily to the pressure drop for the flow in a tube, it is more difficult to establish
arelation between these two quantities for a packed or fluidized bed. However,
while for the flow in a tube the dissipated energy is not uniform over the section
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of the tube, such an assumption is more plausible for the flow through a
packed bed. Indeed, a packed bed can be modeled as a bundle of tubes (having
a diameter of the order of the size of the particles) in each of which the
behavior of the fluid is similar. Therefore, the dissipated energy can be
considered uniform over the section of the bed and is given by the expression

¢=UAp/hSe (286)

where U is the volumetric flow rate, Ap is the pressure drop, h is the height of
the bed, S is the cross-sectional area of the tube, and ¢ is the free-volume
fraction of the bed.

The pressure drop in a fixed bed can be related to the volumetric flow rate U
via the expression [70a]

Ap = Ah/D.)(v*/2)pe (287)

where h is the height of the bed, D, is the equivalent diameter of the voids
(D, =4¢/0, 6 being here the surface area of the particles per unit volume and ¢
the porosity of the bed), v = U/S, and 4 is the friction coefficient. The fric-
tion coefficient can be related to the Reynolds number via [70a]

A = 140(vD,/v)"! for vD,/v <40 (288a)
and
A= 16(wD,/v)" '/ for vD,/v> 40 (288b)
Eqs. (275), (286), (287), and (288) yield for a fixed bed the expressions
hD,/k' oc (vD,/v)> Pri/3 for vD./v <40 (289a)
and
hD,/k’ o (vD,/v)%" Pr/3 for oD,/v > 40 (289b)
which are in reasonable agreement with those obtained empirically [72]:
hD,/k' oc (vD,/v)®5  for oD,/v <40 (290a)
and
hD,/k' oc (vD,/v)°® for vD,/v> 40 (290b)

Neglecting in the case of liquid fluidized beds the fraction of liquid which
flows as “bubbles,” the preceding approach can be extended to liquid fluidized
beds. In this case,

Ap/h = (1 — &)g(p; — p) (291)

where p, is the density of the particles, p is the density of the fluid, and ¢ is the
fluid volume fraction.
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Consequently,
1 o —_ .
é — v( e)glos — p) (292)
p pe
and
- _ 1/4

ﬁ[ _ 31/3 pri/3 [U(l C)g(l)s P):l (293)
k v p

The velocity v can be related to ¢ via the Richardson and Zaki expression [ 73]
v/vy, = e (294)

where v, is the sedimentation velocity of the particle. It is interesting to note
that the heat transfer coefficient h has a maximum for a value of ¢ of about 0.8.
This happens because the dissipated energy increases with v but decreases as ¢
increases [see Eq. (292)].

Equation (293) cannot be applied to gas fluidized beds because in the latter
case, the fluidized bed contains a large number of bubbles. The rate of heat
transfer between the bed and wall is determined in the latter case by the heat
transfer in the packets (clusters) of solid particles (through which the gas flows
at the minimum fluidization velocity) which are exchanged, because of
bubbling, between the wall and the bulk of the fluidized bed [74]. The heat
transfer coefficient is given in the latter case by an expression similar to
Eq. (282):

h={[(4/m)p'c'k’]/A}' (295)

where p’, ¢’, and k’ are the density, specific heat, and thermal conductivity in
the packets, respectively. In the packets, the void fraction is considered to be
equal to that at the minimum fluidization velocity and the thermal conductiv-
ity as that of the corresponding fixed bed. The specific heat ¢’ is taken to be the
heat capacity of the solid particles which constitute the packet.

Two approaches have been used to calculate A. One of them is based on the
two-phase model of fluidized beds and the other is based on the stability
theory. In the two-phase model [75], the flow of gas in excess to that
corresponding to the minimum fluidization velocity traverses the fluidized bed
as bubbles. On this basis, one can write the following equation for the volume
fraction Y occupied by the bubbles:

-9 —epa)=1-c¢ (296)

where ¢ is the volume fraction occupied by the gas and g,,, is its value for the
minimum fluidization velocity. For the velocity of the bubbles one can use the
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equation of Davis and Taylor [75]:
v, = 0.711g'?D}? (297)

where D, is the bubble diameter. Employing the two-phase model, one can
relate vy, to ¢ and v via the expression, derived by Teoreanu [76],

O — Umin = [(1 — €min)/(6 — Emin) J(V — Vmin) (298)

where v is the superficial gas velocity.

Let us consider that the bubbles are uniformly distributed into the bed and
that they are arranged in a simple cubical lattice. The following expression is
thus obtained for the distance L between bubbles:

L = (n/6)'*y"17D, (299)

Considering that the renewal frequency A~ ! is given by the renewal frequency
of the bubbles in a given point in the vicinity of the wall, one can write

A= L/v, (300)
Combining Egs. (297) through (300) yields [77]
1 £ — Emin

1 _0s64g (301)

A (1 - amin)us{vmin + [(1 - Smin)/(g - smin)](v - Umin)}

For the experimental conditions used by Mickley and Fairbanks, this
equation predicts a value of about 6 sec™! for A™!, in satisfactory agreement
with the experimental values.

The second approach for the prediction of A is based on the linear stability
theory. It is well known that the homogeneous structure of a fluidized bed, in
which the solid particles are arranged in the knots of an imaginary lattice, is
not stable to perturbations [78—80]. One can consider that the bubbles which
form in a fluidized bed constitute the final stage of the growth of small-density
perturbations applied to the homogeneous structure [81]. Unfortunately, the
growth of the perturbation can be computed with ease only as long as the
perturbation is small, since as soon as the perturbation becomes too large,
the linear approximation is no longer valid. However, the dynamics of a
fluidized bed near a wall can be described by a renewal model. Furthermore,
among the small perturbations the one increasing most rapidly (the dominant
perturbation, i.e., the perturbation for which the real part of the factor multi-
plying the time has the maximum value) is expected to be felt in the final stage
of the growth of the perturbation. Consequently, on the one hand, the renewal
model can represent the quasi-periodic unsteady exchange between the region
near the wall and the bulk, and, on the other hand, the consequences of the
dominant perturbation are likely to be felt in the final stage of growth of the
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perturbation. Therefore, one could identify the renewal frequency 1/A with
the imaginary part of the factor multiplying the time in the expression of
the perturbation, calculated for the dominant wavelength. Such calculations
have been carried out [81], and the results provide values for A between 5
and 10 s™!, in the same range as the experimental results of Mickley and
Fairbanks [74].

I. HEeAT TRANSFER BETWEEN A BUBBLE BED AND A VERTICAL WALL

The bubbling through a liquid generates two kinds of motions: (a) a general
motion of circulation caused by the ensemble of bubbles and (b) local
micromotions generated by individual bubbles. The presence of the wall
decreases the number density of bubbles located there, in comparison to their
density in the central region. This density gradient will probably determine an
ascending motion in the central region and a descending motion near the wall.
The rate of heat transfer is determined by the process which takes place near
the wall. It is likely that the descending motion in this region is turbulent.
Therefore, one can use the quasi-steady laminar model to obtain

hoc k' (ug/vx,)!? Pri/? (302)

The velocity u, and the laminar path length x, can be related to measurable
physical quantities by using dimensional analysis. Indeed, the circulatory
motion is induced by the buoyancy force g Ap, where Ap is the difference
between the density near the wall (assumed to be equal to that of the liquid)
and the density of the bubble bed

Ap=p—[p(l —e)+pe]=ep (303)

where p and p’ are the densities of the liquid and gas, respectively, and ¢ is the
volume fraction of the bubbling gas. Intuition suggests that u, and x, depend
on the buoyant force g p¢ and on the viscosity v and density p of the liquid.
Therefore,

x, oc v23(ge)~1/3 (304)
and
u, oc vi3(ge)t/3 (305)
Combining Eqs. (302), (304), and (305) yields [82]
h = Ck'(ge/v3)3(v/a)'!? (306)

where from the comparison with experiment [82], C =0.28. Equation (306) is
in good agreement with the results of the experiments reported in the literature
{83-85].
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J. BOILING HEAT TRANSFER FROM A HORIZONTAL SURFACE
IN THE REGIME OF [SOLATED BUBBLES

Experiment [86,87] has shown that in the neighborhood of a bubble
growing at an active site and detaching from it, strong forward and backward
motions of the liquid take place. As the number of active centers and the
frequency of bubble generation increase, the bubble columns entrain the
liquid almost continuously. This ascending motion of the liquid is com-
pensated by a descending motion in the space between the bubble columns,
which is continued in the neighborhood of the heating surface with a
movement quasi-parallel to the latter. Around every active center, one can
ascribe a domain having a square form of area L?, L being the distance
between two such active centers [88]. Obviously, the rate of heat transfer is
affected by the hydrodynamic process which takes place in the vicinity of the
heating surface. Let us first consider that the motion along the surface is
laminar. Though the motion of the liquid is more complex, it will be assumed,
for the sake of simplicity, that it can be approximated by the motion of a liquid
along a plate, the distance covered by the liquid being (L — R,), where R,/2
represents the average between the zero-size bubble and the size R, of the
detaching bubble. The heat transfer coefficient, evaluated as that along a plate,
is given by

h o k'[uo/V(L — Ro)]'2(v/a)'? (307)

where u, is the velocity of the descending liquid arrived at the plate. The factor
1 — (n/4)(R,/L)? should be included to account for the average surface area
covered by bubbles through which the rate of heat transfer is negligible.

The circulatory motion described is due to the buoyant force g Ap, where
Ap=p—[p(1 —¢) + p'e] =(p — p')e, p being the density of the liquid, p’
that of the vapor, and ¢ the volume fraction of the vapor in the neighborhood
of the surface. The velocity u, of the liquid should depend on gAp, the
kinematic viscosity v, and density p. Since the number of physical quantities is
four, while that of the independent dimensions involved is three, it follows that
a single dimensionless group can be formed, which must be a constant.
Consequently,

— 1/3
u, oC (p P gav) (308)
p

Assuming that the motion of the liquid is turbulent and using the quasi-
steady laminar model to describe turbulence, the heat transfer coefficient is
given by the expression

hoc k'(uy/vx,)/2 Prif3 (309)



76 ELI RUCKENSTEIN

where x, is the length of the laminar path and u, is the velocity of the liquid at
the start of the path. One may note that the same equation is used for both the
laminar and turbulent cases. The difference lies in the fact that the length of the
laminar flow path is determined in the laminar case by the bubble spacing and
in the turbulent case by the quantities which characterize the state of
turbulence of the liquid. In the latter case, both u, and x, depend on g(p — p’')e,
p, and 5. Dimensional considerations lead to

Y. 1/3
uooc(p pp gve) (310)
and
o \-1/3
xooc<p p” gﬁ) y2/3 (311)
Combining Eqgs. (309) through (311) yields
o 1/3/,\1/3
hmk'(”-p-”f-f) G) (312)

A factor accounting for the negligible contribution to the heat transfer of the
heating surface occupied by the bubbles should be included in Eq. (312).
Equation (312) was previously proposed by Zuber [89], on the basis of an
analogy with turbulent free convection. The present derivation is based on a
relatively general physical model of turbulence near a wall. The latter author
has also shown that Eq. (312) is in good agreement with experiment. The
preceding discussion of boiling heat transfer emphasizes only the features of
the problem related to turbulence and its treatment by scaling.

K. Mass TRANSFER TO SEPARATED FLOWS

For the turbulent motion in a tube, the mass transfer coefficient k is
proportional to the diffusion coefficient at the power of 2/3. It is easy to realize
by inspection that this value of the exponent is a result of the linear
dependence of the tangential velocity component on the distance y from the
wall. For the turbulent motion in a tube, the shear stress T &~ t, = const near
the wall, whereas for turbulent separated flows, the shear stress is small at the
wall near the separation point (becoming zero at this point) and depends on
the distance to the wall. Thus, the tangential velocity component has, in the
latter case, no longer a linear dependence on y and a different exponent for the
diffusion coefficient is expected. For separated flows, it is possible to write
under certain conditions that [90]

T=1T,+ yo (313)
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where « can be assumed to be approximately equal to the pressure gradient
dp/dx. For the sake of simplicity, let us consider only the region very close to
the separation point where

T=ay (314)

with a = const.
Introducing the latter expression in

du

=H— 31
TSN (315)
one obtains
u = (a/2n)y* (316)
The convective diffusion equation becomes
2,
2 20 _plc (317)

7 ox o oy?
This equation can be easily integrated exactly by using a similarity trans-
formation. The scaling approach is, however, much simpler and leads to the

same result. Physical scaling replaces each of the terms of Eq. (317) by the
expressions

a ,0c o zég

el Sl 318
2n” ox 211(S x (318a)
0%c Ac
~ D= 31
D6y2 D(52 (318b)

and provides the following algebraic equation for the thickness & of the
diffusion boundary layer:

&% oc nx/a (319)
The mass transfer coefficient is therefore given by the expression
koc D34 a/y) x4 (320)

Since the path length x, is expected to be a function of «, 5, and p, dimensional
analysis leads to

x, oc v13(a/m)™13 (321)
and, consequently,

k ac D34y~ 5/12(a/p) /3 (322)
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Since in the vicinity of the separation point

a = dp/dx oc U? (323
Eq. (322) becomes
k oc D3/4v—5lllu2/3 (324)

It is of interest to note that the exponent of the diffusion coefficient is indeed
3/4 (hence different from that in a tube) and that Richardson [91] has obtained
a value of 2/3 for the exponent of the velocity while studying gxperimen-
tally the heat and mass transfer in turbulent separated flows.

L. SiMPLE GENERALIZATION OF THE TUBE AND SEPARATED FLOW CASES

The scope of this section is not so much to treat these two cases together as
to emphasize the fact that careful scaling can provide additional information.
Let us consider that

T=oy" (325)

This expression applies to the case of a tube with n = 0 and to the case of
separated flow with n = 1. For the sake of simplicity, « is considered to be
independent of x. Of course, the value of the constant « is different in the two
cases. Because t© = 5(du/dy), one obtains

o +1
= " 326
u ”(Hn)y (326)

and the convective diffusion equation along each of the paths becomes

@ aerle_ po%
A+mr” o Doy (327)

Since the diffusion coefficient is small, the depth of penetration by diffusion is
also small. Consequently, it is likely that the depth of penetration by diffusion
is smaller than the thickness of the fluid element flowing along the wall for all
values of x < x,. Therefore, the distribution of concentration can be
approximated by that valid in a semiinfinite fluid. The similarity variable

1= y/(x) (328)

allows us to transform Eq. (327) into

d%c o y\"t? dé dc
D— IR n+2___=
PR (5) M dn = ° (329)
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Here ¢ = c(p) is compatible with Eq. (329) only if

o
(1 +n)y

5"”% = BD (330)

where f is a constant.
It is convenient to chose ff = n + 3. One thus obtains

2 1/(n+3)
o
and
d%c e e
d”—2+(n+3)u BZ‘O (332)

The solution of Eq. (332) for the appropriate boundary conditions is
c—¢ foexp(—s"*3)ds
¢—¢ Tln+4)/(n+3)]

where c; is the concentration at the solid interface and c, is the concentration in
the bulk. Therefore, the mass flux N is given by

oc _ D(c; — c,) « W3 ~1/(n+3)
N=-b (a_y> = Tltn + H7(n + 3] [(n T 1)»1] (Dx)
(334)

and for the average mass transfer coefficient k over the path of length x,, one
obtains

n+ 3 D(n+2)/(n+3) o
Cn+2T[(n+ 4)/(n + 3)] [(n +3)Hn+ Un
An expression for the length x, of the laminar path can be obtained from

dimensional considerations by noting that the state of turbulence near the wall
can be characterized by «, p, and 5. Dimensional analysis leads to

X, oC (a/,?)—lf(n+2)vlf(n+2) (336)

(333)

1/(n+3)
] xo—l/(n+3) (335)

and consequently,
k oc D("+2)/("+3)(a/p)”("+ Z)V*(n+4)/(n+2)(n+3) (337)

For n = 0, Eq. (337) leads to the expression valid for the flow in a pipe, while
for n = 1 one obtains the equation valid for the separated flow.

Since the number of quantities involved is four (x,, a, p, ) and the number
of independent dimensions is three, a single dimensionless group can be
formed which must be a constant. However, the proportionality constant in
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Eq. (336) is not a universal constant, but a function of n, the form of which
cannot be predicted by the preceding considerations. An analysis of the
problem in terms of more fundamental (primary) quantities may be useful in
this respect.

The eddies which give rise to short laminar motions along the wall are
generated in the vicinity of the boundary in a region, located at the distance y,
from the interface, dominated by turbulence. The intensity of these eddies can
be characterized by their kinetic energy E, at that distance. The path length
x, is expected to depend on E, and on the physical constants # and p.
Consequently, dimensional analysis leads to

Xo = e, (v/E;"?) (338)

where e, is a universal constant.

Even though Eq. (338) was derived by dimensional scaling, it is more general
than Eq. (336) since the former is not restricted to a specific case. The constant
e, is a universal constant, while the proportionality constant in expression
(336) involves a particular value of n. It is, however, necessary for each specific
situation to relate E, to the corresponding quantities. The method which is
used in what follows to relate E, to specific quantitics was suggested by Prandtl
[92] and Spalding [93]. For the sake of simplicity, a unidimensional equation
will be employed to describe turbulence in the fully developed turbulent
region. An equation for the kinetic energy E of the eddies is written by
equating the rate of dissipation per unit volume of the turbulent energy to the
sum of the variation of the diffusion flux of turbulent energy and the rate of
generation per unit volume of turbulent energy. The rate of dissipation per
unit volume is written, on the basis of dimensional analysis, as ApE*?/y, y
being the distance to the surface and A4 being a universal constant. The
turbulent diffusivity ¢ is expressed, again on dimensional grounds, as ¢ =
eE'?y, where e is a universal constant. Because the rate of generation is
given by 7(du/dy) and the variation of the flux of the turbulent energy by
Bp(d/dy)[E*"?y(dE/dy)] with B a new constant, one obtains

AE3? d ( dE) Tdu _
— B—|yE'? == 339
y y\"" ) eay T (%)
Eliminating du/dy by means of the equation
T du
— =eEY2y— (340)
p dy

and Eq. (325), Eq. (339) becomes

AE3/2 d dE a2y2n
~ By _ %Y _ 341
y dy(y dy) eszllzy ( )
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The solution of this equation that satisfies the boundary condition
E-0 for y=0

is

The distance y, can be related, again on dimensional grounds, to E, and v by
the expression

Yo = e2V/E;" (343)

where e, is a constant.
Combining Eqgs. (342) and (343) yields

e'é 2/(2+m o 2/(2+m
Eo = Teta = 3Bn77 e G4
-2

and, consequently,

xo=el

2 n — n
[e(A — 3Bn?))iN22+ )]v2/(2+,,,<oc) Y@ +n (345)

2+ -
e'i/( n) p

For the mass transfer coefficient k one thus obtains

n+ 3 eIl/(n+3)[e(A _ %BnZ)]~l/[2(n+2)(n+3)]

- n+2 n+ 4
1 291/t + 3 oniln+ i+ 2) 2
[(n + 1)(n + 3)*] € (n T 3>

« 1/(n+2)
x D(n+2)/(n+3)<_> y~(r+A)ln+2)n + 3)] (346)
p
Compared with Eq. (337), Eq. (346) provides the dependence of the
proportionality constant in Eq. (337) on n.
The procedure used in this section, which could be called successive scaling,
does indeed provide additional information. A simpler example of successive
scaling will be presented in the next section.

M. TURBULENT MASS TRANSFER NEAR A LIQUID—FLUID INTERFACE
BASED ON THE TURBULENT DIFFUSIVITY CONCEPT: TURBULENT
FLow OF A LIQUID FILM ON A VERTICAL WALL

Two approaches can be used for the analysis of turbulent mass transfer near
a liquid—fluid interface. One has the time-averaged convective diffusion
equation as the starting point. For obtaining in that procedure an equation for
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the local time-averaged concentration, the concept of turbulent diffusivity is
employed and some assumptions are made concerning its dependence on the
distance to the interface and other parameters. The second approach, initiated
by Higbie [30] and Danckwerts [31], has as the starting point a physical
model for the turbulence near the fluid-liquid interface. While the emphasis in
the present contribution is on the latter approach, it is instructive, for
comparison, to present also results which are obtained on the basis of the first
approach. Let us consider, in this respect, the turbulent flow of a liquid film on
a vertical wall. An expression for the turbulent diffusivity € can be obtained by
starting from

e=l' (347)

where [ is the mixing length and v’ is the normal component of the fluctuating
part of the velocity. Assuming that u’ oc u, where u (the x component of the
average velocity) is independent of the distance y to the interface, the
continuity equation

% + %iy =0 (348)
leads to
vy (349)
Considering that the mixing length / oc y, one obtains
goc y? (350)

In contrast to a solid boundary, the damping of the turbulence at the
liquid —fluid interface can also be affected by the surface tension o of the liquid.
In other words, the state of turbulence near that interface is dependent not
only on a characteristic velocity u,, on the viscosity n of the liquid and its
density p, but also on the surface tension ¢ of the liquid. The reciprocal time
constant 7!, which must be included for dimensional reasons in Eq. (350), is
therefore expected to be a function of the four physical quantities:

= F(uw n, o, P)

Since the number of quantities is five and the number of dimensions involved
is three, two dimensionless groups can be formed and dimensional analysis
leads to

$(u3/v, udtp/a) =0 (351)

In contrast to the case of a solid boundary, dimensional considerations do not
provide an expression for  in the case of a liquid boundary. In order to obtain
explicit expressions for 7, two extreme cases can be considered. In one, 7 is
assumed to be independent of o, whereas in the other, t is assumed to be
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independent of v. In the first case, one obtains

T oC v/u2 (352a)
and therefore
e oc (u3v)y? (352b)
whereas in the second, one obtains
1 oC 0/pu’ (353a)
and as a result
e oc (puj/o)y? (353b)

Integrating Eq. (202), one obtains, for large Schmidt numbers, for the mass
transfer coefficient k, the expressions

k oc u (D/v)}? (354)
if Eq. (352b) is used for ¢, and the Levich equation [5]
koc DY2pti2y3i2 gt (355)

if Eq. (353b) is employed. For a liquid film in turbulent flow along a vertical
wall, one can consider that u, = (gd&)'/?, where g is the gravitational
acceleration and & is the thickness of the film. On the other hand, for turbulent
flow and at least for a sufficiently large Reynolds number the thickness 6
should depend on Q (the liquid flow rate in cubic centimeters per centimeter
second) and on g and should be independent of viscosity. Dimensional
analysis leads in this case to the expression

& oc Q*Pg711 (356)
and Egs. (354) and (355) become
k oc Q13g13(D/v)'1? (357)
and
koc QV12g1X(Dp/o)'? (358)

As noted in the next section, experiment appears to indicate that the influence
of viscosity is more important than that of the surface tension.

N. TuURBULENT MASS TRANSFER IN A STIRRED VESSEL: RATE OF
ABSORPTION THROUGH THE FREE SURFACE OF THE LIQUID

The motion of the liquid is in this case a result of the dissipation of the
mechanical energy supplied by the stirring. The energy dissipated per unit
volume ¢ is assumed to be uniform and related to the mechanical energy P
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supplied per unit time via the expressions given in Section I'V,G. The state of
turbulence in the neighborhood of the interface can be characterized by &, p, o,
and v. Ignoring the effect of v, one obtains

& oc (£/p)*%(0/p)"*y? (359)
and
k oc DY(E/p)*/*(a/p) 10 (360)
while ignoring the effect of o, one gets
g oc ({/pv)'2y? (361)
and
k oc (D/v)'*(¢v/p)* (362)
When the expressions of Section IV,G are used, Egs. (360) and (362) become
k oc D1/2p®10F3/10g3i12) =310/ )~ 115 (362a)
and
k oc D2y~ Ap3apliagsiay 14 (362b)
The experimental results obtained by Davies et al. [94] show that
k oc n®-62 (363)

and therefore suggest that viscosity plays a more important role than the
surface tension. However, this conclusion is not necessarily true because Egs.
(360) and (362) involve the unrealistic assumption that the dissipated energy &
is uniform over the volume of the liquid.

O. PHYSICAL MODEL APPROACH FOR TURBULENT MASS TRANSFER
NEAR A LIQUID—FLUID INTERFACE

The point of view based on a physical model started with the 1935 paper of
Higbie [30]. While the main problem treated by Higbie was that of the mass
transfer from a bubble to a liquid, it appears that he had recognized the utility
of his representation for both packed beds and turbulent motion. The basic
idea is that an element of liquid remains in contact with the other phase for a
time A and during this time, absorption takes place in that element as in the
unsteady diffusion in a semiinfinite solid. The mass transfer coefficient k
should therefore depend on the diffusion coefficient D and on the time A.
Dimensional analysis leads in this case to the expression

k oc (D/A)1/2 (364)



ANALYSIS OF TRANSPORT PHENOMENA 85

In the case of the mass transfer from a bubble of radius R and velocity U, A
should be a function of the latter two quantities and dimensional con-
siderations provide the equation

Ao R/U (365)

One thus obtains
k oc (DU/R)YV? (366)

One may note that the preceding two-step dimensional analysis provides an
equation for the mass transfer coefficient, whereas the conventional dimen-
sional analysis, which involves the quantities k, D, U, and R, can tell us only
that

k/U = F(UR/D)

Of course, the two-step dimensional analysis involves, in addition, the
physical argument that the element of liquid remains in contact with the
bubble for the length of time A.

Danckwerts [31], in one of the most original contributions to the chemical
engineering literature, has further developed Higbie’s treatment, particularly
for the treatment of turbulent mass transfer. The main assumptions of his
treatment are that (1) the elements of liquid at the interface are continuously
renewed, as a consequence of turbulent fluctuations, with fresh ones from the
bulk of the liquid and (2) the absorption process in each liquid element can be
described during its stay at the interface by the unsteady diffusion equation in
a semiinfinite solid. A statistical distribution is obtained for the ages of the
elements at the interface by considering that the mean rate of production of
fresh surfaces is constant and equal to s and that the chance of an element to be
replaced is independent of its age. The average mass transfer coefficient over
the ensemble defined by the preceding statistical distribution will therefore
depend on D and s, and on dimensional grounds, one can write

k oc (Ds)!/? (367)

The main result obtained by Danckwerts, especially when absorption is
accompanied by a chemical reaction, was a clear separation of the physi-
cochemical parameters from the hydrodynamic ones. No explicit expressions
have been, however, proposed for the renewal frequency s. While this problem
will be examined later, for the moment various questions that can be raised
concerning the two basic assumptions will be emphasized.

First, the renewed elements of liquid are considered solidlike, without a
microhydrodynamic structure, even though it is difficult to visualize how solid
bodies can replace one another. It is clear that these elements of liquid should
be able to deform for such a replacement to occur.
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Second, the renewal is actually a consequence of the hydrodynamics of
turbulence. The question is whether one can improve the model by using a
more complete hydrodynamic description so that the renewal can arise as a
consequence of the model rather than being a supplementary assumption. An
answer to the first question is given in Section IV,P and to the second in
Section IV,T.

P. A MobDIFIED DANCKWERTS THEORY

The main theoretical tool in the Danckwerts model is Higbie’s penetration
theory, which is used to predict the rate of absorption in the elements of liquid
exchanged between the bulk and the interface. As already noted, the simple
penetration theory involves a rigid structure of the elements of liquid. One can
improve the model by considering that they have a microhydrodynamic
structure. The representation of turbulence that follows implies a Lagrangian
description for the elements of liquid brought at the interface and an Eulerian
description of their microstructure. The velocity components in the micro-
structure are taken with respect to a frame of reference moving with the
average velocity. Near a liquid interface it is reasonable to assume that the
microstructure velocity component along the interface is almost independent
of the distance y to the interface. Therefore, the convective diffusion equation
valid for the microstructure has the form

d dc %

6_(; + u(x, t)a + v(x, t, y)g—; = DW
The diffusion coefficient being very small, the depth of penetration by diffusion
can be considered small compared with the thickness of the element of liquid.
Therefore, the distribution of concentration in the element of liquid can be
obtained from the solution of Eq. (368) for a semiinfinite liquid; hence for the
initial and boundary conditions,

(368)

c=c, for t=0 andall x and y (369a)

¢ =c for y=0 andall x and ¢ (369b)

c=c, for y->oo andall x and ¢ (369c¢)
and

c=c, for x=0 andall y and ¢ (369d)

The similarity variable
n = y/d(x, 1) (370)
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transforms Eq. (368) into

d?c de
it Z -0
an? + amd” (371)
and
Je oe ou

— —+2—¢e=2o,D

3 + u@x + 2ax € =2u, (372)
where & = 62 (not to be confused with the turbulent diffusivity) and oy (a; > 0)
is an arbitrary constant which is set equal to 2. The solution of Eq. (371) for the
boundary conditions (369) has the form

c—c, 2 [ )
o Te \ —WL exp(—u*)du (373)
The rate of mass transfer is given by
dc 2 D
D(ay>y=0 —gle—cl) (374)
and the mass transfer coefficient is
N 2 D
- == = 75
(c—c,) =28 (373)

Equations for the thickness é of the diffusion boundary layer can be obtained
by solving Eq. (372). Equations (369a) and (369b) are compatible with Eq. (373)
only if

=0 for t=0 andall x (376a)
and

6=0 for x=0 andall ¢ (376b)

Two cases are examined in what follows. In the first, u = u(t), and in the
second, u = u(x).

Let us first consider u = u(t). The method of characteristics leads in this case
to

t
£§—4Dt = d),:f u(t)dt — x] 377)
0
In order to satisfy both conditions (376), two cases must be considered. For

J“ u(t)ydt — x <0, =0 (378)

Q



88 ELI RUCKENSTEIN
and thus condition (376a) is satisfied, while for
t t
J. u(tydt — x > 0, ¢l:f u(t) dt] = —4Dt (379)
0 0

and condition (376b) is satisfied.
By defining a quantity 7 by the expression

T t
J u(t)dt = J u(t)dt — x = x,(f) — x (380)
(1] 0
Equation (377) becomes
e = 4Dt for x> x, (381a)
and
e=4D(t — 1) for x < x, (381b)
and the mass transfer coefficient is therefore given by
D 1/2
for x <x, (382a)
n(t — 1)
b 1/2
(—) for x> x, (382b)
Tt

Compared with the Higbie penetration theory, the main difference consists in
the fact that both the spatial and temporal dependence of the concentration
are takeninto account. In other words, the elements of liquid are characterized
not only by their time of contact A with the interface, but also by their
dimension x, along the main flow direction. The average mass transfer
coefficient should be, therefore, defined as

xo *A
Fet f fkdxdt (383)
on 0 0

which, combined with Egs. (382), leads to
_ 1 D\ /2 A X0+ ¥(X1~ Xo) dx xo dx
= — —3 — |d 384
¢ on<n> J U (r—r)‘””L t‘”} £

1 for x; <x,
')) =
0 for x; > x,

where

A statistical distribution can be employed with respect to x, and A. Denoting
by (A, x,)dA dx, the number of states in dA and dx,, the average mass
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transfer coefficient will be given by
§o §o kA, x,J¥(A, x,)dA dx,
I3 53 w(A, x,)dA dx,

This provides an equation which has the same form as that obtained on the
basis of the Higbie penetration theory:

k = (Ds)!2 (386)

k= (385)

As in the Danckwerts equation, the frequency s does not depend on the
diffusion coefficient. Unlike the Danckwerts equation, however, it results from
both a spatial and temporal averaging.

Let us now assume that u = u(x). The method of characteristics leads in this

case to
5 x X dx
eu*(x)— 4D | u(x)dx=¢|t— | — (387)
0 o u(x)
In order to satisfy Egs. (376b) and (376a), one must have
* dx
=0 for t— ] —>0 388

and

¢[_de_x} = —4Dru(x)dx for ¢— de—x <0 (389)
o u(x) 0 o u(x)

For obtaining the form of function ¢ in the latter equation, let us introduce the

function
* dx
z= f — (390)
o u(x)
and consider that it is possible to express the integral j"é u(x) dx in the form
f u(x)dx = F(2) (391)
o
As a result, Eq. (389) can be written as
¢(—z) = —4DF(z) for t—z<0 (392)
Consequently,
6%u?(x) = 4D{F(z) — F(z — 1)} for z—t>0 (393a)
and

X

82u?(x) = 4Df u(x)dx for z—t<0 (393b)

0
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The mass transfer coefficient k is therefore given by

D\ u(x)

<?) (F(z) — F(z — )} for z—t>0  (394a)
D\'?  ux) )

(5> {Tau(x)dx} ' for z—t<0  (394b)

and the average mass transfer coefficient can be written in the form

_ 1 D 172 A xo+y(x1 — Xo) u(x) dx
o) LT e
X, A\ 7 ol Jo {5 u(x)dx}

* u(x)dx
¥ vfxx(t) {F(z) — F(z - t)}l/z] dt (395)

where x, is defined by

x1(¢)
f @ _, (396)

o u(x) -

For the average with respect to an ensemble characterized by a statistical
distribution of A and x,, one can use Eq. (385). An expression of the same form
as Eq. (386) is thus obtained again. More complicated statistical distributions
with respect to some parameters which characterize the velocity distribution
are of particular interest for the following physical reasons. It is impossible to
visualize in the Danckwerts model the manner in which the elements of liquid
at the interface are replaced with elements from the bulk. In contrast, in the
present model, one can explain the replacement by considering near the
interface a succession of arriving and departing regions. Elements of liquid
that arrive in one of the regions leave the interface in the two neighboring
departing regions. This means that u(x) is positive in one of the regions and
negative in the neighboring two regions. Denoting by f a parameter in the
expression of the velocity u(x) which makes the latter positive or negative and
by ¢(B)dp the number of states in §, the average mass transfer coefficient can
be defined as

i~ romas [ opan (397)

— a0

However, the final information is again that resulting from the Danckwerts
model:

k = (Ds)'/2 (398)

The conclusion is that, whatever model is used to represent the microhydro-
dynamic structure of the liquid elements, the assumption that u = u(x, t) still
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leads to the same result [Eq. (398)] for the mass transfer coefficient. While the
present model constitutes a more realistic picture than that of Danckwerts, the
information obtained is the same, namely, that the mass transfer coefficient is
proportional to D'/2, This general property of an entire class of models can be
understood directly from Eq. (372). This equation clearly shows that whatever
form is adopted for u(x, 1), including u = 0 as in the Higbie—Danckwerts
approach,

e=62ac D (399)
and hence

koc D112 (400)

Denoting, for the simplicity of writing, the multiple average mass transfer
coeflicient also by k, dimensional considerations lead to

k oc (Ds)'/? (401)

where s has the dimensions of a frequency.

Q. Mass TRANSFER IN A Li1QuiD FiLm IN TURBULENT MOTION
ALONG A VERTICAL WALL

In contrast to Section IV, M, where the turbulent diffusivity was employed
to derive an expression for the mass transfer coefficient, in this section
expression (401), which is based on a physical model, constitutes the starting
point. Concerning the renewal frequency s, the following dimensional
considerations can lead to useful expressions. The state of turbulence near the
interface can be characterized by a characteristic velocity u, = (gd,)'/?, the
dynamic viscosity #, the surface tension o, and the density p. Therefore

§ = Fl(uo’ ﬂ,O’,p)

Dimensional analysis rearranges these physical quantities in the form of
related dimensionless groups:

Fy(sv/u?, sojulp) = 0 (402)

Considering the effect of viscosity more important than that of surface
tension, one obtains

soculfv (403)
while the opposite assumption leads to
socudp/o (404)
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Eliminating s between Eq. (401) and either Eq. (403) or Eq. (404), one obtains
k oc u,(D/v)1/2 (405)
and
k oc (Dp/a)"2ud’? (406)

Equations (405) and (406) coincide with Eqgs. (354) and (355), derived on the
basis of the turbulent diffusivity concept, and, of course, the expressions used
in Section IV, M for u, lead again to Eqs. (357) and (358).

R. Mass TRANSFER THROUGH THE FREE SURFACE OF A STIRRED LIQUID

As in Section IV,N, the state of motion near the interface can be
characterized by the energy ¢ dissipated per unit volume, the viscosity #, the
surface tension o, and the density p. Therefore

s =F;(&, v, 0, p)
and dimensional analysis provides the dimensionless groups
2/5 1/2,,1/2
F4<pf75£/3/5’sp6/1/‘; / >=0 (407)
When one considers the effect of surface tension more important,
soc (€/p)*P(a/p) 3 (408)
whereas when viscosity is assumed to play the main role,
s oc (&/pv)'? (409)

The expressions which are obtained by combining Eq. (401) with either
Eq. (408) or Eq. (409), namely,

k oc DYE/p) (o /p)~ 210 (410)
and [34]
k oc DY2(E/pv)ti4 (411)

coincide again with those derived on the basis of the turbulent diffusivity
approach.

Compared with the more traditional theories based on turbulent diffusivity,
the use of physical models enables a clearer understanding of the mechanism
of turbulent transfer. A comparison of both theories shows that they are not
contradictory and provide the same final results. Both start with transport
equations that are valid in laminar flow. The more traditional theory involves
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a time averaging of these equations. A number of average quantities are thus
introduced upon which bears the entire difficulty of the problem. Expressions
are obtained for these average quantities by using analogies with the kinetic
theory of gases as well as dimensional considerations. In the other kind of
theory, a model is used and the averaging is performed later on expressions
obtained for the mass flux on the basis of the model. Dimensional con-
siderations provide information about the hydrodynamic parameters, such as
the renewal frequency s.

S. RoLL CELL MODELS FOR TURBULENT MASS TRANSFER

In the renewal modelis one assumes that elements of liquid are continuously
renewed between the bulk and the interface, but no details concerning the
hydrodynamics of renewal are provided. A possible explanation of the
renewal process by means of some hydrodynamic rotating structures
superposed on the main translatory motion was suggested by Fortescue and
Pearson [95] for turbulent flow and by Ruckenstein [96] for interfacial
turbulence and turbulent flow. Fortescue and Pearson [95] use a numerical
procedure to solve the convective diffusion equation and the results are
represented in terms of an equation which coincides with that provided by the
renewal models. Ruckenstein [96] identifies two extreme cases and derives
analytical expressions for these extreme cases. The physical justification of
such a model is as follows: the velocity fluctuations impinge elements of liquid
upon the interface. This generates motions in both directions along the
interface. If the frequency at which the turbulent pulses impinge upon the
interface is sufficiently large, a roll cell structure, as shown in Fig. 7, will form.
As a result, an element of liquid has a translatory motion with the local
average velocity of the liquid and a circulatory motion in the roll cell. That
trains of pulses impinging on the interface lead to rotating structures could be

[e— Xo —>f

FiG. 7. The roll cell model.
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visualized in a very simple experiment [97]. Into an open, transparent,
prismatic cell filled with ethylene glycol, artificial pulses of ethylene glycol
containing 5% water were injected near the liquid—air interface by means of a
tube connected to a pump. A Schlieren arrangement allows one to see the
rotating structures.

Before attempting a quantitative approach to the problem, it is instructive
to examine the problem qualitatively [96]. An element of liquid which just
reaches the interface covers along the interface a distance x, and then leaves
the interface and moves along the inside paths of the roll cell. Two extreme
situations can be considered: (1) the liquid elements maintain their identity
without significant change of concentration during their motion along the
inside paths of the roll cell, and (2) the elements of liquid are completely
refreshed (acquire the concentration of the bulk) during their inside motion. In
the first case, the mass transfer coefficient can be obtained from the Higbie
equation by replacing the time ¢ of contact between the phases by t(8'/6), 8'/6
being the fraction of time which an element of liquid spends at the interface
and exchanges mass with the other phase (8 is the circulation time and ¢’ is the
time in which the elements of liquid cover the distance x, along the interface).
Consequently, in this extreme case, the average mass transfer coefficient k is

given by [96]
4 1/2 D 1/2‘ 4 1/2 Da 1/2
=(2) (om) =<E> ) )

where the apparent diffusion coefficient D, is greater than D. In the second
extreme case, the liquid elements that reach the interface are always fresh. In
this case, which is similar to the renewal models, the average mass transfer
coefficient depends on 6’ and is independent of t. Consequently, the average
mass transfer coefficient can be obtained from the Higbie expression by
replacing the time ¢ by 6’ [96]:

k = (4/m)'*(D/6")!? (413)

T. QUANTITATIVE FORMULATIONS OF THE RoOLL CELL MODEL

The preceding qualitative considerations can be somewhat improved by
chosing for the velocity distribution some expressions which are compatible
with a cell model [98] even though they are not obtained as solutions to the
equations of motion. Such expressions are, for instance,

u=u[1+ Asin K(x — u,t)cos(K,y)] (414)

and
v = —(AKu,/K;)cos K{x — u,t)sin(K, y) (415)
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where u, the x component of the velocity, and v, the y component of the
velocity, satisfy the continuity equation. These velocity components describe a
two-dimensional roll cell structure propagating with the velocity u, in the

direction of the main motion of the fluid (Fig. 8).

The convective diffusion equation which must be solved therefore has the

form
dc oc
b t inK(x — it
o + u,[t + Acos(K,y)sin K(x — u,t)] I
u, , dc o%c
7K, cos K(x — uot)sm(Kly)a—y = W

Considering 4 « 1 and using the change of variables
X = Kx, Y =K,y and Z = K(x — u,t)
transforms Eq. (416) into
dc . . 0c DK? 9%
EY — AcosZsin Yﬁ _mﬁi
Introducing the dimensionless quantities:

o = (AKu,/DK?)cosZ and B = Ku,/DK}
NN

Y
10
ma

27 ] . 2T
K, K,
a b

(416)

417)

(418)

(419)

F1G. 8. Roll cell model: (a) stream lines in a frame of reference moving with the average liquid

velocity; (b) stream lines in a fixed frame of reference.
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Equation (418) can be rewritten as

oc oc . 03¢
ﬁa‘f - aﬁsmY =%y

(420)
Equation (420) must be solved for the boundary conditions
c=c, for X=0 andall Y
c=g for Y=0 andall X (421)
c=c, for Yo oo andall X

The Carson transformation is used for the solution of Eq. (420):

V= pJ:O e-*ﬁ;i:dé (422)
Equation (420) becomes
V' +aV'sinY — fpV =0 (423)
and must be solved for the boundary conditions
V=1 for Y=0 (424a)
and
V=0 for Y=wo (424b)

Without the second term, Eq. (423) has a solution of the form e *Y. In order to
take into account the second term, a solution of the form

o +w
V=e Y Ve =Y Velinw 425)
is sought. Introducing this expansion in (423), there results
W1+ V48V =0 (n=0,11,42,..) (426)
where
o (n+ig)—1
- 427a
" 2(n+iw?+ Bp (427a)
and

_a (n+ip+1

IRy 7 )

The constant u is determined from the compatibility condition of the
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homogeneous infinite system of Egs. (426). Neglecting all the terms with
[n] > 2, one obtains

Vo, +6_,V.,=0
_7-1V—2 + V—l + 5*1V0 =0

—yoVoi+ Vo + 6,V =0 (428)
W+ Vi+6V,=0
-1+ V=0

Equating to zero the determinant of this homogeneous system of equations,
one obtains the following equation for u:

(Bp — ul)(Bp — > + 1* + 421U Bp — u® + 4P + 16°] + g{(ﬁp — 1)
[2 = w®)(Bp — p? + D)(Bp — p? + 4) + 24%(9fp — 54° + 10)]
+ 121+ p? = Bp)(Bp — 1* + 4 + 1671}
+T—;[(1 +uB)d + u?)Bp — 1*) + 267 + 1) Bp - — 4] =0
(429)

For small values of p, Eq. (429) leads to

(8 + a®)(Bp)*"

=264 ~ 1602 + 3092 (430)

Only the positive root is retained, since the negative one does not satisfy the
boundary condition (424b).
For large values of p, an expansion of the form

b= alBD) a0+ i+ @31)

is sought to obtain
40216 — a?)

- 432
1T 37 6402 + 1024 (432)

a, =1, a, =0,

Since only the mass flux at the free interface is of interest, only an expression
for this quantity is established. For V' _,, Eq. (425) gives

+ o

+a to
y=o=Yln—pV, =i}y nV,—p} V, (433)

— o0
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The boundary condition (424a) leads to
+ch V,=1 (434)
and, consequently,
V'y=0=iizwnl/;,—u (435)

Solving the system of Egs. (428) and (434), one obtains

040, —1) nlp+1)
Vol 1 =1 436
"[ YTy 5, T 1+em (436a)

V, = #‘;‘l’h (436b)
V, =V, (436¢)
V., =V? (436d)
V., = V% (436¢)

where the quantities marked by asterisks are the corresponding complex
conjugate ones. For p —» 0,
(8 + 8a + 3a?)(Bp)'/?
(64 — 160% + 30*)!/2

437)

V/Y=0 =
and for p — oo,

Vico=— [(ﬁp)‘” 4 @f%] (438)

where

g - da(1024 — 64a% + 3a*)(64 + 320 + 8a? + «®) + 24a4(16 — a?)]
B (32 + «?)(32 + 16a + 3a2)}(1024 — 6402 — 3a*)

439)
For the mass flux, defined by

0
N=-D <—C> (440)
ay y=0
one thus obtains

1/2 8 8 V(. D R 1/2
() e = () e e
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for large values of x by using the expression of ¥ valid for small values of pand

N-= (D “")”2(1 + 2—31<x)(ci —¢) (442)
X B

for small values of x by using the expression of V valid for large values of p.

One can show that the preceding calculations, in which only five terms of
the expansion (425) were retained, are valid for |a| < 2. In order to increase the
range of validity, additional calculations have been carried out in which nine
terms were retained. In this case, one obtains for |a| < 4 and for large values
of x

N = (Du(,)”2 [1+ o+ (Ta%/16) + (Sa®/48) + (52*/384)](c; — c,)
- [1—(2?/8) + 3(&/4)* — &o/4)%(1 — (a®/16))]"

nx

172
<’7)t Z) V)G — c) (443)

The quantity  represents the amplification of the flux at large distances
{x — o0) with respect to the one provided by the traditional penetration
theory. The average amplification factor for large values of x, defined by

_ 1 2n
=— VA
V=5 f vd (444)
is plotted in Fig. 9 as a function of the parameter
o, = AKu,/DK? (445)
T T T
¥
5F i
4 i
3t §
ot L7 .
'5 ; 2 3
Xo

FiG. 9. Amplification factor y versus a,. The solid line represents the results of calculations
carried out with nine terms in the series expansion; the broken line with five terms in the series
expansion.
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Consequently, a roll cell structure superposed over an average motion can
lead to a large increase in the rate of mass transfer compared to the one
predicted by the penetration theory. The mass transfer takes place in this case
as if an apparent constant (independent of time and position) diffusion
coeflicient, larger than the molecular one, is acting. The average amplification
factor ¢ depends only on «, and increases with this parameter. One can
consider o, as the product of a Peclet number u,/DK, multiplied by a cell
number AK/K, which contains the geometrical characteristics of the roll cell
and its circulation intensity. The average amplification factor increases with
the wave number of the cell in the x direction and decreases when the
molecular diffusion coefficient and the wave number of the cell in the y
direction become larger.

The preceding calculations are, however, valid only if o, <4. It is
instructive, for reasons which will soon become clear, to consider the case in
which a, is very large. For the sake of simplicity let us consider that «, is large
because K is very small and hence that K, y is also small. In this case, one can
write that sin K,y &~ K, y and Eq. (420) becomes

dc oc &%

box — Yoy~ av (446)
Equation (446) can be solved by means of the similarity transformation
c=cl), n=Y/AX) (447)
Introducing in Eq. (446), one obtains
de[B0A*  aA?] dPc
22—t |==— 44
d4[4 ax T2 | Tap (443)
and since the concentration ¢ is a function only of #,
B OA*  aA®
43X + 5 = const (449)
Selecting the constant equal to unity, we have to solve equation
d*c dc
LT, e 4
an? + 25 an 0 450)
for the boundary conditions (421). One obtains
c—c 2 [mA
-0 = 2y

and

A? = ;l:l -~ exp(— %Kx)] 452)
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Therefore

2DK,

= W(Ci — ¢,) = k{c; — ¢,) (453)

which, for sufficiently large values of Kx, leads to

2ADu K 112
<——;ul—cos Z) (¢, — ¢,) if o> O0(osZ >0)

k= (454)

0 if a<0

Consequently, the average value of k with respect to time is given by the
expression

k = 0.293(DAKu,)"*c, — c,) (455)

which shows that k is proportional to D'2. Since the factor AKu, is
independent of x and has the dimensions of a frequency, Eq. (455) has the same
structure as the expression derived on the basis of the renewal models. In the
present treatment, the renewal is, however, a result of the velocity distribution
and not a supplementary assumption as in the renewal models. In the case of
turbulent flow, Eq. (455) can be completed by means of dimensional
considerations similar to those already employed in the previous sections. The
final results are, of course, the same: Eqs. (405) and (406). Equation (412) and
its somewhat improved counterpart Eq. (443) are, however, new; some of their
applications are discussed in the next section in connection with interfacial
turbulence. For different derivations of expressions similar to (455) see
references [96,99].

U. INFLUENCE OF THE MARANGONI EFFECT ON THE MASS TRANSFER
BETWEEN Two PHASES

The Marangoni effect is a result of the tendency of an interface to relax into
a state of minimum free energy through the expansion of the regions of low
interfacial tension and the contraction of those with a high one. The surface
tension gradient generates a shear stress which affects the motions in the
vicinity of the interface and therefore the mass transfer between phases. In the
laminar case, the velocity generated by the Marangoni effect is important only
for small values of the Reynolds number, as demonstrated concerning either
the effect of the surface active agents on the mass transfer [5] or the effect of a
surface tension gradient (caused by the mass transfer between phases) in
rectification and extraction [100]. While interfacial turbulence constitutes the
main concern of this section, it is instructive to examine first the effect of the
surface tension gradient on the mass transfer between a bubble and a liquid at
low Reynolds numbers, since this simpler problem sheds light on some of the
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relevant physicochemical parameters [100]. Consider therefore a bubble of
radius R rising with a velocity U. Internal circulation is set up as shown in
Fig. 10. As a result of mass transfer between bubbles and liquid, a surface
tension gradient will be set up. This surface tension gradient produces dis-
placements in the interface in the direction of increasing surface tension.
Depending on the direction of the mass transfer or, in distillation, on the type
of system studied, we have either (a) o, > g, or (b) g, < 0,. In case (a), where
d6/0z > 0, the Marangoni effect reduces the internal circulation and the
velocity of bubble rise and hence reduces the mass transfer coefficient. In
case (b), where 0o/0z < 0, the Marangoni effect increases the internal circula-
tion and the velocity of bubble rise and therefore increases the mass transfer
coefficient. Consequently, the direction of the mass transfer affects the value
of the mass transfer coefficient. This problem differs from those treated by
Hadamard [38] and Levich [5] only with respect to one boundary condition,
namely, that involving the shear stress generated by the Marangoni effect:

8 10 1 o, o _ Ve
11(1 0v,+ Ue_f’g)_*_ o ’7,< av'_‘.%—ﬁ) for r=R (456)

R or R)TRa "\R@ "o R

Here the superscript prime symbol refers to the dispersed phase, # is the
viscosity, v, and v, the radial and tangential velocity components, & and r are
the polar coordinates, and ¢ is the surface tension. In the case under
consideration,

100 do

“R7 =d—zsm0 457)
The calculations lead to
2R%g n+n 2 R do
==—"Z(p—p —= — 458
U=37 P95 53y 3m+an & (458)

o o

zT %

g2

FiG. 10. Circulation patterns in a bubble for flows with low Reynolds numbers.
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and

1 Ry R do

=3P ) e a (439)

u, being the value of vy for r = R and 0 = n/2, p the density, and g the
gravitational acceleration.

For the mass transfer coefficient, one can use the expression obtained on the
basis of the algebraic method [Eq. (137)]:

U,

U 3
0.849-2Sh~2 . - —
8 U +06612<2 2U

)Sh‘3 = Pe”! (460)
Equations (460), (458), and (459) show that the sign of do/dz, hence the
direction of the mass transfer or in distillation the type of the system,
influences the value of the transfer coefficient, which is larger if the transfer
leads to a decrease of the surface tension at the interface with z.

The effect of the surface tension gradient on mass transfer is particularly
important when it induces a spontaneous agitation near the interface known
as interfacial turbulence. The occurrence of turbulence in the vicinity of the
interface between two phases has been explained by Sternling and Scriven
[101] as a result of a hydrodynamic instability. They have determined the
conditions under which small perturbations are amplified or damped by the
Marangoni effect. Any perturbation generates convection currents which in
turn cause concentration changes along the interface and, hence, local changes
in the interfacial tension gradient. Depending on the manner in which the
interfacial tension is affected by concentration, the motions generated by the
Marangoni effect can amplify or damp those caused by the perturbations. In
the first situation, a spontaneous agitation will be generated in the vicinity of
the interface, whereas in the second, no spontaneous agitation will occur. For
this reason, some systems can be stable with the solute transfer in one direction
and unstable with the transfer in the opposite direction. This suggests that
there exists a directional dependence of the mass transfer coefficient. Such a
directional dependence was observed experimentally by Grassman and
Anderes [102], who introduced into a boiling binary liquid vapor bubbles of
one or another of the components, and by Olander and Reddy [103], who
have studied the nitric acid transfer from an aqueous medium to an organic
one and vice versa in a stirred tank. A dependence of the mass transfer on the
driving force was also obtained by Sawistowski and Goltz [104], by
Maroudas and Sawistowski [105], and by Bakker et al. [106].

In the experiments mentioned only physical phenomena occur. Sherwood
and Wei[107], investigating the mechanism of the extraction process of acetic
acid from an organic solvent in a basic aqueous solution, found that the
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transfer rate is several times higher than the value resulting from the
conventional theories of mass transfer accompanied by a chemical reaction.
Visual observations have revealed a certain interfacial activity to which the
disagreement between the traditional theories and experiment has been
attributed. They also noted that the presence of a chemical reaction greatly
increases the surface activity and the rate of the process.

In many of these experiments, interfacial turbulence was the obvious visible
cause of the unusual features of the rate of mass transfer. There are, however,
experimental results in which no interfacial activity was observed. Brian et al.
[108] have drawn attention to the severe disagreement existing between the
penetration theory and data for the absorption of carbon dioxide in
monoethanolamine. They have performed experiments on the absorption of
COQ, with simultaneous desorption of propylene in a short, wetted wall
column. The desorption of propylene without absorption of CO, agrees
closely with the predictions of the penetration theory. If, however, both
processes take place simultaneously, the rate of desorption is greatly
increased. This enhancement must be linked to a hydrodynamic effect induced
by the absorption of CO, and the only one which can occur appears to be the
interfacial turbulence caused by the Marangoni effect. No interfacial activity
was observed because of the small scale and small intensity of the induced
turbulence.

Ruckenstein and Berbente [109] have extended the approach of Sternling
and Scriven to the case in which a chemical reaction occurs to demonstrate
that the criteria of instability in this case differ essentially from those valid for
the case of diffusion without chemical reaction. Even small values of the
reaction rate constant essentially change the conditions under which insta-
bility occurs.

Interfacial turbulence leads to the formation of cellular (or other type)
structures of the interface. They have been studied by optical methods, using a
Schlieren technique, by Kroepelin and Newmann [110], by Linde [111], and
by Orell and Westwater [112, 113]. A recent book contains contributions
largely dedicated to theoretical studies regarding the instability caused by the
Marangoni effect [ 114]. The roll cells can also be simulated experimentally by
continuous feeding through a capillary of a liquid which has a lower surface
tension over the interface of two liquids into which it dissolves. When several
sources of Marangoni effect of this type are used, it is possible to simulate
the present physical model, since a roll cell structure organizes. In Fig. 11
one photograph obtained through a Schlieren technique by Suciu and
Smighelschi [96] is given. The upper layer is paraffin oil and the lower layer is
ethylene glycol. At the interface, ethylacetate is fed continuously through two
glass capillaries. This photograph shows that in this particular case the
thickness of the roll cell is approximately equal to x,. If one assumes that the
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FiG. 11.  Simulation of the physical model by means of two sources of Marangoni effect
generation. The upper phase is paraffin oil and the lower phase is ethylene glycol. Through the two
capillaries (the two vertical black streaks) ethyl acetate is fed.

circulation velocity is the same along the contour of the roll cell, the ratio 6'/8
[see Eq. (412)] can be evaluated as being of the order of 3.

Some of these experiments can be interpreted by means of Eq. (412) or
equivalently by its more theoretical version (443). Indeed, Bakker et al. [106]
have investigated the transfer of acetic acid or acetone between cocurrent
streams of water and an organic phase or between carbon tetrachloride and
water. The penetration theory could be used to represent the data if the
diffusion coefficient were replaced by an apparent diffusion coefficient about
four times larger. This means that in their case, the ratio 6'/6 was 1. The
experiments of Brian et al. [108] could also be represented by a similar
expression but with a lower value of /6.

Now some expressions for the quantities involved in the mass transfer
coefficient will be obtained [96]. The velocity at the interface is evaluated by
using the following two approximations: (1) The x velocity component,
although dependent on x, is replaced by its average U over the path of length
X, (2) The velocity distribution in the vicinity of the interface is approximated
for each path of length x, by that valid for the motion of a plate moving with
the velocity U over a semiinfinite liquid whose velocity is U;.

The Marangoni effect generates a stress along the interface. Therefore the
equilibrium of forces in the x direction leads to

where 1, and 1, are the shear stresses on the two sides of the interface. Since we
replace the x velocity component at the interface by its average value over the
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path length x,, it is appropriate to replace Eq. (461) also by its average over x,:

f T, dx — f 1,dx = — Ao (462)
0 0

Here Ao represents the difference between the interfacial tension at the end and
at the beginning of the path. When the refreshing of the elements of liquid is
complete, A is equal to the difference between the interfacial tension at the
equilibrium concentration at the interface and the interfacial tension between
the liquid phases at their bulk concentrations. The problem of the boundary
layer that develops when a solid planar surface moves continuously was
treated by several authors. Tsou et al. [115] have derived the following
expression for the local wall shear stress 1:

T=c3pU? (463)
where if the liquid at infinite distance has zero velocity,
¢ Re'’? = 0.88 (Re = Ux/v) (464)

One may note that the constant for the Blasius flow is 0.664 instead of 0.88. If
the velocity at infinity U, # 0, then

_ d(u/U) _ Ui
¢ Rel? = 2<_—d[y(U/vx)”2]>y=0 = 2F<U> (465)

A few values of F as afunction of U;/U are givenin Table X. On the basis of the
preceding equations, Eq. (462) can be rearranged as

2pvi2U3F x 1?2 4 2p,vi2U32F,x}? = —Ae (466)

When the velocity at large distance is zero or sufficiently small compared to U,
one obtains the equation

0.88(p,vi’2 + p,viH)x2U32 = —Ac (467)

which relates U to Ag and x,.

Some numerical calculations of the mass transfer coefficient are given in
Table XI. They were performed for several values of x, on the basis of
Eq. (413). The time 8’ in that expression is given by 8’ = x,/U. The values of
Ao have been taken in the range considered in the experiments of Sawistvoski
and Goltz [104]. The calculated values of the mass transfer coefficient are

TABLE X

u/u 0 0.62 1 1.78 o
F -0.44 —-0.20 0 0.50 0.33
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TABLE XI

v =v, = 1072 cm?¥/sec; p, = p, = 1 g/em>; D = 1075 cm?/sec

k (cm/sec)
As (dynes/cm) Xo = 107" cm xo = 1072 cm Xo =102 cm
1 3 x 1072 1.4 x 107! 0.64
S 5x 1072 24 x 107! 1.1
10 64 x.1072 3x 107! 1.4
20 8 x 1072 3.7 x 107! 1.7

of the same order as the experimental one if x, = 107! to 1072 cm. One
may note that the dimensions of the cells observed experimentally [113] are
in the same range.

In the cases in which a single liquid phase is involved, an additional
expression relating x, to Ag can be obtained, on dimensional grounds. Let us
consider a single liquid phase and rewrite Eq. (467) as

0.88pv!2x}12U 32 = |Ag] (468)

Further, let us consider that x, depends on Ag, p, and v and is independent of 4.
Dimensional analysis leads therefore to the expression

X, o v2/(|Aal/p) (469)
Eliminating x, between Eqs. (468) and (469), one obtains
U o |Aal/pv (470)
Consequently,
0" oc v3/(|Aal/p)? (471)
and
k oc (D/v)'*(|Aa]/pv) (472)

When the velocity at large distances is not negligible, Eq. (466) should
constitute the starting point, and it is necessary to express F; and F, in terms of
U,/ U for the two phases.

V. . DETERMINISTIC APPROACH TO TURBULENT MASS TRANSFER

In this section we emphasize a parallelism between the Danckwerts
statistical model and a deterministic representation of the turbulent mass
transfer [116]. The starting point was the observation that an almost
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periodical function can simulate turbulence. Let us consider, for instance, the
function

u = B;sinw,t + B,sinw,t

in which the frequencies w, and w, are not commensurate with one another. In
this case, the time dependence of u has some of the “disordered” features of the
turbulent fluctuations. The preceding function, represented in its most simple
form in Fig. 12, constitutes the most simple version of an almost periodical
function, and, of course, other almost periodical functions might be more
appropriate simulators of the turbulent process. A possible representation
of the turbulent mass transfer may therefore be based on an almost period-
ical time and/or spatial dependence of the velocity. Let us consider, for in-
stance, that in the roll cell model we have, instead of the periodical function
Asin(Kx — u,t), an almost periodical function. The preceding established
equations remain valid if « is replaced by an almost periodical function.
The main difference arises when the average value is calculated, since in
the almost periodical case there is no period for the time dependency of
the velocity components. For this reason, the average must be defined in a
different way, namely,

_ 1 (T
k=?j0 kdt (T - o)

Let us divide T in a large number of intervals; denote by y(6) df the number of
intervals in d0; and consider that for each interval, there is a corresponding
value k(f). The preceding expression can therefore be written as

k= f ) k(B)y(6) do / f wdz(ﬁ)d@
0 0

thus acquiring the form of the equations used in the renewal models when
residence time distributions are taken into account.

sint + sin mt

JAVA
AVARRVA

FiG. 12. sint + sinnt versus ¢.
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V. Closing Remarks

The main message of this chapter is that simple procedures which avoid
exact solutions of the transport equations as well as simple models based on
the solutions of some simple transport equations are useful in obtaining
information even in some relatively complex cases. The algebraic method,
which was illustrated here with a large number of examples, replaces the
convective diffusion equation by an algebraic expression. The constants which
are thus introduced are determined from solutions available for simple
asymptotic cases. The fact that the microstructure of the elements of liquid is
characterized in the models used to represent turbulence by a length scale
which is small in comparison with any characteristic dimension of the system
ensures some universality to the model. Indeed, the same equation, borrowed
from the laminar flow along a plate, can be applied to numerous situations.
Finally, the new dimensional analysis proposed, which involves two kinds of
time and length scales, also provides some meaning to the exponent of the
Reynolds number in the expression of the Sherwood or Nusselt number.

Let us close by noting that starting with the papers of Saltzman [117] and
Lorentz [118], the problem of turbulent transport has been amenable to
analysis on the basis of the unsteady-state transport equations without any
additional assumptions. While this extremely meaningful procedure is outside
the scope of the present contribution, at least a few [117-125] from a very
large number of references need mention.
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BED REACTORS: NUMERICAL SOLUTIONS
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I. Introduction

Mathematical models of packed bed reactors are needed for the description
of steady-state and dynamic behavior for process design, optimization, and
control. Although insufficient detail can lead to a model incapable of
accurately representing the reactor’s response to changes in operating
variables, excessive detail can lead to a model that is computationally
impractical and/or contains parameters the values of which cannot accurately
be determined from operating data. Clearly, the type of model and its level of
complexity in representing the physical system depend on the use for which the
model is being developed.

One approach to developing mathematical models is to begin with one that
contains a relatively detailed description of the physical system and then to
derive simpler models by identifying those elements that can be approximated
while still retaining the essential behavior of the system (see, for example, Aris,
1978). This is the approach that we will follow here. Our particular interest
will be in deriving mathematical models of packed bed reactors that are
appropriate for use in designing control systems. Thus, we will be interested in
models capable of simulating dynamic behavior.

This chapter presents an analysis of the development of dynamic models for
packed bed reactors, with particular emphasis on models that can be used in
control system design. Our method of attack will be first to formulate a
comprehensive, relatively detailed packed bed reactor model; next to consider
the techniques available for numerical solution of the model; then, utilizing
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one such numerical solution, to examine simplifications of the model based on
its underlying physics; and finally to study how the model may be reduced
mathematically to one useful for control system design.

We have chosen to concentrate on a specific system throughout the chapter,
the methanation reaction system. Thus, although our development is intended
to be generally applicable to packed bed reactor modeling, all numerical
results will be obtained for the methanation system. As a result, some
approximations that we will find to apply in the methanation system may not
in other reaction systems, and, where possible, we will point this out. The
methanation system was chosen in part due to its industrial importance, to the
existence of multiple reactions, and to its high exothermicity.

In Section II we offer some general introductory remarks on packed bed
reactor models. The methanation system is given in Section IIL. The detailed
reactor model is presented in Section IV. We then discuss approaches to
numerical solution of the model in Section V, with a detailed exposition of
one approach, orthogonal collocation. Solutions obtained using orthogonal
collocation are presented in Section VI, and an additional numerical tech-
nique, orthogonal collocation on finite elements, is introduced in Section VIL
Common physical assumptions made in packed bed reactor modeling are
evaluated in Section VIIIL. Finally, the development of a simplified model
appropriate for control system design is the subject of Sections IX and X.

ll. Packed Bed Reactor Models

Mathematical models for packed bed reactors have over the years received a
great deal of attention (see, for example, Smith, 1970; Hlavacek, 1970; Paris
and Stevens, 1970; Froment, 1972; Karanth and Hughes, 1974; Carberry,
1976; Froment and Bischoff, 1979). By and large, detailed models of packed
bed reactors were formulated at an early stage, but much of the early work
focused on simplified models owing largely to the computational limitations
associated with the comprehensive models. Recently, the problem of numer-
ical solution of the models has received considerable attention, with a number
of key studies having been carried out in this area. Advances over the past
decade in computational techniques for the solution of partial differential
equations such as those describing a packed bed catalytic reactor now allow
one to explore the question of model complexity in detail.

Mathematical models of packed bed reactors can be classified into two
broad categories: (1) one-phase, or pseudohomogeneous, models in which the
reactor bed is approximated as a quasi-homogeneous medium and (2) two-
phase, or heterogeneous, models in which the catalyst and fluid phases and the
heat and mass transfer between phases are treated explicitly. Although the
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heterogeneous models are more physically realistic, they have not been used as
widely as pseudohomogeneous models for two reasons. First, the numerical
solution of the heterogeneous model is considerably more difficult than for the
pseudohomogeneous model, and, second, there are many situations for which
the pseudohomogeneous model is a perfectly acceptable model. One object of
this chapter will be to examine the validity of the pseudohomogeneous
approach within the context of the methanation system considered.

A significant step in the numerical solution of packed bed reactor models
was taken with the introduction of the method of orthogonal collocation to
this class of problems (Finlayson, 1971). Although Finlayson showed the
method to be much faster and more accurate than that based on finite
differences and to be easily applicable to two-dimensional models with both
radial temperature and concentration gradients, the finite difference technique
remained the generally accepted procedure for packed bed reactor model
solution until about 1977, when the analysis by Jutan et al. (1977) of a complex
butane hydrogenolysis reactor demonstrated the real potential of the
collocation procedure.

Since that time several studies have been published in which orthogonal
collocation has been used as the core algorithm in numerically implementing a
packed bed reactor model. Although we will not attempt to survey all the prior
work done on numerical solution of packed bed reactor models, we will focus
on orthogonal collocation and its variations. An object of this chapter is to
present the basic techniques of orthogonal collocation and orthogonal
collocation on finite elements as applied to packed bed reactor models, to
discuss when each of the available approaches within this class might be
useful, and to illustrate the methods with a detailed application to the
methanation packed bed system.

ll. Reaction System

To retain consistency throughout this presentation, we will consider a
general nonadiabatic, packed bed reactor, as shown in Fig. 1, with a central
axial thermal well and countercurrent flow of cooling fluid in an exterior
jacket.! We focus on the methanation reaction since methanation is a reaction
of industrial importance and since methanation exhibits many common
difficulties such as high exothermicity and undesirable side reactions.

! Although this modeling description refers to a general, nonadiabatic packed bed reactor with
an axial thermal well, the analysis easily extends to the consideration of adiabatic reactors and
those without thermal wells. These are merely subsets of the more general case.
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f ————— L

CATALYST

\ THERMAL WELL

FiG. 1. Packed bed reactor configuration.

Moreover, we feel that it is instructive to use a concrete example for our
development, but one that is easily extendable to other systems.
Methanation is one of a more general class of Fischer—Tropsch processes in
which carbon monoxide and carbon dioxide are hydrogenated to form various
light hydrocarbons and water. Although the primary reaction using a nickel
on alumina catalyst is the methanation of carbon monoxide, appreciable side
reactions can occur in the methanation system. The reactions in the
methanation system are shown in Table I and include carbon dioxide

TABLE 1

REACTIONS IN METHANATION SYSTEMS

System Reaction
CO methanation CO + 3H,2CH, + H,0
CO, methanation CO; +4H, 2 CH, + 2H,0
Steam shift CO+H,0=2C0O, +H,
Carbon deposition 2C0-CO,+C
Nickel carbonyl formation Ni + 4CO - Ni(CO),

Fischer—Tropsch nCO + 2nH, = (CH,), + nH,0O
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methanation, steam shift, carbon deposition, nickel carbonyl formation, and
other Fischer—Tropsch processes. By operating at H,:CO ratios of about 3:1
and temperatures above 200°C, most side reactions can be suppressed and
only the CO methanation, CO, methanation, and steam-shift reactions
should be significant. Of these three reactions, only two are independent, the
CO methanation and steam-shift reactions.

A global rate expression for CO methanation over a nickel catalyst is given
by Lee (1973) and Vatcha (1976). They report that a Langmuir- Hinshelwood
rate [aw of the form

R — Koy €XP(— Eom/RyT) Peo(Py,)° (1 — v)
M 1+ KBy, + K, Py,

(1)

where

PCH4PH20 1

y=_CHHO - 03]
Peo(Pu,)* Ko

is superior to simple power law relationships. These reaction kinetics [Egs. (1)
and (2)] are based on the experimental data of Lee (1973) from a catalytic
CSTR under conditions of ideal mixing with a Harshaw Ni—0104T nickel-
Kieselguhr catalyst and extensions by Vatcha (1976) to include the factor
(1 — v) to reduce the rate to zero at equilibrium.

A complete analysis of the steam-shift reaction is provided by Moe (1962),
who reports a rate expression of the form

XcoX
Rg = ko,exp(— Eas/RgT)[xcoszz - %] 3)

ps

which should be appropriate over a wide range of operating conditions. The
pressure dependence of the steam-shift reaction rate

Rs,., = Rs, (1 + f2P) 4)

is also derived from empirical results (Moe, 1962).
The equilibrium constants K,, and K, are taken as functions of
temperature as given by

InK,, =K,,, +K

M1 pm2

M

/T’ In Kps = Kﬂsx + Kpsz/T (5)

Vatcha reports that the rate expression given by Eq. (1) describes the global
rate, thus allowing gas phase concentrations to be used in the reaction
analysis. Global reaction kinetics will be used in the analysis to follow.
Consequently, these kinetics must account for microscopic processes such as
adsorption/desorption on the catalyst surface and intraparticle diffusion.
Since most available kinetic information is based on steady-state data, a major
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concern is the extent to which transient adsorption/desorption processes and
intraparticle diffusion are accounted for in the rate expression. Although
intraparticle diffusion can be shown to be generally insignificant in the reactor
dynamics,? experimental efforts are needed to gain furthér information on the
dynamics of adsorption/desorption processes.

IV. Formulation of the Mathematical Model

A two-dimensional, two-phase model of a packed bed reactor will now be
developed. The heterogeneous packed bed reactor consisting of solid,
generally nonspherical, catalyst particles and reacting gas is represented as
two phases, with the assumption that each phase may be treated as a
continuum insofar as changes occur smoothly and continuously throughout
the bed. This continuum assumption for each phase is generally valid for most
industrial reactors and should be valid under the conditions of this analysis
(Carberry and Wendel, 1963; Hlavacek, 1970; Stewart, 1967), as long as the
ratio of bed diameter to particle diameter and the axial aspect ratio are
sufficiently large. The energy and mass fluxes can then be treated in a form
based on continuum transport theory.

Many investigations have assumed that the difference between the catalyst
and gas temperatures is negligible in tubular reactors for fast-flowing gas—
solid systems. Industrial experience and experimental studies (Gould, 1969;
Hoiberget al., 1971; Froment, 1974; Jutan et al., 1977) have verified that there
is often very little temperature difference (< 5 K) between the catalyst and gas
at steady state. However, the two-phase representation may be necessary for
simulating dynamic situations since considerable ( > 10 K) differences can exist
between gas and solid temperatures during transient conditions. The problems
of measuring gas and solid temperatures separately can and often are in
practice circumvented by using an internal thermocouple well, and for that
reason we have included the possibility of a central thermal well in the general
reactor configuration in Fig. 1.

Our analysis begins by incorporating all axial and radial dispersion
processes, including axial conduction within the thermal well. Axial con-
duction in the outer wall is neglected on the basis of the first assumption
presented later and on Bonvin’s (1980) results showing that the conduction in
the outer wall is most likely insignificant and can be neglected if axial
dispersion in the bed is retained. Although radial gradients within the bed

2 The time constants for the temperature and concentration profiles in the pellet to change are
at least an order of magnitude faster than the time constants for the temperature and
concentration profiles in the reactor bed.



MATHEMATICAL MODELING OF PACKED BED REACTORS 119

must be included if there is cooling at the reactor wall, radial temperature
gradients within the thermal well are neglected due to its comparatively small
radius and high thermal conductivity.

We also account for density, heat capacity, and molecular weight variations
due to temperature, pressure, and mole changes, along with temperature-
induced variations in equilibrium constants, reaction rate constants, and heats
of reaction. Axial variations of the fluid velocity arising from axial temper-
ature changes and the change in the number of moles due to the reaction are
accounted for by using the overall mass conservation or continuity equation.

The major assumptions underlying the original model are the following.

(1) The reactor wall temperature is equal to the cooling fluid temperature
and is independent of length along the reactor (Carberry and Wendel, 1963;
Jutan et al., 1977; Smith, 1970). The validity of this assumption is generally
based on the high thermal conductivity of the reactor wall and on the use of
boiling fluids or high convection in the outer cooling shell.

(2) Gas properties are functions of temperature, pressure, and total moles
as dictated by the ideal gas law. The assumption of ideal gas behavior will be
accurate as long as the operating temperatures of the reactor are much higher
than the critical temperatures of the component species and the pressures are
relatively low and is in general valid for most gaseous reaction systems.

(3) There is no radial velocity, and the axial velocity across the radius of the
packed bed is uniform. Schwartz and Smith (1953) found that the velocity
across the diameter of a packed bed is not uniform for radial aspect ratios
(tube-to-particie diameter) less than about 30, due to the significant effect of
the increased void space near the wall where the particles are locally ordered.
This result has been verified by Hoiberg et al. (1971) for a packed bed reactor
with radial aspect ratio about 50. They considered a radial velocity variation
suggested by experimental observations with a sharp peak about 159 greater
than the mean fluid velocity situated close to the wall. Simulations using their
model showed results virtually identical to those obtained with a uniform
velocity profile.?

(4) The physical properties of the solid catalyst and thermal well are taken
as constant, since the conditions within the reactor introduce only minor

3 Preliminary residence time distribution studies should be conducted on the reactor 1o test
this assumption. Although in many cases it may be desirable to increase the radial aspect ratio
(possibly by crushing the catalyst), this may be difficult with highly exothermic solid-catalyzed
reactions that can lead to excessive temperature excursions near the center of the bed. Carberry
(1976) recommends reducing the radial aspect ratio to minimize these temperature gradients. If
the velocity profile in the reactor is significantly nonuniform, the mathematical mode] developed
here allows predictive equations such as those by Fahien and Stankovic (1979) to be easily
incorporated.
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variations in these parameters, and the heats of reaction and gas heat
capacities are taken as linear functions of temperature.

(5) Hlavacek (1970) has shown that radiation between the solid catalyst and
gas can significantly affect the temperature dynamics in packed bed systems
operating in excess of 673 K. Since most packed bed systems usually operate
well below these conditions, radiation terms are not explicitly included in the
model. However, their effect can to some degree be accounted for in the overall
heat transfer coefficients.*

A complete description of the reactor bed involves the six differential
equations that describe the catalyst, gas, and thermal well temperatures, CO
and CO, concentrations, and gas velocity. These are the continuity equation,
three energy balances, and two component mass balances. The following
equations are written in dimensional quantities and are general for packed bed
analyses. Systems without a thermal well can be treated simply by letting ,,
h,, and R, equal zero and by eliminating the thermal well energy equation.
Adiabatic conditions are simulated by setting h,,, and h,,, equal to zero.

Total Mass Conservation (Continuity)

0Py  Olpstty) _

ot dz (Z = 0» Pelig = ngugO) (6)

Energy Balance for the Gas

The energy equation for an ideal gas neglecting viscous heating is (Bird et al.,
1960)
T DP
PeCr, = Vit + 0 ™
Using DP/Dt = v, 0P/dz and Fourier’s law, we obtain

DT opP
ngpg—DT——‘—V'kVT'FUZ‘(%’*‘Q (8)

Let us estimate the relative importance of the term »,dP/dz as compared
with its counterpart p,c, v, 0T/0z:
v,(0p/0z) AP
PeCpU(0T/02) ~ pgc, AT

where AP is the pressure drop across the bed and AT is a typical temperature
rise. Here AP can be estimated from the Ergun equation (Bird et al., 1960)

©®

* But not entirely since radiation effects are nonlinearly related to temperature.
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for the conditions we will study subsequently as 0.023 atm for a bed of length
30 cm, void fraction of 0.57, axial gas velocity of 75 cm/sec, inlet temperature
of 573 K, and inlet pressure of 10 atm. The ratio defined by Eq. (9) is then
about 0.02 for temperature gradients of 50 K. Under such conditions, the con-
vective derivative of the pressure [in Eq. (8)] can be neglected and we do so
henceforth:

DT
PeCp.——=V-kVT +Q (10)
¢ Dt
Then for the reactor bed after assuming k,, and k,, constant,

oT, T, 2 T, -
spgcma—:= —EPgUyC Q+k 0T Uyh=T) +ﬁ£[rﬂ] (11)

Pe 0z % 072 Vs roor| or
with
r=R,, k,g% =h(T, — T)
r=R,, k,g% hoo(T, — T,)
=0 kOB = hy(T, - T) — 4y p,e(Ty — Ty
z=1L, _kzg% =hy(T, — T)

Note that the convective term in the outlet boundary condition is generally
assumed negligible (Hoiberg et al., 1971). This assumption is used throughout
the ensuing analysis. Also note that the gas heat capacity c, , gas density p,,
and gas velocity u, are functions of position and time due to their dependence
on concentration, pressure, and temperature.

Energy Balance for the Catalyst

Using an analysis similar to that for the energy balance of the gas and after
assuming constant physical properties of the solid phase,

oT, 02T,
(1- 8)/)56,,3—6[— = kzsa7 + (—AHy)Ry + (—AHg)Rs

Toar| o

. Usg(’I; B Tg) + krs 0 aT;
WV r or
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with
P=Roy ket = bl T)
=Ry —heR = h(T-T)
z=0, kn% = h(T, — T)
=L kT k- T)

The heats of reaction for the methanation and steam-shift reactions are taken
as linear functions of temperature:

AH; = AH, T+ AH,, (13)

based on literature data and standard temperature dependence of the heat
capacities of the gas components.

Energy Balance for the Thermal Well

Assuming constant physical properties in the thermal well,

aT; O’T, U

—_— = . —(T.
plcpl at kz( azz + l/t ( 8,

r= Ro -

U
T+ (e, — T) (14)
l/l o

with

oT,
=L —=0
z 0z
De Wasch and Froment {1971) discuss the calculation of the wall heat transfer
coefficients for the fluid and gas phases based on a lumped wall heat transfer
coefficient. Furthermore, radial heat conduction in the thermal well is
neglected since it should be of minor importance for a thin solid well.

Mass Balance in the Reactor Section

Since two independent reactions exist, a mass balance must be written for
each of two independent species. We select these as CO and CO,. Note that
i =1 refers to CO and i = 2 refers to CO, in the following.
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The equation of continuity in cylindrical coordinates is (Bird et al., 1960)

dc; 1 d(rN; 1 ON, ON,
C|+[_ (r n-)+__18+ tz]zRi

— 1
ot r or r 00 0z (15)
Itis customary in representing the axial and radial mass fluxes in a packed bed
to define axial and radial mass diffusivities D, and D, by
0x; Ox;
N, = cu, — cD, =" N, = —cD =t
iz Clug c z az 3 ir (& r ar
where there is no bulk flow in the radial direction. If we then incorporate the
void fraction and apply the continuity equation for species i assuming angular
symmetry, we obtain

where R, = Ry — Rs, R, = Ry, and with
r=Ro,R,, % 0
z=0, ug(c;, — ¢;) = —cD, (Z'
z=1, % =0

Since the rate terms Ry, and Ry are taken to be global rates, incorporating all
mass transfer limitations, bulk phase concentrations can be used throughout
the analysis. Although species concentration is proportional to mole fraction,
¢; = cx;, complications arise since the total number of moles decreases as the
methanation reaction progresses. Therefore to simplify the analysis technique,
the mass balances are written using molecular weights and mole fractions
based on inlet conditions. Letting & be the moles of CO reacted in the
methanation reaction per total inlet moles,
Xt Xy, — Xy — X,

= 17
9 14 2x; + 2x, an

the following relations hold
M, = M,(1—28), % =x(l-26) (18)

The advantage of this formulation is that the molecular weight based on inlet
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conditions M ¢ 18 constant. Thus

oo Xl _Xipg e Pl —20) (19)
M, M)’ M, M

8 g

g
Then after application of the overall continuity, Eq. (16) becomes

6_56“__14 .@_*,Di 6_52“+___2pg£i@
Pegy = THPe g, T g P T T 225 0z

D, o[ ox,  2p%rd5] RM,
*75[%;» 1_255} : 20)
with
0%, 2% 08
r=Ro Rt e
.. 0%, 2% 20
o u“(x""_x")—_D’[Ez"‘Ll—zaE]
~L 0% 2% 08 _
e oz "1-280z

Furthermore, algebraic manipulation of the boundary conditions using the
reaction relationship 6 = X, + X,, — X; — X, leads to?

0x;
=Ry, R,, — =0
d 0> or
-~ - afl
z=0, Ug(X;, — X)) = D26—Z
0x;
z =L, E~0

Additional Relations

Finally, relationships for density and pressure changes are necessary. The
ideal gas law leads to

M,P

= 1
= RT 1)

The changes in the pressure along the bed are taken as linear by assuming

* The stipulation %,, + %,, # § is needed for derivation of the reduced boundary conditions.



MATHEMATICAL MODELING OF PACKED BED REACTORS 125

uniform packing and negligible wall effects. The overall pressure drop across
the bed is defined by the Ergun equation (Perry and Chilton, 1973)

_ 150(1 — e)p, 1 —eug,
AP = L|: D, + 1.75pg, g, 5D (22)

p
where

6(volume of particle)
external surface area of particle

p:

It should be noted that the importance of the continuity equation is in
evaluating actual velocities within the reactor bed as influenced by the mole,
temperature, and pressure changes. Because of the use of mass velocities
(pguy), the importance of the actual velocities is really restricted to cases where
pressure relationships such as the Blake— Kozeny equation or velocity effects
on heat transfer parameters are considered. As will be shown later, very little
increased computational effort is introduced by retaining the continuity
equation, since it is solved as a set of algebraic equations.

The nondimensionalization of the packed bed reactor model is based on

sz/L, ®=T/TO, pg‘ng/ﬁsn
n=r/Ry, yi = Xi/X&o Che = CpelCp,
= tago/l-‘ Uy = ug/ago M: = Mg/Mgo

Note that in the following dimensionless equations the asterisk is dropped

from py¥, c;',‘g and 1\71;" and that
®o = Ro/R,
pe = M P/R,T; = Mgﬁ/Rng_’pz = M:ﬁ*/Qs
*=ﬁ/‘P(=0a T=ﬁg=1/ﬁg:0“1
Cpy = Cp, To + ¢

Pg Pg;

Total Mass Conservation (Continuity)

0Py 0(pyty)

09 o

=0 (C = 0: ngg = pggvgo) (23)

Energy Balance for the Gas

00, 00, 0?0, B, 0| 00O,
PeCre 5 = ~PeleCn, ac"'asacz — 74(@; — ©) +— 6 ﬂan 24
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with
1=00 =i~ 0)
n=10, — 66—(33 = 14ey(©®, — ©,)
[=0, 53(% = 1y(®, — ©,) — "“—Z&(@o -9,
(=10, - 5—% = 1,,(®, — ©)

Energy Balance for the Catalyst

00, 0, B, o[ 20,
'a_S'—as a€2 +—r]_6_n|:n 671 ] + ys(®g_®s)

+ k(1 + 0,0, )Ry + k(1 + 9, 0,)R,

with
1= 0o, 85(3 1,40, - ©)
n=10, — 86(35 = (@, = ®,)
{=0, a(3®Cs = lszg(®s - Gg)
{=10, — %?i = lszg((as - @)g)

Energy Balance for the Thermal Well

00 0’0
—6?( = atFCT( + y(s(®s.-=¢0 -0)+ y:g(®g,=.,n -0)

with
{=0, 6,=0,

(25)

(26)
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Mass Balance in the Reactor Section

Ay, Oy am 0| 0yi | 2pgy; O8] Bm O dy: | 2pgyim 00
9~ U pgac[ * |t o onl "o TT =200

Pyor T1_25 ¢

0, e,
—O'lth‘FUZ%R; (k=1)

+ 27)
Y (k = 2)
—03——=— =
3 P s
where

020 _ _)_Coﬁzyl o 2%y,
6(2 1 6{2 2 5(2
06 —oayl _oah

as her T Mtar

1= @o, %—'?0
n =10, g—{;=0
{=0, 06—}2=:—:(y1—y?)
{ =10, aa—yc‘zo

In these equations, the dimensionless quantities are defined as follows.
Aspect Ratios
axial n=1L/d,, radial m = R,/d,, overall a=L/R,

Axial Dispersion

k
oty = ——2—— = (Peyen) '
PaotCp, Litkg,
ko . k,
Oy =——"——""—"—""77>» =5
usocp.ps(l - E)L l plcmuguL
Om = = = (Pezmn)f1

Lu

80
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Radial Dispersion

k, k.. L a

2= _
Riu,, PeoCp ER Uy,  Peem

= 2_ =
Riu,, Pe,m

Heat Transfer

- U,L UL
) ﬁgn prscp,(] - 8)’ * letcp i‘_g
U,L U,L
Ye = __V_S_g___’ Pg = —
Ugo VoPyoCpgt V(pxcp Uy

Heats of Reaction

— L(_AHMZ)P (xHZ)O stOkOM Ky = L(_AHSz))—Cgi)z)_cl(-)lszS

K= ’ - —

1 UgoCp, ¢ To : Ug,Cp, To
o = ’TO(AHMI) 0, = ?},(AHSI)

T AH,, 27 AHq,

Reaction Coeflicients
o, = A_4gol4)s(1 - S)P’}:os(ggz)o.sk()]w
' Sﬁsnago
0_2 ngLps(I )xﬁzfgozk()s Ga = MgoLps(l - S)xgszS
£PyllgeXCo 7 &g, g

Biot Numbers

}“gzs = hsgL/kzs’ A’szg = hsgL
ke

hooR, hy R

ws '1 wgihl
h R, h,R

'1"5 B [krs ’ /1"8 = ‘]:rg 1

Reaction Rates

Ry = p (1 — G)P (XHO)O SXCOkOMRM

Rs = py(1 — 8))?80;‘112)"051{'5
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V. Numerical Solution

The mathematical model developed in the preceding section consists of six
coupled, three-dimensional, nonlinear partial differential equations along
with nonlinear algebraic boundary conditions, which must be solved to obtain
the temperature profiles in the gas, catalyst, and thermal well; the concen-
tration profiles; and the velocity profile. Numerical solution of these equations
is required.

A. SoLuTtioN TECHNIQUES

A comparison of the benefits and drawbacks of common numerical
solution techniques for complex, nonlinear partial differential equation
modelsis given in Table I1. Note that it is common and in some cases necessary
to use a combination of the techniques in the different dimensions of the

model.

TABLE 11

NUMERICAL SOLUTION TECHNIQUES FOR PARTIAL DIFFERENTIAL EQUATIONS
ARISING IN PACKED BED REACTOR MODELING

Method

Benefits

Drawbacks

Finite difference

Methods of
weighted residuals
Galerkin’s method
Orthogonal collocation

Orthogonal collocation
on finite elements

Has simple construction

Is easily extended to
multiple dimensions

Solution is stable for sharp
gradients or in response
to a concentration or
temperature front

Leads directly to state-space
representation

Generally needs few grid
points resulting in a
low-order model

Leads directly to state-space
representation

Can account for sharp
gradients if elements are
picked well

Leads directly to state-space
representation

Is often computationally
prohibitive since accurate
solutions may require a
large number of grid points

Can have difficulties with
sharp gradients or fronts
since a smooth function is
specified over the domain

May lead to control modeling
difficulties since inputs
affect all states
immediately.

Can have problems with
placement of elements,
especially if location of
steep gradients moves or is
unknown
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The finite difference method involves dividing the domain into intervals
with the boundary points between intervals being called the grid or mesh
points. Then for a continuous function across the interval, a Taylor series
expansion can be used to deduce difference formulas for first and second
derivatives. If the differential equations are written at each grid point using the
difference formulas and the values at the first and last grid point include the
boundary conditions, enough equations are available to solve for the value of
the function at each grid point.

Although the finite difference technique is generally easily implemented and
is quite robust, the procedure often becomes numerically prohibitive for
packed bed reactor models since a large number of grid points may be
required to accurately define the solution. Thus, since the early 1970s most
packed bed studies have used one of the methods of weighted residuals rather
than finite differences.

The method of weighted residuals comprises several basic techniques, all of
which have proved to be quite powerful and have been shown by Finlayson
(1972, 1980) to be accurate numerical techniques frequently superior to finite
difference schemes for the solution of complex differential equation systems. In
the method of weighted residuals, the unknown exact solutions are expanded
in a series of specified trial functions that are chosen to satisfy the boundary
conditions, with unknown coefficients that are chosen to give the “best”
solution to the differential equations:

N
y(x) = @o(x) + k;) Cx@i(x) (28)

These trial functions are substituted into the differential equations, and the
result is the residual R. This residual is weighted by functions characteristic of
the particular method, and the weighted residuals are minimized over the
domain of the independent variable V. In particular, the weighted integrals of
the residuals are set to zero.

The two most common of the methods of weighted residuals are the
Galerkin method and collocation. In the Galerkin method, the weighting
functions are chosen to be the trial functions, which must be selected as
members of a complete set of functions. (A set of functions is complete if any
function of a given class can be expanded in terms of the set.) Also according to
Finlayson (1972),

A continuous function is zero if it is orthogonal to every member of a complete set. Thus the
Galerkin method forces the residual to be zero by making it orthogonal to each member of a
complete set of functions (in the limit as N — o).

In the collocation method, the weighting functions are chosen to be the
Dirac delta function
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Thus

J w,RdV = R (30)
| 4

Xj

This technique then forces the residual to be zero at N specified collocation
points. As N increases, the residual is zero at more and more points and
presumably approaches zero everywhere.

These methods of weighted residuals are generally recommended for
packed bed reactor modeling since solution computing time is usually low
since the solution can usually be accurately defined with only a few grid points.

A compromise between the high dimensionality of the finite difference
approach and the method of weighted residuals’ inability to accurately define
profiles with sharp gradients often leads to numerical procedures using a
combination of the techniques. One such example is orthogonal collocation
on finite elements (OCFE) (Carey and Finlayson, 1975). The method of
weighted residuals uses a series of polynomials, each of which is defined over
the entire range 0 < { < 1, as a trial function for the axial collocation.
Complications with this global procedure arise in the presence of steep
gradients or abrupt changes in the solution profile. In.such situations, it may
be advantageous to use trial functions that are defined over only part of the
region and piece together adjacent functions to provide an approximation
over the entire domain. Using such a procedure, smaller regions can be used
near the location of the steep gradient. The OCFE technique involves using
orthogonal collocation within each of these elements. A similar analysis can be
performed using the Galerkin method within each element.

The major problem with this technique is that it is only effective if the
elements are picked optimally. This selection is by no means trivial and may
render the technique ineffectual in situations where the location of steep
gradients is unknown or does not remain fixed.

Another potential solution technique appropriate for the packed bed
reactor model is the method of characteristics. This procedure is suitable for
hyperbolic partial differential equations of the form obtained from the energy
balance for the gas and catalyst and the mass balances if axial dispersion is
neglected and if the radial dimension is first discretized by a technique such as
orthogonal collocation. The thermal well energy balance would still require a
numerical technique that is not limited to hyperbolic systems since axial
conduction in the well is expected to be significant.

It should be noted that since the mathematical description of the packed
bed reactor consists of three dimensions, one does not need to select a single
technique suitable for the entire solution but can choose the best technique for
reduction of the model in each of the separate dimensions. Thus, for example,
orthogonal collocation could be used in the radial dimension where the
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profiles are generally smooth and symmetric, finite differences could be used
axially to account for sharp gradients near the hot spot, and the resulting
equations could be numerically integrated in time. Another possibility is that
presented by Yu et al. (1982) for a moving-bed coal gasifier in which
computation is done using orthogonal collocation in the radial variable,
exponential collocation in time, and numerical integration in the axial
direction. Because of our interest in generating a low-order control model that
consists of ordinary differential equations in time, we have chosen to employ
orthogonal collocation in both the radial and axial dimensions.

B. ORTHOGONAL COLLOCATION

Of the various methods of weighted residuals, the collocation method and,
in particular, the orthogonal collocation technique have proved to be quite
effective in the solution of complex, nonlinear problems of the type typically
encountered in chemical reactors. The basic procedure was used by Stewart
and Villadsen (1969) for the prediction of multiple steady states in catalyst
particles, by Ferguson and Finlayson (1970) for the study of the transient heat
and mass transfer in a catalyst pellet, and by McGowin and Perlmutter (1971)
for local stability analysis of a nonadiabatic tubular reactor with axial mixing.
Finlayson (1971, 1972, 1974) showed the importance of the orthogonal
collocation technique for packed bed reactors.

The orthogonal collocation method has several important differences from
other reduction procedures. In collocation, it is only necessary to evaluate the
residual at the collocation points. The orthogonal collocation scheme
developed by Villadsen and Stewart (1967) for boundary value problems has
the further advantage that the collocation points are picked optimally and
automatically so that the error decreases quickly as the number of terms
increases. The trial functions are taken as a series of orthogonal polynomials
which satisfy the boundary conditions and the roots of the polynomials are
taken as the collocation points. A major simplification that arises with this
method is that the solution can be derived in terms of its value at the
collocation points instead of in terms of the coefficients in the trial functions
and that at these points the solution is exact.

A description of the technique requires appropriate definitions of the
orthogonal polynomials P,(x) as

Pox)= 3 cpxd 31)
j=0

with degree m and order m + 1. The coefficients are defined so as to require the
orthogonality condition

b
f w(x) P,(x) P,,(x) dx n=0,1,2,....m—1) (32)

a
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to be satisfied for weighting functions w(x)>0. For boundary value problems,
the solution is expanded in terms of orthogonal polynomials with the first
term satisfying the given boundary conditions, followed by a series that has
unknown coefficients, with each term satisfying homogeneous boundary
conditions. Various expansions are then possible. The most common and
useful are

yn(x) = Z aixiil» Yulx) = Z b;P;_;(x)
=t (33)

N+1

yulx) = _;1 y(x;)Li(x)

C. RADIAL COLLOCATION

The first step in the solution procedure is discretization in the radial
dimension, which involves writing the three-dimensional differential equa-
tions as an enlarged set of two-dimensional equations at the radial collocation
points with the assumed profile identically satisfying the radial boundary
conditions. An examination of experimental measurements (Valstar et al.,
1975) and typical radial profiles in packed beds (Finlayson, 1971) indicates
that radial temperature profiles can be represented adequately by a quadratic
function of radial position. The quadratic representation is preferable to one
of higher order since only one interior collocation point is then necessary,®
thus not increasing the dimensionality of the system. The assumed radial
temperature profile for either the gas or solid is of the form

n+2

(3, Ln) = ‘:Zl (% On' ! (34)

with the number n of interior radial collocation points taken as one. This
profile must satisfy the boundary conditions and must be exact at the
collocation points # = ¢y, r., and 1.0, where the interior collocation point r, is
selected as the zero of the appropriate orthogonal polynomial. This formula-
tion is equivalent to using the trial function
N
y(x)=b+ cx + x(1 — x) '21 a;P_(x) (35)
given by Villadsen and Stewart (1967) for nonsymmetric profiles.’
Application of the procedure, presented subsequently, of satisfying the
boundary conditions with the assumed profile leads to the coefficients d,(3, {)
for the profiles in terms of the temperatures at the collocation point, within the

% Along with two boundary points, there are three collocation points.
7 Due to the presence of the thermal well, a nonsymmetric function is necessary to describe the
profile between n = ¢, and n = 1.0.
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well, and at the outer wall. Since the objective of radial collocation is to
eliminate the radial derivatives, Eq. (34) is then substituted into the partial
differential equations.

For example, consider the radial temperature profile in the gas. At the three
radial collocation points = ¢, r., and 1.0, let the gas temperatures be

0,,, ©, , and O, and assume that the radial profile is quadratic:
Oy(8,L,m) = do(9,0) + di(8,On + dx(8, )’ (36)
This profile must satisfy the boundary conditions
00, 0,
bt = - vt = — A (®, ., —0,) (37
67] . j'u’g((ag,,:«,u ®|)9 a'? o wrg( Bn=1 ) ( )

where A, and A,,, are the dimensionless radial Biot numbers at the thermal
well and cooling wall, respectively. The profile must also be exact at the three
collocation points:

Oy, = do + d, 9o + d203

®gr=d0+d1rc+d2rc2 (38)
@81=d0+d1+d2

After rearranging and eliminating O, and ©,,,

1 r. r do o,
'{lrg ¢0}"(rg -1 (p(z))'trg =200 || dy | = }“trth (39)
Aweg  Awrg T 1 Arg + 2 d, Awrg®y
Since
00,/0n = d; + 2d,n, 8*0,/0n* = 2d, (40)
the dimensionless form of Eq. (24) becomes

00 00 %0 d
pscps'a_‘gg = "pgvgcpga—cg + aza—czg + ﬁs|:4d2 + r_1:| + Vg(e)s - Gg) 41)

where ©, and ©, are now the temperatures at the radial collocation point r,
and p, and c,_are now dimensionless parameters, normalized with respect to
the inlet steady-state values. Similar results are obtained for the energy balance
on the catalyst. Although the solutions of the differential equations are then
obtained for the temperatures at the radial collocation point, the temperature
at any radial point can easily be determined using the radial profile given by
Eq. (36) along with the solutions for d,(3, {) given by Eq. (39).

For radial concentration profiles, a quadratic representation may not be
adequate since application of the zero flux boundary conditions at # = ¢,
and n = 1.0 leads to d, = d; = 0. Thus a quadratic representation for the
concentration profiles reduces to the assumption of uniform radial concen-
trations, which for a highly exothermic system may be significantly inaccurate.



MATHEMATICAL MODELING OF PACKED BED REACTORS 135

Although additional radial collocation points increase the dimensionality of
the resulting model, they may be necessary to accurately express the radial
concentration profiles. Preliminary analysis in this section considers only one
interior radial concentration collocation point, although a detailed analysis of
this assumption is presented in Section VLE.

Thus, at this point the original differential equations have been reduced
from three-dimensional in variables {, #, and 9 to two-dimensional in vari-
ables ¢ and 3 by orthogonal collocation in the radial variable n. The reduced
temperature equations are a function of the dependent variables at the radial
collocation point r_, but incorporate radial information via the well and wall
temperatures. Radial profiles can be generated from the collocation equation
by using the expressions for the coefficients d,(39, {). Similarly, the continuity
equations are functions of the concentrations at each collocation point for
multipoint radial collocation. With one interior collocation point for the
concentration, the system consists of six differential equations describing the
overall continuity, energy balance for the thermal well, energy balance for
the gas and catalyst in terms of conditions at r_, and mass balances for CO
and CO,. The incentive for using only one radial collocation point is clear,
since the number of two-dimensional partial differential equations is the same
as the original number of three-dimensional equations.

D. AXIAL COLLOCATION

Since the resulting system after radial collocation is still too complex for
direct mathematical solution, the next step in the solution process is
discretization of the two-dimensional system by orthogonal collocation in the
axial direction. Although elimination of the spatial derivatives by axial
collocation increases the number of equations,® they become ordinary
differential equations and are easily solved using traditional techniques. Since
the position and number of points are the only factors affecting the solution
obtained by collocation, any set of linearly independent polynomials may be
used as trial functions. The Lagrangian polynomials of degree N based on the
collocation points ;

NeL (r g .
L= T] (——’) (i=0,1,...,N+1) (42)
j=0j#i\&; — Cj

are used here. The differential equations are then collocated at the N zeros,
(o, k=1,2,..., N, of a Legendre polynomial. Since only one Lagrangian is
nonzero at a collocation point and since the residual is set equal to zero at
this point, the coefficient of the Lagrangian term is equal to the solution
at that point.

8 Since more than one axial collocation point is generally necessary.
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Following the development of Villadsen and Michelsen (1978), the assumed

axial profiles are
N+1

CA R Z 0;.:(8)L«0)

N+1

0,68 = 3, 0, (L)
069 =3 O HLY) @)
N+1
HeH = 3 BOLO (=12

vy({, 9) = ,zzo vg,i(8)Li({)

Since the L;({) are known functions based solely on the collocation points, the
differential operators can be applied a priori:

L@, _4L©
Tooar ) rooar

Then after operating on the assumed solutions with the differential operators
and substituting into the partial differential equations, the residuals are set
equal to zero at the collocation points.

The collocation points are calculated using programs given by Villadsen
and Michelsen (1978) for calculating the zeros of an arbitrary Jacobi
polynomial P #)(x) that satisfies the orthogonality relationship

(44)

f (1 — WP B du = C, (45)
0

where C; is a constant, d;; is the delta function, and « and § are chosen on the
basis of the geometry of the system. For the packed bed reactor, zeros of
P9(z) are used as collocation points.

The resulting equations in terms of conditions at the collocation points z;
are the following.

Catalyst Energy Balance

d@ ] N+1
—= = st Z BIJG)S + (1)1 @s, -+ (1)2®t. + ysG)s,
49 o j i i i
+ 1., (1 + ¢, 0, )Ry + k3(1 + 9,0, )R + w, (46)
N+1 N+1

'ZO AO,jGSj = gzs( S0 ®go) 'ZO AN+1.j95j = Agzs(®g~+x - ®SN+ 1)
= J=
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Gas Energy Balance
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8 ! A
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Mass Balances
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Thermal Well Energy Balance
d@ N+1
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Overall Continuity

N+l doe 0,0 1
G‘). A _ 8 Bi T8I
W 2 At Ty T

N+1
- Ugi ]ZO Aij@&i = 0 (50)

Note that i =1, 2,..., N for all of the equations except the last, where
i=12,...,N + 1; that the w, coefficients are the result of radial collocation;
and that all other dimensionless parameters are defined as shown previously.
Furthermore, the reaction terms Ry, and Rg are calculated at the conditions at
the collocation points.

The resulting equations are a set of 6N + 1 ordinary differential equations
along with algebraic boundary conditions. The solution procedure is further
simplified by solving the last equation for v, as a set of algebraic equations,
using the gas temperatures and derivatives of the gas temperatures from the
solutions of the remaining differential equations.” Additionally, simple
algebraic manipulation allows for explicit solution of v,,, ®,,, ®,,, ,, y;, and
Vi . 1» While solution for @, ©,,, ,, ©,,,and @, , requires the simultaneous
solution of four coupled algebraic equations. The resulting dynamic model is
then a set of SN coupled, nonlinear ordinary differential equationsand N + 5
coupled, nonlinear algebraic equations, where N is the number of interior
axial collocation points.

Typical steady-state profiles along a reactor obtained by other authors
(Jutan et al., 1977; Hoiberg et al., 1971) indicate that these profiles can be
represented by relatively low-order polynomials. However, temperature
profiles with steep gradients, as may be likely in a highly exothermic system
such as methanation, may require higher-order polynomials. Although
approximation error is reduced by increasing the number of collocation
points, numerical problems with fitting higher-order polynomials to process
curves may result. Section X addresses the model dimensionality in detail.
Presently, let it suffice to say that 6-8 axial collocation points are generally
sufficient, leading to a system of 30-40 coupled, nonlinear ordinary dif-
ferential equations and 11-13 coupled, nonlinear algebraic equations.

E. NUMERICAL SIMULATION

Steady-state solutions can be obtained by carrying a dynamic simulation to
steady state or by setting the time derivatives equal to zero in the ordinary
differential equations and then solving the resulting system of 6N + 5
algebraic equations. In the latter technique, solutions for very steep axial
profiles often show numerical convergence problems. These problems can be
reduced by using better initial guesses or by varying the actual solution
algorithm. In extreme cases, it may be necessary to carry the dynamic solution

° That is, effectively substituting Eq. (47) into Eq. (50) for d®, /43.
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part way to steady state and then use its results as an initial guess of the steady-
state solution.

Owing to the large size of the problem and the complexity of the nonlinear
equations, both dynamic and steady-state solutions require powerful al-
gorithms for the solution of nonlinear algebraic equations and for the solution
of initial value problems in ordinary differential equations. Considerable
analysis of various solution algorithms led to the final selection of the
techniques described in this section due to their robustness under a great
variety of conditions and their relative speed of solution in comparison to
other techniques. Most other procedures exhibited convergence problems.
Even the selected techniques fail to converge under certain conditions, but in
general are flexible enough to allow solution with the adjustment of several
convergence parameters.

Although the solution of the algebraic equations is relatively simple for the
dynamic simulations, it is extremely difficult for steady-state solutions with
poor initial estimates of the solution profiles. Two methods are used in the
computer simulation programs developed in this work for the solution of the
systems of nonlinear algebraic equations. These are based on algorithms by
Powell (Rabinowitz, 1970) and Brown (1967). Although Brown’s algorithm is
in most cases more powerful than that of Powell, it is in general significantly
slower. Thus although the computer programs use either technique, Brown’s
algorithm is only used in those cases where Powell’s algorithm fails to
converge to an appropriate solution.

Dynamic solutions of the mathematical model for the packed bed reactor
also require a powerful method for initial value problems in ordinary
differential equations. Although several effective techniques are available, the
system of ordinary differential equations describing the reactor is solved in
this work by using an Adams—Moulton predictor—corrector technique with
the method of Runge—Kutta—Gill being used to start the integration process,
and the nonlinear system of algebraic equations is solved by using Powell’s
hybrid algorithm (Rabinowitz, 1970) or Brown’s (1967) algorithm. Combining
these techniques with a variable time-step analysis, based on increasing the
time steps as the derivatives decrease during the approach to steady state,
leads to an efficient solution procedure for obtaining dynamic reactor
responses.

VI. Analysis of Model Behavior

Our objective in this section is to study the steady-state and transient effects
of various parameters, operating conditions, and modeling assumptions on
the predicted behavior of the reactor. These studies will allow us to form
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conclusions concerning the importance of various physical and chemical
phenomena and the importance of a generalized overall model structure. We
reiterate that our overall goal is not simply to simulate the methanation
system, but rather to deduce important conclusions of general applicability to
packed bed reactor modeling,

A. SYSTEM PARAMETERS

The numerical values of the parameters used for this analysis are based on
published results of packed bed analyses. Typical values of the major
parameters are shown in Table II11.1°

Two sets of typical operating conditions are used for the simulations
presented. These are shown in Table IV and will be referred to as standard type
I or 1I conditions. Type I corresponds to operation at moderate to high
temperatures, pressures, and flow rates with relatively low inlet CO and H,
concentrations and small amounts of inlet CH,, CO,, and H,O either from
recycle or from the upstream process. Type II is based on conditions for the
industrial use of methanation in synthetic natural gas production. Note that
the inlet methane concentration is much higher than in type L.

TABLE III

TyPICAL REACTOR PARAMETERS

Catalyst parameters Thermal well parameters
Cp, 0.23 cal/g K Cp 0.12 cal/g K
Pe 1.04 g/cm? 2, 8.02 g/cm?
Koy Kog 0.0005 cal/sec cm K k, 0.039 cal/sec cm K
Heat transfer parameters Reactor parameters
Uy, 17.02 cal/sec K L 30.00 cm
Uy 0.02 cal/sec K R, 0.159 cm
Ug 0.14 cal/sec K R, 1.194 cm
Agzs 600.00 Pe,, 10.00
Aizg 13.00 Pe,, 2.00
Prs = Awrs 7.16 Pe,,, 2.00
Preg = Ay 1.25 Pe,, 8.00

10 Effective thermal conductivities and heat transfer coefficients are given by De Wasch and
Froment (1971) for the solid and gas phases in a heterogeneous packed bed model. Representative
values for Peclet numbers in a packed bed reactor are given by Carberry (1976) and Mears (1976).
Values for Peclet numbers from 0.5 to 200 were used throughout the simulations.
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TABLE IV

TyricAL OPERATING CONDITIONS

Type I conditions

=040 T,=5713K T,=5713K
P € 0 w
arameters u,, = 75 cm/sec P =20atm
. =0.02 Xco, = 003 Xp,0 = 0.024
Inlet le fi XCHy4 CO, H,0
nlet mole Iractions Xeo = 003 Xp, = 020
Type 11 conditions
e = 0.57 T,=57T3K T,=573K
P 1 ¢ ° v
arameters g, = 75 cm/sec P =10 atm
. Xcn, = 0.60 Xco, = 0.015 Xp,0 = 0.02
Inlet mole fractions X = 006 g, = 0.19

B. STEADY-STATE BEHAVIOR

Steady-state axial concentration and gas and solid temperature profiles at
various radial positions and for type I conditions are displayed in Fig. 2 and
the corresponding radial temperature profiles are displayed in Fig. 3. The
concentration profiles show the mole fractions of CO and CO, based on the
total inlet moles to keep the results from being obscured by the decrease in
total moles due to reaction. At the conditions chosen for type I operation, the
methanation reaction is quite rapid and approaches completion. The steam-
shift reaction, which is much slower, leads to a slight formation of CO,. Note
that the overall conversion of the CO, is actually quite small (less than 19;) at
these conditions. At higher temperatures, the conversion of CO, is much more
significant. The steady-state temperature profiles (Figs. 2b and 3) show that a
“hot spot” is present about halfway through the reactor bed and is
predominant near the center of the bed. The presence of such a hot spot is a
result of the cooling jacket and is common in nonadiabatic packed bed
reactors. The steady-state temperature profiles show a difference of upto 10 K
between the solid and gas temperatures, and later transient results show
differences up to 20 K (leading to differences of over 20 in the reaction ratesj.
In the small region near the cooling wall, even the steady-state temperature
differences between the solid and gas are significant due to the higher heat
transfer between the solid and cooling wall than that between the gas and the
cooling wall. The radial temperature profiles (Fig. 3) also verify the necessity
for the radial temperature collocation analysis, since the radial gradients are
significant throughout the bed. Notice that except near the cooling wall the
catalyst temperature is greater than the gas temperature due to the exothermic
reaction occurring on the catalyst surface.
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FIG. 2. (a) Steady-state axial profiles, type I conditions. (b) Concentration profiles based on
inlet moles.

C. DYNAMIC BEHAVIOR

The real power of the model developed in this work lies in the transient or
dynamic simulations such as those necessary for control system design. The
model we have developed can be used to simulate the effects on the reactor of
various process disturbances and input changes. Under normal reactor
operating conditions, step or pulse changes in inlet gas temperatures,
concentrations, or velocity or changes in cooling rates can significantly affect
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Fi1G. 3. Steady-state radial temperature profiles, type I conditions.

the behavior of the process. The effect of disturbances on the behavior of the
reactor must be understood for optimal system operation and control.
Figure 4 shows the effect of a 109, drop in the inlet gas temperature (from
573 to 515.7 K) on the axial temperature profiles within the reactor for
standard type I operating conditions. Although the inlet gas temperature is
reduced, the cooling jacket temperature remains unchanged (T, = 573 K),
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F1G. 4. Response of gas temperature to a 10% drop in inlet gas temperature, type I
conditions.
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FiG. 5. Gas and catalyst temperature profiles during start-up, type I conditions.

and the cooling jacket acts as a heating system in the early part of the reactor
and as a cooling system in the later part, in effect transferring heat from the
later stage to the early stage of the reactor. Figure 4 also shows that although
the inlet gas temperature is reduced, the steady-state outlet temperature
actually increases by about 8 K, since the hot spot shifts further down the
reactor, effectively reducing the cooling region. As expected, the responses of
the concentration profiles (not shown) are much faster than those of the
thermal profiles, indicating the possible applicability of the quasi-steady-state
approximation for the concentrations (this will be discussed in detail in
Section VIII,B).

Figure 5 shows the axial gas and solid temperature profiles during start-up
operation. Notice that the hot spot in the reactor moves down the bed as the
heat of reaction increases the temperature of the catalyst particles. Also note
the significant temperature difference between the catalyst and gas in the early
part of the reactor, where conversion is rapid due to the heat of reaction being
generated on the catalyst surface. These differences are even more pronounced
(over 20 K) near the center of the bed and near the outer wail.!!

D. EFrFECTS OF REACTOR OPERATING CONDITIONS ON
REACTOR BEHAVIOR

One of the major purposes of accurate mathematical modeling of the
reactor bed is to study the effects of various operating conditions on the

! The profiles shown in Fig. 5 are at the radial collocation point r,.
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FiG. 6. Effect of inlet gas temperature on outlet gas temperature, type I conditions.

behavior of the reactor, thus allowing process optimization and insight into
the performance of the system under changes in various input parameters.
This enables careful design of control structures for the experimental system
without significant a priori experimentation.

Figure 6 shows the effect of the inlet gas temperature on both the outlet gas
temperature and CO conversion. As expected, the conversion and the hot spot
temperature increase with increasing inlet gas temperature. However, under
many conditions, the outlet gas temperature is inversely related to inlet gas
temperature. An increase in the inlet gas temperature produces a decrease in
the outlet gas temperature ! as a result of the shifting of the hot spot down the
bed (see Fig. 4 also). However, as shown in Fig. 6, this is not true throughout
the possible operating regimes. Obviously, this behavior can lead to significant
control difficulties if the control design is based on the outlet gas temperature,
as is often the case. Figure 6 also shows the significant effect that the inlet

12 The so-called wrong-way behavior.
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Fic. 7. Effect of inlet gas velocity on steady-state gas temperature profile, type I conditions.

velocity has on conversion and temperatures. Figure 7 shows the steady-state
axial gas temperature profiles at various inlet gas velocities. A sudden drop in
the inlet flow rate would cause the hot spot to become much more pronounced
and to shift towards the entrance of the bed. Major problems could result from
the substantial increase in hot spot temperature. The lower flow rates also lead
to higher conversions (not shown).

E. ANALYSIS OF RaDIAL CONCENTRATION PROFILES

Radial gradients are generally ignored in dynamic modeling of packed bed
reactors. As pointed out by Jutan et al. (1977), in one of the only other major
dynamic packed bed reactor studies that incorporates radial profiles, radial
gradients are important in industrial processes where wall cooling is required
for safety or control. The original mathematical model developed in this
chapter includes complete radial analysis of both the temperature and
concentration profiles. In the radial discretization of the model using
orthogonal collocation, one interior radial collocation point was used. This
along with the two radial boundary values at the thermal well and cooling wall
resulted in an inherent assumption of quadratic radial gradients. An
examination of experimental measurements (Valstar et al., 1975) and typical
radial profiles (Finlayson, 1971) for similar reactors indicates that radial
temperature profiles can adequately be represented by a quadratic function of
radial position. This quadratic representation is preferable to one of higher
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order since the dimensionality of the system is minimized through the use of
only one interior collocation point.

However, a quadratic representation of the radial concentration profile
may not be adequate since application of zero flux conditions at the inner
thermal well and outer cooling wall with a quadratic profile reduces to an
assumption of uniform radial concentrations. Although additional radial
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Fi6. 8. Gas temperature and CO and CO, mole fractions: (a) multipoint radial concen-
tration collocation, type I conditions; (b) gas temperatures at the radial temperature collocation
point.
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collocation points greatly increase the dimensionality of the resulting model,
they may be necessary to accurately express the radial concentration profiles.

Simulations can be performed using additional radial collocation points for
the concentration profiles and compared to those using the earlier model.
In the simulations, the bulk concentration can then be obtained by integrating
the radial profiles:

Ry R,
Bulk concentration = f 2nr y,(r)dr / J 27y dr (51)
Ro Ro
allowing direct comparison with previous simulations. Figure 8 shows a
comparison of the axial gas temperature and bulk concentration profiles for
the reactor with standard type I operating conditions by using the original
model with no radial concentration gradient (i.e., infinite radial diffusion) and
by using the new model with a representative radial mass Peclet number of 2.0
and with a radial mass Peclet number of infinity (i.e., no radial diffusion).
Simulations show that the radial and axial temperature and bulk concen-
tration profiles are effectively not influenced by these modeling differences.
Figure 9 shows the radial concentration profiles at { = 0.38 and at the reactor
outlet. Even with very high Peclet numbers, the differences between the radial
concentration profile across the relatively small bed and the assumed uniform
profile are minimal. Under typical operating conditions with small Peclet
numbers, there is no benefit to increasing the number of radial collocation
points, especially in light of the increased dimensionality of the resulting
system.
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F. ADiABATIC CONDITIONS

Modeling of the packed bed catalytic reactor under adiabatic operation
simply involves a slight modification of the boundary conditions for the
catalyst and gas energy balances. A zero flux condition is needed at the outer
reactor wall and can be obtained by setting the outer wall heat transfer
coefficients h,, and h,, (or corresponding Biot numbers) equal to zero.
Simulations under adiabatic operation do not significantly alter any of the
conclusions presented throughout this work and are often used for verification
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FiG. 10. Adiabatic and nonadiabatic steady-state Profiles, type I conditions.
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of worst-case nonadiabatic operation. Figure 10 shows the adiabatic steady-
state temperature and concentration profiles for standard type I operating
conditions. As expected, the temperature rise through the bed is more
dramatic than in the nonadiabatic case, leading to much higher conversions
through the bed. Owing to the lack of any cooling, no hot spot develops and all
heat generated by the reaction is removed from the bed by the product gas,
resulting in a very high temperature rise (200 K) within the bed. Also note that
in the adiabatic analysis the temperature difference between the gas and
catalyst is negligible. Although the heat transfer coefficient between the gas
and solid is as large as in the nonadiabatic case, major differences exist during
nonadiabatic operation between the radial heat transfer through each
phase.!® The results shown in Fig. 10a along with other simulations indicate
that a homogeneous analysis of the bed may be adequate for adiabatic
operation.

Figure 10b shows that CO conversion is much higher under adiabatic
operation due to the higher bed temperatures. Note that the conversion of the
CO, becomes important as soon as the CO is nearly depleted. The “rippling”
in the CO, curve is a result of the axial orthogonal collocation.'* Numerical
solution problems such as this will be discussed in Section VII.

G. EFFECT OF THERMAL WELL

The mathematical model developed in this work allows for an analysis of
the effects of a central axial thermal well. Although the presence of the well was
found to have little effect on the concentration profiles, it significantly alters
the transient temperature response of the reactor bed, since its large thermal
capacitance increases the thermal time constant of the bed. Figure 11 shows
the progression of the radial temperature profiles in the catalyst at the reactor
exit (z = L) during reactor start-up. As shown, the steady-state profiles are
similar, although conduction along the thermal well slightly alters the
surrounding gas temperature. The transient behavior exemplifies the slow
response of the thermal well. It can be seen that the response of the exit
temperature profile is rapid without the well, with steady state being
approached in under 1 min; whereas the presence of the well introduces a finite
heat sink into the reactor center that slowly absorbs some of the heat
produced. More than 5 min are necessary to approach steady state with a
(3)-in.-diameter well. This is further seen in Fig. 12, where the temporal

'3 The heat transfer coefficient from the solid to the outer wall and the radial conduction in the
solid is greater than the corresponding parameters in the gas phase.

14 Although only 6 axial collocation points are used in most simulations, 12 points were
necessary here and even then the results are less than optimum.
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behavior of the catalyst and gas temperatures at the reactor exit are compared
with and without the presence of the thermal well. Figure 11 also shows that
the temperatures in the reactor center are higher without the thermal well, as
would be expected. However, the simulations show that the well has very little
effect on the axial concentration profiles, and overall conversion is only

slightly affected.
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Although the thermal well increases the thermal capacitance of the reactor
bed and reduces the reaction volume, these effects alone cannot account for the
dramatic increase in the thermal time constants of the bed with a thermal
well.!> Whereas the dynamics of the catalyst particle temperatures are very
fast due to the heat generation on the particles from the exothermic reactions,
the dynamics of the thermal well temperatures are much slower since the heat
is generated on the surrounding particles. Much of this energy is transferred to
the outer cooling jacket or out of the bed with the gas phase. Only a small
portion is transferred to the thermal well and even this through relatively slow
mechanisms, thus resulting in the slow dynamic behavior of the well. Since a
thermal well is sometimes used in industry to obtain temperature measure-
ments for process monitoring or control, we note the importance of
incorporating even a relatively small well into the modeling and control
analysis.

Simple modifications to the model development presented in this work
allow for simulating systems that do not include a central thermal well. For
these cases, the heat transfer coefficients h,, and h,; and the inner radius R are
set equal to zero and the energy balance for the thermal well is neglected. In
such cases, the dimensionality of the mathematical system is reduced by N,
since one partial differential equation is eliminated.

VII. Orthogonal Collocation on Finite Elements

Due to the reversibility of the reactions and the equilibrium constraints
included in the rate expressions, severe temperature and concentration profiles
are generally not observed in this system. As a result, the orthogonal
collocation procedure used for the numerical solution of the resulting model
shows little numerical instability and allows for rapid solution of most profiles
simply by increasing the number of collocation points. However, in many
chemical systems, the interesting features of the solution are confined to a
small region where the solution profile changes rapidly. The orthogonal
collocation method may become unwieldy in such a case because a large
number of collocation points may be needed so that enough are placed within
this region to provide an accurate representation of the solution.

A drawback of the orthogonal collocation technique is its inability to
accurately define profiles with sharp gradients or abrupt changes, since the

'3 Due to the relatively small radius of the well, the thermal capacitance Vpc, of the bed with
the thermal well (16 cal/K) is only slightly higher than that without (14 cal/K) and the loss in
reaction volume is only about 2%,
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technique requires fitting a single polynomial to the entire profile. Under such
cases, although the solution will be exact at the collocation points, significant
oscillations in the profile can be observed. An obvious alternative would be to
resort to a finite difference procedure in which accurate representation of the
solution is then possible even under extremely steep gradients simply by
increasing the number of grid points. However, this technique can easily
become computationally prohibitive due to the extremely high dimensionality
of the resulting system. A compromise between the orthogonal collocation
(OC) and finite difference techniques has been proposed by Carey and
Finlayson (1975). This procedure is called orthogonal collocation on finite
elements (OCFE).

A. FOrRMULATION OF THE OCFE TECHNIQUE

Finlayson (1980) used the OCFE procedure for several examples with sharp
gradients, including diffusion and reaction in a porous catalyst pellet and
transient convective diffusion. His analysis of the orthogonal collocation
method, the finite difference method, and the orthogonal collocation on finite
elements scheme for these and other chemical systems shows that the
“orthogonal collocation method is by far and away the best method” except
for systems with sharp profiles, in which case, the OCFE technique is then
preferred. Finlayson points out that detailed, comparative studies of even
simple two-dimensional problems using OCFE are rare due to the complexity
of the procedure. This section provides the first OCFE analysis of a
heterogeneous packed bed reactor model along with comparisons to simple
orthogonal collocation results. This OCFE analysis is performed on the two-
dimensional system resulting after the radial orthogonal collocation presented
in Section V,C.

Two major forms of the OCFE procedure are common and differ only in the
trial functions used. One uses the Lagrangian functions and adds conditions
to make the first derivatives continuous across the element boundaries, and
the other uses Hermite polynomials, which automatically have continuous
first derivatives between elements. Difficulties in the numerical integration of
the resulting system of equations occur with the use of both types of trial
functions, and personal preference must then dictate which is to be used. The
final equations that need to be integrated after application of the OCFE
method in the axial dimension to the reactor equations (radial collocation is
performed using simple orthogonal collocation) can be expressed in the form

da
- Aa —f(a) (52)
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Using Hermite interpolation within the elements, the K matrix is not
diagonal. Explicit solution methods cannot be applied to this system of
equations easily because of this nondiagonal matrix, and most integration
packages are also not suitable for such a system. However, using Lagrangian
functions within the elements, the continuity and boundary conditions have
no time derivatives, and the K matrix in the preceding equation is diagonal
with nonzero elements representing a residual and zero diagonal elements for
the algebraic conditions. Most standard integration packages are also not
suitable for mixed systems of algebraic and differential equations.

The OCFE discretization analysis and computer programs that we will
describe allow general specification of the number of finite elements and the
degree of the collocation functions within each element. This is again an
advancement over prior analyses where the same degree of collocation was
often used within each element. The entire domain is divided as shown in
Fig. 13. Within each of N; elements, we apply orthogonal collocation as usual
by using Lagrangian functions. The residual is evaluated at the internal
collocation points. Using the Lagrangian polynomials, we need to guarantee
continuity of the first derivatives or fluxes between elements. In our analysis,
we use the continuity of the first derivative. We thus append Ng — 1
conditions at the element boundaries. Then the solution has continuous
derivatives throughout the domain. With the additional two boundary
conditions at { = 0 and { = 1, there are a sufficient number of conditions to
solve for the profile at all of the collocation points and at the element
boundaries.

For the kth element, we define the transformation

u=(z— z(k))/hk (hy = Z+1) — Z(k)) (53)

so that the variable u is between zero and one in the element.!® Redefining the
differential equations in terms of the variable u allows the application of
standard orthogonal collocation within each element. Figure 14 illustrates the
local numbering system within each element. If we then define Ny as the
number of elements, N, as the number of interior collocation points in element
k,and M, as N, + 2, the relation between the global numbering i, j and the
local numbering I, J is given by

k-1
i = [ z (NJ + 1)] + I, Z" = z‘k) + u,hk (54)
i1

Then starting from the most general form of the dimensionless equations
after the one-point radial collocation, we can apply the OCFE procedure. As

!6 Note that z in this expression is the normalized axial coordinate (equivalent to {).
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FiG. 13. Orthogonal collocation on finite elements global indexing system.

an example, let us consider the energy equation for the solid:

00, 020, ,
a8 aSW + 0,05 + 0,0, + 7,0, + k(1 + ¢, O)RYy
+ K5(1 + @20,)Rs + w;, (55)
00,
z=0 3 = Agoe(© — ©,)
00,
z=1 ac = lgzs(®g - ®s)

All temperatures in this equation are in terms of the conditions at the radial
collocation point.
Then for k = 1 to Ng

zZ =z + uhy (56)
Thus within each element
00, o, 020, ,
69 = FE auz + UJ1®S + w2®l + ’Ys®g + Kl(l + (p1®s)RM
+ i5(1 + 0, O)Rg + w4 (57)

with the overall boundary conditions

1 00 1 00
1 2 = - s T 2 ZA‘ZSG _®s
hl au w0 'lgzs(®s ®g) hNE au uet g ( g )
ELEMENT 4
/
@& ——9o—
I=1 2 3 . Nt N2
u=0 u=1

FiG. 14. Orthogonal collocation on finite elements local indexing system.
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If we assume axial profiles within each element k = 1,..., Ng of the form

My
Oyu,1) = IZI 0;,, ()L {w) (58)
where as before L;; are Lagrangian interpolation polynomials, then as usual
dL;(u) d2L(u)
LJ= dJu > 1,] = _du—lz— (59)

zrr zrr

After applying orthogonal collocation,

d@s” oy M
dS = 2 Z BI JG)SJ + wl®S” + w2®l” + ys(.)glx + Kl(l + (p1®s,1)
k J=1
+ K5(1 + 0,0,,)Rs + w3 (60)

within element k for the interior collocation points Il = 2,..., N, + 1.

Then if we require the continuity of the first derivatives between the
elements so that the first derivative of the solution is continuous in the entire
domain0 < (<1,

1 M- 1 M
|:h AMkl,J®SJ:| |:h Z AI J®s_,:| (61)
k-1 J=1 elementk — 1 kJ elementk

The system boundary conditions then only affect the first and last elements:

1
Z AI JG:J = lgzs((asl - ®g1)

1.11

(62)

1 M2
hN Z ANE JG)S" SZS(QgMNE - ®sMNE)

E

This same analysis is then performed for the energy balance for the gas, the
energy balance for the thermal well, the two mass balances, and the continuity
equation. The final coupled system of algebraic and differential equations
consists of 5N ordinary differential equations and N + 6(Ng + 1) algebraic
equations, where

Ng
N=Y N, (63)
k=1

It should be pointed out that this approach using Lagrangian polynomials
gives identical results to those that would be obtained using Hermite
polynomials since on each element we use orthogonal polynomials of the same
order, since the boundary conditions are satisfied by both solutions, since the
residuals are evaluated at the same points, and since the first derivatives are
continuous across the element boundaries. The only preference for one over
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the other is for convenience. The Lagrangian formulation, however, has the
added advantage of being applicable in situations where the flux is continuous
across the element boundaries but the first derivative is discontinuous.
This can occur if there is some type of physical change at the boundary.

A major advantage of the orthogonal collocation solution schemes is that
the optimal location of the collocation points is automatically determined as
the zeros of the orthogonal polynomial after specification of the number of
collocation points. This point carries through to the OCFE technique;
however, in this procedure, one must also specify the number and position of
the elements. Several means for this are available. The simplest involves
preliminary solutions using orthogonal collocation to provide reasonable
estimates since, even though the OC solution may be numerically unsat-
isfactory due to oscillations in the profiles, it can give accurate indications of
break points in the profiles.

If the OCFE solution procedure is to be used regularly for system analysis,
a careful study of the problem of locating elements is necessary. Finlayson
(1980) gives a basis for this study in a cursory examination of variable grid
spacing and elements sizes, or “adaptive meshes™ as he calls them. The simplest
procedure is based on physical information about the solution profile such as
in the present case the point where CO is depleted within the reactor bed.

B. MoDEL COMPARISONS

A large number of steady-state simulations were performed using this
OCFE procedure. Using the reversible rate expressions considered through-
out this chapter, the importance of the OCFE procedure is not fully perceived
since even for conditions with very steep profiles, an accurate, non-oscillating
solution can usually be obtained simply by increasing the number of
collocation points in the orthogonal collocation analysis.!” Due to the
reversibility of the kinetics and the relatively low activation energy, the
profiles remain relatively smooth without any abrupt changes or sharp
transitions.

Figure 15 shows the axial gas temperature and concentration profiles for
type 1 conditions with the velocity reduced to u,, = 15 cm/sec, which leads to
steep profiles with nearly complete conversion of the CO early in the reactor
bed. This figure shows a comparison of the steady-state profiles using both
orthogonal collocation with eight collocation points and orthogonal colloca-
tion on finite elements. As shown, the numerical problems (oscillatory solution)
exhibited in the orthogoenal collocation solution with eight collocation points
are completely eliminated by using OCFE with appropriate selection of the

‘7 Figures 10b shows simulations using orthogonal collocation with possible numerical
difficulties.
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FiG. 15. Comparison of profiles computed by orthogonal collocation and orthogonal
collocation on finite elements.

elements and order of collocation within the elements. Based on an expected
abrupt change in the concentration profile at about { =0.20 (from the
preliminary orthogonal collocation results), an OCFE solution was obtained
using two elements of length 0.2 and 0.8 with N; = 4 and N, = 4 or a total of
eight interior collocation points and one interior boundary point.

As shown in Figure 15, the OCFE procedure is capable of handling the
abrupt concentration profile change where the reaction reaches completion
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while the orthogonal collocation procedure shows significant error in the
profiles. Increasing the number of collocation points in either element for the
OCEFE solution has no significant beneficial effect on the axial profiles and can
introduce oscillations in the elements. Increasing the number of elements
without using sufficient interior collocation points or misplacing the elements
can lead to anomalous results owing to the individual polynomial represen-
tations and continuity conditions at the element boundaries.

Vill. Evaluation of Common Physical Simplifications
in Packed Bed Modeling

Due to the complexities of the full mathematical description of a packed
bed reactor and the complications with numerical solution, the extensive use
of physical modeling simplifications is common. Assumptions that reduce the
complexity of the resulting mathematical model such as neglecting dispersion
effects and radial gradients have been discussed earlier. Basically, the common
assumptions of neglecting radial temperature gradients, neglecting thermal
dispersion, and neglecting the variation of physical properties may reduce the
accuracy of the resulting model without reducing the dimensionality of the
resulting representation.

To this point, all of the mechanisms necessary for the accurate description
of the physical and chemical phenomena occurring in the packed bed reactor
have been included and the effects of various modeling simplifications have
been studied. We continue this analysis by considering several major
simplifications that do not simply reduce the structure of the partial
differential equations but actually significantly reduce the number of neces-
sary equations or the dimensionality of the model. These simplifications
include the extensive use of pseudohomogeneous models-—those that do not
distinguish between the conditions within the fluid and those on the solid
catalyst—and the assumptions of quasi steady state for concentrations and
negligible energy accumulation in the gas phase.

Table V shows some typical criteria used for evaluating the potential
approximations for packed bed reactor modeling. Many other criteria are also
used and some of these are referenced in this chapter.

A. DisPErSION EFFECTS

Much work has been focused on the significance of dispersion terms in the
transient material and energy equations for packed bed reactors. In general,
axial diffusion of mass and energy and radial diffusion of mass have been
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TABLE V

APPROXIMATIONS IN PACKED BED REACTOR MODELING”

Approximation Criteria
Neglect axial dispersion L/d, > 50 for Re > 20 (Carberry, 1976)
Quasi steady state for concentration (1 = &)pscy,/epgc,, > 1
Pseudohomogeneous analysis T, — T, = yAAA/B small (Wei et al., 1984)
Negligible energy accumulation in gas (1 — &)pscp,/EpgCH, > 1

? For the pseudohomogeneous analysis criterion, a predictive expression for the
temperature difference between the gas- and solid-phase temperatures for a fixed bed
reactor is given by Wei et al. (1984). In this expression, 8 is the dimensionless heat transfer
coefficient, AA is the total heat generation in the reactor, and y is the fraction of the heat
effect going to the solid phase. For the example packed bed reactor used throughout this
chapter, the temperature difference between the gas and solid phases is in many cases up
to 10K.

neglected in comparison with convective terms in most packed bed reactor
studies (Carberry and Wendel, 1963; De Wasch and Froment, 1971; Hlavacek,
1970; Hoiberg et al., 1971; Jutan et al., 1977; Valstar et al., 1975).

For packed bed reactors, Carberry and Wendel (1963), Hlavacek and
Marek (1966), and Carberry and Butt (1975) report that axial dispersion
effects are negligible if the reactor length is sufficient. These and other
researchers (Young and Finlayson, 1973; Mears, 1976) have developed criteria
based on the reactor length for conditions where axial dispersion can safely be
neglected. The criterion shown in Table V is a classic criterion for neglecting
axial mass dispersion. The works by Young and Finlayson (1973) and Mears
(1976) provide more detailed criteria to predict when axial dispersion is
unimportant in nonisothermal packed bed reactors.

Since the tube length/pellet diameter for the conditions we are examining is
about 150, just at the limit of most of the published criteria for neglecting axial
dispersion of energy, careful analysis of these dispersion effects is needed.’®
However, neglecting axial mass dispersion should be a safe assumption since
the tube length/pellet diameter is well above the value of 50 generally
recommended. Radial mass dispersion can also be neglected and is inherently
eliminated from our model since the one-point radial collocation results in a
uniform radial concentration profile. However, radial diffusion of energy must
be retained since it is one of the most important physical processes influencing
the dynamic and steady-state behavior of the system.

Simulations using the full model were used to study the influence of these
dispersion effects and to verify some of the common assumptions. A wide

13 Yu er al. (1982, 1983) give an example of a moving-bed coal gasifier in which axial thermal
dispersion must be included in the model.
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range of Peclet numbers were used in the simulations. On the basis of
extensive previous studies, the radial gas Peclet number should range from 5
to 10 and the axial gas Peclet numbers from 0.5 to 2.0 (Carberry, 1976). For
completeness, our simulations used Peclet numbers over a wider range.
Comparison of steady-state profiles shows that neglecting axial mass
diffusion has very little effect on the temperature and concentration profiles
even though the axial gradients are significant. However, Figure 16 shows that
neglecting the axial thermal dispersion in the gas does affect the solution
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Fic. 16. Steady-state profiles neglecting axial thermal dispersion, type I conditions.
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profiles somewhat. The axial temperature profiles are offset and the concen-
tration profiles are shifted slightly. Further simulations show minimal effect of
neglecting the axial conduction of energy in the solid.

The figure also shows that neglecting the axial thermal dispersion leads to
slight instabilities (“rippling”) in the orthogonal collocation solution of the
axial temperature profile with six collocation points. This rippling, which is
even more pronounced under type Il conditions, is a result of the axial
orthogonal collocation and in this case can be reduced by increasing the
number of collocation points. However, this leads to a substantial increase in
model dimensionality and thus solution time. Obviously, the axial thermal
diffusion has a stabilizing effect on the numerical solution using orthogonal
collocation and actually damps the behavior of the solution polynomial.

The reduction in solution time for these simulations is minimal and in some
cases the elimination of the axial diffusion terms actually increases the
solution time. Simulations show that neglecting the axial dispersion of mass
has little effect on numerical computation time, whereas eliminating axial
dispersion of energy may significantly increase computation time and only
rarely decreases it substantially.

In summary, our analysis of the effects of dispersion on the simulated
behavior of the reactor, along with the work by Bonvin (1980), shows the
necessity of including the thermal dispersion terms. Simulations here verify
that the numerical stability of the model is greatly enhanced by retaining these
dispersive effects and that, although minor additional effort may be necessary
in the model development, the numerical solution time may actually be
reduced by retaining some of these terms. Furthermore, simulations verify
that the axial dispersion of mass can usually be neglected, although the
inclusion of these terms in the model introduces little complication in the
collocation solution; whereas other solution procedures are often significantly
hindered by these second derivative terms. The radial dispersion of mass
seemingly has little effect on either the simulated results using a detailed radial
concentration analysis as presented in Section VLE or solution times and can
safely be neglected.

B. HOMOGENEOUS VERSUS HETEROGENEOUS MODEL

De Wasch and Froment (1971) and Hoiberg et al. (1971) published the first
two-dimensional packed bed reactor models that distinguished between
conditions in the fluid and on the solid. The basic emphasis of the work by De
Wasch and Froment (1971) was the comparison of simple homogeneous and
heterogeneous models and the relationships between “lumped” heat transfer
parameters (wall heat transfer coefficient and thermal conductivity) and the
“effective” parameters in the gas and solid phases. Hoiberg et al. (1971)
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presented the first detailed, two-dimensional, heterogeneous dynamic model-
ing analysis (a homogeneous analysis was used for the steady-state cal-
culations). This work considered the amount of detail necessary in dynamic
models through a comparison of experimental and calculated results for a
packed bed reactor in which the highly exothermic reaction between hydrogen
and oxygen occurred on a platinum catalyst. A limitation of this work was the
amount of detail possible for numerical solution using the finite difference
solution scheme.

In our original system of partial differential equations, to obtain a
pseudohomogeneous model the two energy balances can be combined by
eliminating the term (U,,/ V,(T; — T,), that describes the heat transfer between
the solid and the gas. If the gas and solid temperatures are assumed to be equal
(T, = T,)'®° and the homogeneous gas/solid temperature is defined as 7, the
combined energy balance for the gas and solid becomes

ity thegE T Gr g
+ (—AHy)Ry + (—AHg)Rs (64)

where k, and k_ are effective conductivities for the combined gas—solid system.
Additionally, since

oT orT 2T 0*T 18T
[pscp(1 — &) + pgcpga]ﬁ = —pgCp Ugt—— + k + k,|: + :|

_ P 0004 (65)
pSCps(l - 6)
the coeflicient of the time derivative reduces to
[pscps(l - 6) + pgcpga] = pscps(l - 8) (66)

The boundary conditions are

oT
z=0, sz = uyC, 8T — Tp)
oT
= L’ _— = 0
z 0z ©7)
oT
r=ROs kr—=ht(T_ T;)
or
T
r=Rl’ _kra_zhw(T_Tw)
or

!9 Wei et al. (1984) show that the average temperature difference between the solid and gas
phaseis yAAA/f for fixed bed reactors. This then defines one possible criterion for the applicability
of the pseudohomogeneous model as given in Table V. Another possible criterion is that given by
Vortmeyer and Schaefer (1974), discussed later in this section.
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where h, and h,, are effective heat transfer coeflicients between the gas—solid
medium and the thermal well and cooling wall, respectively.

Equation (64) is solved with the continuity equation, the energy balance for
the thermal well,2® and the concentration equations by using the same
procedure as for the full system. The dimensionality of the model has now
been reduced by N (ie., the model now has order 4N). Although standard
mixing rules can be used to develop relationships between the effective and
overall heat transfer coefficients of the homogeneous model (k,, k,, h,, h,,, U)
and the individual gas and solid coefficients of the two-phase model
Ky Kags Keg, Kegy Byss B, Big, hygs U, Uy), the significance of direct com-
parisons between the simulations with the two-phase analysis and the
homogeneous analysis is questionable due to the limited accuracy of these
mixing rules. Some attempts (Vortmeyer and Schaefer, 1974) have been made
to improve these mixing rules, but are not accurate enough for direct
comparison of the simulations of the two models.

Solution times using the homogeneous model are 15 to 259 less than that
for the full two-phase analysis, although the accuracy of the results may be
somewhat in question. Figure 17 shows the axial temperature and concen-
tration profiles under type I operating conditions. Although these simulations
appear similar to those obtained with the heterogeneous analysis, no direct
comparison is possible, as was explained earlier.

However, simulations using the heterogeneous analysis even with high inlet
velocities lead to steady-state temperature profiles with differences of up to
10K between the solid and gas phases and transient results with differences up
to 20 K due to the high exothermicity of the methanation reaction on the
catalyst surface. These temperature differences can lead to significant errors in
the predicted reaction rates. Therefore, although a homogeneous analysis may
be adequate for reactions that are only slightly exothermic or simulations of
steady-state phenomena, a heterogeneous analysis is necessary for dynamic
simulations of highly exothermic reaction processes.?!

The increased dimensionality of the heterogencous system can be reduced
using other techniques that require much milder assumptions. For example,
the assumption of negligible energy accumulation in the gas phase based on

20 With an overall heat transfer coefficient being used rather than U, and U,.

21 Measurement difficulties that arise in model verification or parameter estimation using a
heterogeneous analysis are also often cited as reasons for a homogeneous analysis. Although
theoretically it is possible to measure separately the gas and solid temperatures, in practice it is
difficult without seriously affecting flow patterns within the reactor bed. These difficulties can be
minimized by using an internal thermal wel), as is common in industrial systems, and including
this thermal well in the model development. This eliminates the concern over whether temperature
measurements within the reactor bed are actually measuring gas or solid temperatures or a
combination of both.
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FiG. 17. Steady-state profiles, homogeneous model, type I conditions.

the approximation [Eq. (66)] provides the same reduction in system
dimensionality as the homogeneous analysis.

Another procedure often used with less stringent assumptions than the
equality of the gas and solid temperatures is the pseudohomogeneous analysis
proposed by Vortmeyer and Schaefer (1974). This procedure has proved to be
quite effective for simple adiabatic packed bed analyses and involves reducing
the energy balances for the gas and catalyst to a single equation using the



166 ROHIT KHANNA AND JOHN H, SEINFELD

assumption
7’0, 3’0,
0z~ 0z*

(68)

Justification for this assumption is strictly empirically based.

Although this assumption is often not too restrictive, additional as-
sumptions must be introduced to reduce the mathematical model to the
pseudohomogeneous form for reactors that are nonadiabatic or require radial
temperature considerations. For the full mathematical model, the following
assumptions would be necessary in addition to Eq. (68): first negligible energy
accumulation in the gas phase; second, no axial diffusion in the gas phase or

a [T,
E[azz:l_o
OI1oL | _d]10T,
orlror | érlr or

0(pgug) _
oz 0

These assumptions are often too restrictive for standard nonadiabatic packed
bed analyses and should be tested carefully before being used.

third,

and fourth,

C. QUASI-STEADY-STATE APPROXIMATION FOR CONCENTRATION

Transient simulations using the full, nonlinear model show that under the
conditions studied concentration profiles reach a quasi steady state quite
rapidly (often within 3 to 5 sec), whereas the thermal response of the reactor
bed is much slower?? due to the large heat capacity of the reactor bed and
thermal well. An example of this phenomenon is shown in Fig. 18, where the
transient responses of the solid temperatures, thermal well temperatures, and
concentrations are shown for a major step change in the inlet gas temperature
and inlet CO concentration. In this example, the effect of the step change is
nearly immediate on the concentration profiles, with the major effect being
within the first 10 sec. However, Fig. 18a shows that the thermal well
temperatures and the catalyst temperatures take up to 10 times as long as the

22 Thermal time constants are about two orders of magnitude greater than the concentration
time constants.
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FiG. 18. Transient response to step-input change of T, from 573 to 593 K and x2,, from 0.06
to 0.07, type II conditions.

concentrations to approach the new steady state after the input step change.
Note that the catalyst temperatures shown in the figure are at the radial
collocation point r = r, and that the response of the catalyst temperatures
near the center of the reactor (not shown) is very similar to that of the thermal
well.

Furthermore, comparison of the thermal v; and the concentration ve wave
velocities as defined by Gould (1969)

PeCp et

= 8P B U = ug (69)

= pscp,,(1 - 8),
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verifies this quasi steady state for the concentration profiles. As in many solid-
catalyzed gas reactions, the ratio?3 of the concentration wave velocity to the
thermal wave velocity is quite large.2* This implies that the concentration
profiles reach a quasi steady state rapidly and that this quasi steady state then
follows the slowly changing temperature profile. Jutan et al. (1977) have also
shown that the concentration dynamics can be ignored in packed bed
modeling.

The quasi-steady-state approximation then allows the concentration time
derivatives to be set equal to zero,

0Xco _ 0%Xco, _

a =0 a 0 (70)
in the original partial differential equations or in the linearized model, thus
reducing 2N of the discretized ordinary differential equations to algebraic
equations. In the linear system, these algebraic equations can be solved
directly for the concentrations and substituted into the differential equations.

Simulations show negligible differences in the transient temperature and
concentration profiles as a result of this quasi-steady-state approximation.
The major advantage of this assumption should be apparent in control system
design, where a reduction in the size of the state vector is computationally
beneficial or in the time-consuming simulations of the full nonlinear model.

However, the quasi-steady-state approximation is by no means applicable
to all reactor beds, but rather its applicability depends on the reactor
configuration and conditions. For example, for a moving-bed coal gasifier,
Yoon et al. (1979) and Yu et al. (1982) show that the quasi-steady-state
approximation is only good for small changes and seems to give response
times that are in error by a factor of two for large changes.

D. NEGLIGIBLE ENERGY ACCUMULATION IN THE (GAS PHASE

Another potential model simplification involves assuming negligible energy
accumulation in the gas phase as compared to that in the solid, which is
equivalent to the earlier approximation [Eq. (66)] based on the relative
magnitude of the energy accumulation in the gas and solid. For our system,
the accumulation of energy in the solid is approximately 250 to 300 times that
in the gas phase due to the relative thermal capacitance of the gas [Eq. (65)]
and the similarity of the temporal behavior of the gas and catalyst
temperatures (e.g., Fig. 19). Thus the accumulation term in the energy balance

23 This ratio provides the criterion for the applicability of the quasi-steady-state approxi-
mation for the concentration as shown in Table V.
24 About 250 for this reactor.
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FiG. 19. Transient temperature response to step-input change of T, from 573 to 593 K and
x2o from 0.06 to 0.07, type 11 conditions.

for the gas phase can be neglected:
00
PeCp 5t R 0 (7

in comparison to the energy accumulation in the catalyst and thermal well.
The reduces N of the original ordinary differential equations (after orthogonal
collocation) to algebraic equations.

Although the mathematical criterion for the assumption of negligible
energy accumulation in the gas phase given in Table V is identical to that for
the quasi-steady-state approximation for concentration, this assumption
should not be confused with the quasi-steady-state approximation. In the
assumption of negligible energy accumulation, the temporal behavior of the
gas-phase temperature is very similar to that of the solid phase and the
reduction of the gas energy balance is accomplished due to the relative
magnitudes of energy accumulation in the gas and solid. In the quasi-steady-
state approximation for the concentration, the reduction of the concentration
equations is a result of the concentration profiles reaching their steady state
relatively fast in comparison to the temperature profiles. The criteria for the
approximations are idential since the relative slowness of the thermal wave
velocity in comparison to the concentration wave velocity (which defines the
criterion for the application of the quasi-steady-state approximation) results
from the relatively high thermal capacitance of the solid phase relative to the
gas phase (this defines the criterion for the assumption of negligible energy
accumulation in the gas phase).
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IX. Control Model Development

In designing a control system for a packed bed reactor, to make the most
effective use of modern control theory it is necessary to reduce the size of the
model from that we have been using. In this section, we consider how this
reduction is carried out.

A. STATE-SPACE REPRESENTATION

In simplifying the packed bed reactor model, it is advantageous for control
system design if the equations can be reduced to fit into the framework of
modern multivariable control theory, which usually requires a model ex-
pressed as a set of linear first-order ordinary differential equations in the so-
called state-space form:

x(t) = Ax(t) + Bu(y) + Dd(s), y(t) = Hx(t) + Fu(r) (72)

where x(t), u(z), d(¢), and y(z) are the state, control, disturbance, and mea-
surement vectors, respectively. The state vector consists of process vari-
ables which together define the condition of the system. The control and
measurement vectors consist of the manipulated inputs to the process and the
process measurements, respectively.

Since the orthogonal collocation or OCFE procedure reduces the original
model to a first-order nonlinear ordinary differential equation system, lin-
earization techniques can then be applied to obtain the linear form (72).
Once the dynamic equations have been transformed to the standard state-
space form and the model parameters estimated, various procedures can be
used to design one or more multivariable control schemes.

In the development of a general state-space representation of the reactor, all
possible control and expected disturbance variables need to be identified. In
the following analysis, we will treat the control and disturbance variables
identically to develop a model of the form

x(1) = Ax(t) + Ww(1), y(t) = Hx(t) + Fw(2) (73)

where w(t) now contains all control and disturbance terms, Ww(t) = Bu(r) +
Dd(t). When specific control studies are desired, the Ww(z) term can simply
be separated into the appropriate control term Bu(t) and disturbance term
Dd(t), depending on the selected control configuration.

Consider the simplified flow diagram of a reactor system shown in Fig. 20.
In this example, we have included the possibility of several input streams, a
product recycle loop, and a feed-effluent heat exchanger so as to again
represent a very general reactor system. The possible control variables or
disturbances to the process are the flow rates of the input gases, the recycle
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F1G. 20. Packed bed reactor system including feed-effluent heat exchanger.

ratio, the cooling jacket temperature, the heat load of the preheater, and the
feed-effluent heat exchanger bypass. From the reactor’s point of view (and thus
the reactor model’s), the inlet gas temperature, the cooling wall temperature,
the gas velocity, and the inlet gas concentration can be affected. We will thus
consider the control and disturbance vector of the form

W= [®w9 vgo’ ®01y?a y(2)’ ,V}Olzo, y?‘lp y8H4]T (74)

where these variables are nondimensional and the superscript and subscript
zeros indicate inlet conditions.

B. MODEL LINEARIZATION

Although in this chapter we have chosen to linearize the mathematical
system after reduction to a system of ordinary differential equations, the
linearization can be performed prior to or after the reduction of the partial
differential equations to ordinary differential equations. The numerical
problem is identical in either case. For example, linearization of the nonlinear
partial differential equations to linear partial differential equations followed
by application of orthogonal collocation results in the same linear ordinary
differential equation system as application of orthogonal collocation to the
nonlinear partial differential equations followed by linearization of the
resulting nonlinear ordinary differential equations. The two processes are

shown:
nonlinear ODE

OV wfarize

PDE linear ODE

linearizR‘ A;

linear PDE
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The normalized reaction rate expressions are first linearized about the
steady-state operating conditions (ss) using a first-order Taylor series,

JR _
R(G)sa Y15 Y2 ng..s yl(-)h’ ygzO? y‘l)’ y(Z)) =~ RS + Z(g) (Z - Z) (75)
z S

_ 0 o 0 0 .0
where z = @g, y1, V2, Vua» Vis» Yio0s V15 V2

The algebraic equations for the orthogonal collocation model consist of the
axial boundary conditions along with the continuity equation solved at the
interior collocation points and at the end of the bed. This latter equation is
algebraic since the time derivative for the gas temperature can be replaced with
the algebraic expression obtained from the energy balance for the gas. Of
these, the boundary conditions for the mass balances and for the energy
equation for the thermal well can be solved explicitly for the concentrations
and thermal well temperatures at the axial boundary points as linear
expressions of the conditions at the interior collocation points. The set of four
boundary conditions for the gas and catalyst temperatures are coupled and are
nonlinear due to the convective term in the inlet boundary condition for the
gas phase. After a Taylor series expansion of this term around the steady-state
inlet gas temperature, gas velocity, and inlet concentrations, the system of four
equations is solved for the gas and catalyst temperatures at the boundary
points.

The continuity equations for the velocities at the interior collocation points
and at the end of the reactor are then linearized using the following
relationship:

vBiGBj ~ 5!‘@8; + l_’si(égj - (:)s,-) + (:)Sj(vli - Es.')
= E&‘G)Sj + (:)Sjvgi - 681‘(:)81 (76)
The algebraic equations for the end-point gas temperatures are then
substituted into the linearized continuity equations, which are then solved for
the velocities. The linearized reaction rate expressions and the linearized
expressions for the velocities and for the concentrations and temperatures at
the axial boundary points are substituted into the ordinary differential

equations.
The final linearized model is of the form

X=Ax +Ww+ C a7
where the state vector

X=[04,....04,,0,,...,0,,,0 . ...O,, Vi Vi Vayo-e-s Vanl
(78)
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consists of the catalyst temperatures, the gas temperatures, the thermal well
temperatures, the CO concentrations, and the CO, concentrations at the
interior collocation points. The control and disturbance variables are

wz[Tw’Ugo’ ®0’ y(1)9 yg’ ygzo’qulzsygﬂ4]r (79)

This linear system is then of order 5N, where N is the number of interior
collocation points. The constants C in the equations can be easily eliminated
by using deviation variables about the steady-state values. At steady state,
x = 0 and thus

0=Ax+Ww+C (80)
Subtracting this from the original equation,
X=A(Xx—X)+ WWw—#w) (81)
Letting
X' =x—X and w=w-—Ww (82)

the resulting equation is of the desired state-space form
X' = Ax’ + Ww' (83)

Note that in the following analyses, we will drop the prime symbol. It should
still be clear that deviation variables are being used. Then this linear
representation can easily be separated into the standard state-space form of
Eq. (72) for any particular control configuration. Numerical simulation of the
behavior of the reactor using this linearized model is significantly simpler than
using the full nonlinear model. The first step in the solution is to solve the full,
nonlinear model for the steady-state profiles. The steady-state profiles are then
used to calculate the matrices A and W. Due to the linearity of the system, an
analytical solution of the differential equations is possible:
t
X'(t) = elt7A(1,) + f el 9AIWw'(s) ds (84)
to
Then if we consider a time interval (t — ¢ + dt) over which w is constant,?? this
solution simplifies to

X'(t + df) = e2x'(1) + A7 H e — I)Ww/(1) (85)

The major complications in this analytical solution are obviously the matrix
exponential and matrix inverse. If we let

A =SAS™! (86)

25 We can take very small time steps dt if needed.
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where A is a diagonal matrix of the eigenvalues of A and S is the
corresponding matrix of eigenvectors, we then get

er =8eA#§"1  and  AT'=SA7!S7! 87)

where e*®* and A! are easily calculated since A is diagonal. Thus after the
steady state is determined and the time steps dt are selected, we can calculate
the eigenvalues and eigenvectors of the matrix A and from these the values of
A~!and e*%. These lengthy calculations only need to be performed once for
each steady state and selected time step. Of course, these time steps can be
quite large with the only restriction being that the control and disturbance
variables are nearly constant during this period. If these variables are constant
over more than one selected time step, even the value of A™!(e** — I)Ww' will
be constant and will not have to be recalculated between time steps.

The determination of eigenvalues and eigenvectors of the matrix A is based
on a routine by Grad and Brebner (1968). The matrix is first scaled by a
sequence of similarity transformations and then normalized to have the
Euclidian norm equal to one. The matrix is reduced to an upper Hessenberg
form by Householder’s method. Then the QR double-step iterative process is
performed on the Hessenberg matrix to compute the eigenvalues. The
eigenvectors are obtained by inverse iteration.

C. SIMULATIONS WITH THE LINEARIZED MODEL

Figure 21 shows the simulated dynamic behavior of the gas temperatures at
various axial locations in the bed using both the linear and nonlinear models
for a step change in the inlet CO concentration from a mole fraction of 0.06 to
0.07 and in the inlet gas temperature from 573 to 593 K. Figure 22 shows the
corresponding dynamic behavior of the CO and CO, concentrations at the
reactor exit and at a point early in the reactor bed. The axial concentration
profiles at the initial conditions and at the final steady state using both the
linear and nonlinear simulations are shown in Fig. 23. The temporal behavior
of the profiles shows that the discrepancies between the linear and nonlinear
results increase as the final steady state is approached. Even so, there are only
slight differences (less than 29, in concentrations and less than 0.5% in
temperatures) in the profiles throughout the dynamic responses and at the
final steady state even for this relatively major step-input change.

Figure 24 shows dynamic linear and nonlinear simulations of the gas
temperaturesat { = 0.17 and { = 0.38, and Fig. 25 shows the exit CO and CO,
concentrations for a 50-sec disturbance in the inlet gas temperature from 573
to 601.65 K (a 5% increase) and in the inlet CO concentration from a mole
fraction of 0.06 to 0.072 (a 20% increase). Again we find that only minor
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FiG. 21. Gas temperature dynamics resulting from a step change of T; from 573 to 593 K and
of x2,, from 0.06 to 0.07, type 11 conditions.
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FiG. 22.  Concentration dynamics resulting from a step change of T, from 573to 593 K and of
x2 from 0.06 to 0.07, type II conditions.

differences (less than 29) are apparent between the two models and only then
at conditions sufficiently far from the steady state. As expected, the models give
identical results when the original steady state is reestablished after the
disturbance.

Thus the simulations show that the linear model is quite accurate for
conditions near the steady state. Of course, losses in accuracy are greater, the
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FiG. 24. Gas temperature dynamics during a 50-sec disturbance of T, from 573 to 593 K and

of x2o from 0.06 to 0.072, type 11 conditions.

larger the deviation from the steady state. The important decision must be
made as to how far from the steady state are the deviations still tolerable for
control considerations. This decision will define the conditions under which
relinearization is necessary and the usefulness of the linear model for control

applications.
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FiG. 25.  Exit concentration dynamics during a 50-sec disturbance of T, from 573 to 593 K
and of x2, from 0.06 to 0.072, type 11 conditions.

For start-up and disturbance simulations, the linearized model does predict
an eventual return to the steady state around which the system was linearized.
However, for step-input changes where the final steady state differs from the
original, some minimal loss in accuracy is apparent in the final steady state
reached using dynamic simulations of the linear model from the original
steady state. This difficulty can easily be circumvented in the case of step
changes by relinearizing about the new final steady-state conditions some-
where during the simulation.

Table VI shows a comparison of the solution times for the various dynamic
simulations using the three models. As shown, the reduction in solution time is

TABLE VI

COMPARISON OF SIMULATION TIMES FOR
STANDARD TYPE II CONDITIONS

Model
Simulation Nonlinear Linear Analytic
T,~ 593K <t . .
Step Xep = 0.07 2:54:24 12:54 00:36
Step T, —» 593K 3:14:41 18:04 00:34
Start-up 4:43:26 28:39 00:29
Disturbance T, ~ 602 K 4:58:42 23:10 00:31

(50 sec) Xeo — 0.072
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substantial when the linear model is used. With numerical integration of the
linear state-space model, simulation times are reduced by a factor of 10. The
analytical solution reduces simulation times by another factor of up to 100 (to
a point where real-time solution is possible). As expected, the results using
both the numerical and analytic solutions of the linear model are identical.

X. Dimensionality of the Linearized Model

Even after linearization, the state-space model often contains too many
dependent variables for controller design or for implementation as part of the
actual control system. Low-order models are thus required for on-line
implementation of multivariable control strategies. In this section, we study
the reduction in size, or order, of the linearized model.

A. MODEL DISCRETIZATION

The model discretization or the number of collocation points necessary for
accurate representation of the profiles within the reactor bed has a major effect
on the dimensionality and thus the solution time of the resulting model. As
previously discussed, radial collocation with one interior collocation point
generally adequately accounts for radial thermal gradients without increasing
the dimensionality of the system. However, multipoint radial collocation may
be necessary to describe radial concentration profiles. The analysis of Section
VILE shows that, even with very high radial mass Peclet numbers, the radial
concentration is nearly uniform and that the axial bulk concentration and
radial and axial temperatures are nearly unaffected by assuming uniform
radial concentration. Thus model dimensionality can be kept to a minimum
by also performing the radial concentration collocation with one interior
collocation point.

In this section, the optimal choice for the number of axial collocation points
is discussed. Obviously, if the number of axial collocation points is insufficient,
the resulting axial solution for the temperature and concentration profiles will
be inaccurate. On the other hand, one of the problems with fitting high-order
polynomials to the axial profiles is that the polynomials, if of sufficiently high
order, may begin to ripple along the curve. As pointed out by Jutan et al.
(1977), this rippling can be extremely detrimental since the collocation
formulas are used to approximate derivatives. Since there is a tradeoff between
lowering the number of collocation points to reduce model dimensionality
and reduce profile rippling and increasing the number of collocation points to
retain high simulation accuracy, extreme care is required in the selection of the
number of axial collocation points.
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Figure 26 shows the predicted axial gas temperature profiles during reactor
start-up for standard type I conditions with varying numbers of axial
collocation points. Eight or more axial collocation points provide similar
results, and even simulations with six collocation points show minimal
inaccuracy. However, reducing the number of collocation points below this
leads to major discrepancies in the axial profiles.

Although examining the results of simulations provides an indication of the
optimal number of axial collocation for steady-state and dynamic simulations,
Bonvin (1980) shows that the convergence pattern of the dominant eigen-
values of the model as the number of collocation points is increased can also
be used as an important procedure for determining the optimal axial discreti-
zation. Since these dominant modes only describe the dynamic behavior of
the linearized system, simulation of the full model should be used to verify the
results for transient and steady-state analyses. Figure 27 shows the conver-
gence of the dominant eigenvalues for the type I operating conditions. The
eigenvalue analysis shows that fewer than six collocation points will lead to
significant errors in the dynamic simulations as judged by the fact that the
dominant eigenvalues are far from their true values. Seven collocation points
would seem to be sufficient and six may be satisfactory. These results verify
those obtained earlier using simulations with differing discretization (Fig. 26).
With six interior axial collocation points, the full modet would consist of 30
coupled, nonlinear ordinary differential equations along with their algebraic
boundary conditions. The linear model would be a 30th-order state-space
representation.
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FiG. 26. Axial gas temperature profiles as a function of the level of axial discretization, type 1
conditions.
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Under conditions where steep gradients exist within the reactor bed,
collocation may lead to oscillatory axial profiles (rippling) due to the attempt
to fit a simple Nth-order smooth polynomial to the entire axial profile.
Although these oscillations can often be reduced by decreasing the number of
collocation points, significant errors in the profiles can then result. Simple trial
and error can be used to determine the best number of axial collocation points
to reduce rippling and retain accuracy. In extreme cases with very steep axial
profiles or abrupt changes in the profiles, the OCFE procedure may be
necessary. Using this technique, not only the number of collocation points in
each element needs to be specified, but also the number and size of the
elements.

B. MOoODEL REDUCTION

Regardless of whether orthogonal collocation or orthogonal collocation on
finite elements is used for the discretization, the resulting linear state-space
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representation is of high order (30-40 states)*® due to the original system of
five coupled partial differential equations and the accurate treatment of the
gas, catalyst, and thermal well temperatures and concentrations. Although
dynamic simulations using the state-space representation are very fast,
difficulties still exist in developing multivariable feedback control algorithms
owing to the relatively high order of the system. For such applications, an
accurate reduced order model is desired.

Significant reduction in the order of the model is possible through the
introduction of the approximations of quasi steady state for the concen-
trations, negligible accumulation of energy in the gas phase, or pseudo-
homogeneity of the system. Although these approximations could have been
made in the original model, doing so without a careful analysis of their effects
on the model behavior is not advisable. Additionally, an analysis of the
eigenstructure of the system shows that modal reduction techniques such as
those presented by Bonvin (1980), Gould (1969), and Wilson et al. (1974) can
lead to a low-order state-space model. Here we consider explicit modal
reduction approaches to model reduction that result in an explicit reduced
mode] formulation without statistical analysis of input-output data.

The basic strategy of modal reduction approaches is to retain only certain
modes of the high-order model in the low-order model. Wilson et al. (1974)
summarized these techniques and showed that many of the published modal
approaches are equivalent since they produce identical reduced models.
Bonvin (1980) also provides a comparison of the various modal techniques
with respect to their steady-state and dynamic accuracies as well as to the
dependence of the reduced models on the retained state variables.

According to Gould (1969), the central theme in modal reduction and
control is

that the transient behavior of a process is predominantly determined by the modes
associated with the smallest eigenvalues. If it is possible to approximate a high-order system
by a lower-order system whose slow modes are the same as those of the original system, then
attention can be focused on the attempt to alter the eigenvalues of the slow modes so as to
increase the speed of recovery of the process from disturbances. It is essential to be aware of
the fact that various disturbances excite the modes differently so that a scheme which is
based on a lower-order model may be inappropriate if a disturbance injects most of its
“energy” in a fast mode which has been neglected.

This basic approach is really divided into several distinct categories. Two of
these, Davison’s method and Marshall’s method, provide suitable modal
reduction for the state-space representation of the methanation reactor to a
12th-order model. Comparisons of the models and discussion of additional
model reduction are presented in the next section.

26 This is actually of very low order in comparison to traditional finite difference solutions.
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1. Davison’s Method

The principle of this method, proposed originally by Davison (1966), is to
neglect eigenvalues of the original system that are farthest from the origin
(the nondominant modes) and retain only dominant eigenvalues and hence
the dominant time constants of the system. If we consider the solution of the
linearized model

X(t + dt) = e*¥x(t) + A~ (e*" — H)Ww(2) (88)
and let
A =SAS™! (89)
where A is the diagonal matrix of eigenvalues
A 0 - 0
A=l 00
0 0 - 4,

and S is the corresponding matrix of eigenvectors, the dynamic behavior of

TABLE VII

EIGENVALUES OF FULL 30TH-ORDER
LINEAR MODEL

Group Real part Imaginary part
—53.49 +1.93
1 —5293 +6.31
—51.98 +10.46
—5.03 +5.76
I —2.12 +10.38
—137 +10.35
—6.27 +1.89
I —5.66 +1.85
—4.34 +5.68
—0.08 +0.010
v -0.07 +0.035
—0.06 +0.074
—0.033 0.0000
v —0.021 +0.0011
—-0018 +0.0009

—0.016 0.0000
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the system is governed by the term
A (e — DWw(1) = SA (e — )S 'Ww(1)
exp(4, dt) — 1

A 0
=S : e : ST 'Ww(t)
0 exp(l,,ldt) -1

©én

Obviously by neglecting the nondominant eigenvalues, the dynamic behavior
of the approximate system will be similar to the original system, since the
contribution of the unretained modes will only be significant early in the
dynamic response.

Table VII shows the system eigenvalues for the full 30th-order linear state-
space representation for type II conditions. As shown, the eigenvalues can be
grouped into five distinct groups based on the real parts of the eigenvalues:

Group —(Real)
I =50
11 1-5
11 4-6
v 0.06-0.08
A 0.01-0.03

Further analysis shows that, for this particular example, the fastest modes
(group I) correspond directly to the gas temperatures at the interior
collocation points and those of groups II and III correspond to the
concentrations. One should not infer from this conclusion that a general
correspondence between the dynamical modes and the ‘physical variables
always exists. In this example, the correspondence results from the major
differences in the magnitudes of the various groups.

Itis evident that, of the 30 modes of the full linear model (with N = 6), 18 are
very fast in comparison to the remaining 12 (by 2 orders of magnitude or
more). Thus direct modal reduction to a 12th-order model using Davison’s
method should provide good dynamic accuracy. However, by simply neglect-
ing the non-dominant modes of the system, the contribution of these modes is
also absent at steady state, thus leading to possible (usually minor) steady-
state offset. Several identical modifications (Wilson et al., 1974) to Davison’s
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original method have been proposed by Davison and Chidambara (Chidam-
bara and Davison, 1967a—c; Davison, 1968) and by Fossard (1970). In these
methods, the states of the reduced model are artificially reconditioned to
ensure the desired steady-state behavior.

2. Marshall’s Method

Marshall’'s model reduction technique (Marshall, 1966) differs from
Davison’s in that the steady-state characteristics of the original system are
retained in the reduced model. Since the response of any element of the state
vector associated with a large eigenvalue is much faster than that of elements
associated with the smaller eigenvalues (or larger time constants), the
dynamics of the nondominant modes can simply be neglected.?” This
reduction is equivalent to approximating the response of the faster modes by
an instantaneous step change. If the fast modes in the methanation model are
taken as the gas temperatures and the CO and CO, concentrations, Marshall’s
procedure is a rigorous mathematical reduction identical to the assumptions
of quasi steady state for the concentrations and negligible energy accumula-
tion in the gas phase. An important advantage of Marshall’s method over
Davison’s method is that the reduced-order model has the same steady state as
the high-order model, since the time derivatives are identically zero for all state
variables at steady state. However, the retained modes may no longer
optimally represent the dynamic behavior.

Table VII shows that, for the methanation reactor model, the dynamic
response of the gas temperatures and CO and CO, concentrations should be
much faster (by two orders of magnitude) than the response of the catalyst and
thermal well temperatures. This prediction is verified in the dynamic responses
shown in Figs. 18 and 19 and the previous analysis of the thermal and
concentration wave velocities.

Thus the state vector

x=[0,,0,,0,.y,,,]1" i=1...,N) (92)

is partitioned into

@ ®Si
Xy = [G):]’ X =1 Vi, 93)
V2,
The state-space representation
X = AX + Ww (94)

27 That is, their time derivatives are set equal to zero.
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where
All AIZ A13 A14 A15 Wl
AZI A22 A23 A24 A25 w2
A=[Az Az Ay Ay Ay and W=W, (95)
A41 A42 A43 A44 A45 w4
A51 A52 A53 A54 A55 WS
can then be partitioned into two sets of equations:
. All AlS] [AIZ Al4 AIS:I l:wl:l
X, = X, + X, + w (96)
‘ [An Ay T (A A AT W
AZI A23 A22 A24 A25 WZ
X, =1Aa A X +[An Au As X+ Wi w o7
ASI A53 A52 A54 A55 WS

Then we can let X, = 0 in light of the quasi-steady-state approximation and
the assumption of negligible energy accumulation in the gas or in light of the
significant differences in the magnitudes of the eigenvalues for the x, and x,
states and solve for x, as a function of x,. Substituting this result into Eq. (96)
results in a reduced state-space model

X, =A'x; + Ww 98)
where the state variables are now the catalyst and thermal well temperatures at

the collocation points and the new matrices A’ and W' are simply related to the
original matrices,

A
A = |:A11 A13:| _ [AIZ A14 15] Ac—l A41 A43 (99)
A31 A33 A32 A34 A35 A A
51 53
W,
A
Wl — [Wl] _ [ 12 Al4 AlS]Agl w4 (100)
W3 A32 A34 A35 w
5
where
AZZ A24 A25
A=A Au Ag (101)
A52 A54 ASS

Of course, this technique does not actually eliminate the states ©,,, y;,, and
¥,, Instead it retains their steady-state effects and relates their dynamic
behavior to the gas and thermal well temperatures. The reduced model is then
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of order 2N, or of only 12th order for N = 6. Similarly, we could consider each
assumption independently. If we retain the state variables ®,, the model is of
3Nth order.

C. DiscussioN oF REDUCED MODEL

The reduced-order model obtained using Marshall’s method is an accurate
2Nth-order approximation to the original SNth-order model. Although the
resulting model is equivalent to simply making the common assumptions of
negligible energy accumulation in the gas and quasi steady state for the
concentrations, we have provided a rigorous approach to these assumptions
based on the eigenstructure analysis and have provided an accurate means of
evaluating their applicability. The steady-state problems associated with
Davison’s method are eliminated, and the potential dynamic disagreement
between the original and reduced models is minimal for the methanation
reactor as verified by simulations.

Simulations using this reduced model show a reduction in computation
time, along with storage space, without any significant loss in accuracy. Table
VIII shows the computation times for various simulations using various
models and solution techniques with N = 6. The 2Nth-order model is
considered using analytic solution of the equations, along with a 3N th-order
model, where only the concentration dynamics have been neglected. Although
the solution time advantages between the analytic solutions of the reduced
models and the full linear model seem to be minimal, these analyses were
conducted with a constant control and disturbance vector w over the periods
of disturbance or simulation. If these values change frequently as may be the
case in practice, the solution time savings for the reduced models will be
increased.

TABLE VIII

COMPARATIVE SIMULATION TiMES OF MODELS

Model
Simulation Nonlinear Linear Analytic 2Nth 3Nth
To— 59
Step 033K 2:54:24 12:54 00:36 00:24 00:22
X¢eo — 0.07
Step T,—+ 593K 3:14:41 18:04 00:34 00:22 00:20
Start-up 4:43:26 28:39 00:29 00:17 00:14
Disturb: To — 60
sturbance  To~ 602K 4 sg.4 23:10 0031 00:20  00:17

(50 sec.) Xco — 0.072
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Figure 28 shows comparisons of the transient gas and solid axial
temperature profiles for a step-input change with the full model and the
reduced models. The figure shows negligible differences between the profiles at
times as short as 10 sec. Concentration results (not shown) show even smaller
discrepancies between the profiles. Additional simulations are not shown since
all showed minimal differences between the solutions using the different linear
models. Thus for the methanation system, Marshall’s model reduction
provides an accurate 2Nth-order reduced state-space representation of the
original SNth-order linear model.

675 P s m
650 |- 3
625 ]

X - B

= 600 3
575 [ FULL LINEAR MODEL :

|- —— — QUASL STEADY STATE FOR CONCENTRATION b
b mmmm e NEGLIGIBLE ACCUMULATION OF ENERGY IN GAS ]
550 [ 1 1 1 1 IR | N 1 —
0.0 0.2 04 0.6 0.8 1.0
z
L
675 ———— 7]
650 R

X 625 ]

e :
600 7]
575 - FULL LINEAR MODEL %

[ —— — QUASI STEADY STATE FOR CONCENTRATION :
t ------ NEGLIGIBLE ACCUMULATION OF ENERGY IN GAS
550 C L i ) 1 o L 1 L
0.0 0.2 0.4 0.6 0.8 1.0
Z
L

Fic. 28. Transient axial temperature profiles during start-up, type I conditions.
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The excellent dynamic agreement between the original and reduced models
(Fig. 28) can be explained by the eigenstructure of the reduced system. As
shown in Fig. 29, the eigenvalues of the reduced model are nearly identical
(with 1%) to the dominant eigenvalues of the original model. Thus the
dynamic behavior is nearly identical to that which would result from modal
reduction using Davision’s method. The advantage then of Marshall’s modal
reduction for the methanation reactor model is that some contribution of the
“fast” modes is still retained in the algebraic equations that result from the
assumptions. These contributions lead to small deviations in the remaining
eigenvalues and eliminate steady-state discrepancies without seriously affect-
ing the dynamic responses.

Since the 2Nth-order reduced model based on Marshall’s reduction
procedure accurately simulates the performance of the full linear model for a
large range of input changes and disturbances, there is little or no incentive to
attempt other techniques. If, however, further model reduction is desired or
necessary for control studies, more powerful reduction techniques would be
needed since the eigenvalues of the 2Nth-order model are of similar
magnitudes and simple elimination of the larger ones may lead to major
errors.

0.10 T T T T T T T T
0.08 o FULL MODEL .
i x REDUCED MODEL
0.06 .
0.04 -
o.02| 4
0.00 x ¥ ax -
-0.02} _

-0.04| .

-0.06~ -

IMAGINARY PART OF EIGENVALUE

-0.08 .

-0.10 1 1 Il ] 1 | i L
-0.08 -0.07 -0.05 -0.03 -0.01

REAL PART OF EIGENVALUE

F1G. 29. Dominant eigenvalues of the full and reduced models, type II conditions.
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One possible procedure for further reduction would be Litz’s modal
reduction described in detail by Bonvin (1980). Litz proposed that the
contribution of the nondominant modes be taken as a linear combination of
the dominant modes rather than simply being neglected. The appropriate
linear combination is determined in order to minimize the error between the
responses of the nondominant modes in the original and in the reduced-order
models. Bonvin (1980) further explains that the eigenvalues of the reduced
model are identical to the dominant eigenvalues of the original model, but the
eigenvectors are given a new optimal orientation. Bonvin uses this technique
to reduce a 24th-order model for a tubular autothermal reactor to a Sth-order
reduced model. He concludes that Litz’s procedure is superior to all other
modal approaches.

XI. Nomenclature

A State matrix P Total pressure neglecting mole
A;,B;  Collocation weights for first and change, atm
second derivatives P, Partial pressure of species i, atm
B Control matrix Pe Peclet number
¢ Concentration, gmoles/cm? r Radial coordinate, cm
¢, Heat capacity, cal/g K Te Radial collocation point
d Disturbance vector R Reaction rate, gmole/sec cm3
d; Radial collocation weights Ry, R, Radius of thermal well and outer
D Bulk molecular diffusivity, cm?/sec wall, respectively, cm
E, Activation energy, cal/gmole R’ Normalized reaction rate
fu. 12 Pressure-dependence constants for R, Universal gas constant, 1.987 cal/
steam-shift reaction rate gmole K
hy; Heat transfer coefficient between t Time, sec
phases i and j, cal/sec cm K T Absolute temperature, K
AH Heat of reaction, cal/gmole u Control vector
k Thermal conductivity Uy Interstitial velocity of gas, cm/sec
ko Reaction rate constant U; Overall heat transfer coefficient be-

k. k, Radial and axial thermal conduc- tween phases i and j, cal/sec K
tivity. respectively, cal/sec cm K Normalized fluid velocity, u,/ T,

o
LY

K,,K, Methanation reaction rate con- v, Axial fluid velocity, cm/sec
stants, atm ™! 14 Volume, cm?

K, Equilibrium constants for meth- w; Weighting functions
anation, aim 2 X State vector

L, Lagrangian polynomials X; Mole fraction of species i

L Reactor length, cm y Output vector

M, Molecular weight of gas, g/g-mole Vi Normalized mole fraction, £;/X20

N, Molar flux with respect to station- z Axial coordinate, cm

ary coordinates, g-moles/cm? sec
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Greek Letters

a Dimensionless axial dispersion pa- A Diagonal matrix of eigenvalues
rameter I Viscosity

B Dimensionless radial dispersion w Constants from radial collocation
parameter ¢o Normalized radius of thermal well,

o Moles CO reacted in methanation Ry/R,
per total inlet moles ¢,,¢, Dimensionless heats of reaction

€ Void fraction of bed p Density, g/cm?

n Dimensionless radius o Dimensionless reaction coefficients

b Dimensionless heat transfer coeffi- T Dimensionless pressure drop,
cient Po.y/Pio—1

K Dimensionless heat generation pa- 9 Normalized time, (tu,,)/L
rameters (] Normalized temperature, T/T,

A Eigenvalues 14 Normalized axial coordinate, z/L

Aix Biot numbers

Subscripts and Superscripts

0 Value at inlet s Solid catalyst

b Reactor bed S Steam-shift reaction

g Gas t Thermal well

h Heat w Cooling wall

m Mass z Axial

M Methanation reaction h Based on inlet conditions

r Radial - Steady state
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KINPTR (MOBIL’S KINETIC REFORMING MODEL):
A REVIEW OF MOBIL’S INDUSTRIAL
PROCESS MODELING PHILOSOPHY

Michael P. Ramage, Kenneth R. Graziani, Paul H. Schipper,
Frederick J. Krambeck, and Byung C. Choi

Mobil Research and Development Corporation
Paulsboro Research Laboratory
Paulsboro, New Jersey 08066

l. Introduction

In the late 1960s, Mobil Research began the development of a mathematical
simulation of the reforming process based on first principles of reaction
chemistry, kinetics, and thermodynamics. The model was completed in 1974
and extended to include catalyst deactivation in 1979, Since 1974 the model
has been used extensively throughout Mobil to optimize commercial reformer
performance, to monitor Mobil’s worldwide reformers, to evaluate commer-
cial catalysts, to design new reformers, and to predict aromatics yield for
petrochemical feedstocks. Because the model was developed from a funda-
mental basis, it has also been invaluable to Mobil’s research efforts particu-
larly in evaluating novel process designs, investigating catalyst improvements,
and diagnosing commercial reformer problems. In addition, it has served as an
excellent educational tool to teach personnel the interactions and trade-offs of
the reforming process.

The model includes fundamental hydrocarbon conversion kinetics devel-
oped on fresh catalysts (referred to as start-of-cycle kinetics) and also the
fundamental relationships that modify the fresh-catalyst kinetics to account
for the complex effects of catalyst aging (deactivation kinetics). The successful
development of this model was accomplished by reducing the problem
complexity. The key was to properly define lumped chemical species and a
minimum number of chemical reaction pathways between these lumps. A
thorough understanding of the chemistry, thermodynamics, and catalyst
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deactivation was necessary to reduce the problem to a manageable size with-
out loss in accuracy. No model adjustment factors, commonly referred to as
“tuning factors,” are needed to simulate the wide range of conditions under
which Mobil’s commercial reformers operate.

Over 30 man-years of effort were involved in developing the model, which is
named KINPTR, an acronym for kinetic platinum reforming model. Since
its development, KINPTR has had a major impact in Mobil’s worldwide
operations. It can be accessed by personnel at each of Mobil’s locations
throughout the world. Input requirements are simple and convenient making
it very user friendly. Only feed characteristics, product quality targets, process
configuration information, and process conditions are required for input.
Output is informative and detailed. Overall and detailed yields, feed and
product properties, and reactor performance data are given in the output.

In this chapter the following topics will be reviewed: KINPTR’s start-of-
cycle and deactivation kinetics, the overall program structure of KINPTR, the
rationale for the kinetic lumping schemes, the model’s accuracy, and examples
of KINPTR use within Mobil. As an example, the detailed kinetics for the Cg
hydrocarbons are provided.

Il. Reforming Process

KINPTR is an overall process model; thus it simulates all important as-
pects of the process which affect performance. In order to lay a foundation
for upcoming discussions related to KINPTR development, the important
aspects of naphtha reforming—chemistry, catalysis, and reactor/hardware
design—will be summarized. More extensive reviews are available in the
literature (1-3).

A. CHEMISTRY

Commercial reformers upgrade virgin and cracked naphthas in the 5-12
carbon number range (in 310-490 K boiling range) to high-octane gasoline.
Most virgin naphthas from crude oil have octane numbers below 65; this
results from their high naphthene (cycloparaffin) and n-paraffin content. The
reformer converts naphthenes and paraffins to high-octane aromatics and
branched paraffins (Table 1). In addition, low-carbon-number paraffins (Cs-)
outside the gasoline boiling range are produced and there is a net generation
of H, across the reformer. These transformations take place through a
complex set of chemical reactions which involve over 300 chemical species, as
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TABLE I

REFORMING CHARGE AND PrODUCT COMPOSITIONS?

Mid-Continent Arabian Light
Cs., composition (wt. %) Charge Product Charge Product
i-Paraffins 272 214 331 26.0
n-Paraffins 28.0 10.0 343 124
Naphthenes 329 0.8 18.3 0.8
Aromatics 119 67.8 14.3 60.8
C;, research octane 64.2 99.1 <60 97.1

2 Reformer conditions: 3103 kPa, 783 K, 10/1 recycle ratio, 1.3 LHSV.

identified by gas chromatography. In general, reactions can be classified by
type as shown here.

Paraffin Ring Closure

CH,CH,
nC,H,, —— Q/ +H,
CH,
nC,H,, —— +H,

Paraffin Isomerization

c-c-cc-c-c

/7

c—C—C—C—-C—C-C

D N

!
c—C—C—C—C

Naphthene Isomerization

i CH,CH, :: CH,

Naphthene Dehydrogenation

c—C c—C
(T =)
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Paraffin Cracking
nC,H,q + H, —— C,H, + C;H,

Aromatic Dealkylation

C
HZ +©/ T @ ’ CH‘

Reaction parameters for the classes of reactions vary widely, as shown in
Table II. As a result, different reaction classes dominate at various locations
along the reaction pathway, as shown by the “zones” on Fig. | for reforming a
mixture of C, components. The dehydrogenation reactions are very rapid and
quickly approach equilibrium concentration, as indicated by an initial rapid
increase of aromatics (zone A). These reactions are highly endothermic. In
zone B, cyclopentanes are isomerized to cyclohexanes, which are in turn
rapidly dehydrogenated to aromatics. Also, paraffins are isomerized to higher
branched paraffins. Ring closure and paraffin cracking are slow steps in the
reaction sequence (zone C). Paraffin reactions are critical in the reforming
process. Paraffins are converted through three reactions; ring closure to
five- and six-carbon-member naphthenes [cyclopentanes (N;) and cyclo-

TABLE 11

REACTION PARAMETERS FOR TYPICAL REFORMING REACTIONS

Relative
Reaction class reaction rate AHgx (kJ/mole)

Dehydrogenation

O _ @ +3H, Very rapid (51) 400

Ring/paraffin isomerization

Ring closure

C—C—C—C—C—C —=

c
Q/ Rapid (2) —27
c
Q/ Very slow (0.01) 120
Paraffin cracking

C—C—C—C—C—C—— C—C—C—C+C—C Slow(0.03) -37
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T ZONE B | ZONE C

Concentration (Wt 96)

25

Catalyst Contact Time (Sec)

F1G. 1. Reaction composition profile. Reforming at 794 K, 2620 kPa. Zone A; dehydrogena-
tion zone; zone B; isomerization zone; zone C; hydrogenation and cracking zone. [Charge stock:
A, hexane (HEX); [, benzene (BENZ); V, cyclohexane (CH); O, methylcyclopentane (MCP).]

hexanes (Ng)], isomerization to branched paraffins, and cracking to lower-
carbon-number paraffins. The ring closure reaction will increase octane
the most since naphthenes in turn rapidly convert to aromatics. However,
the ring closure rate is slow and approaches that of paraffin cracking. The
similarity of these two reaction rates causes a significant gasoline yield loss
when the reformer severity is “pushed” to make high octane (high aro-
matic yield). Also, thermodynamics has a pronounced effect on the ben-
zene yields in zone C. Benzene concentration drops since the reaction
sequence is reversible. Benzene, after being formed in zones A and B, is hy-
drogenated to naphthenes which ring open to paraffins. Paraffins can then
ultimately crack to C,- light gas. Therefore, in general, process conditions
which favor ring closure over cracking and ring opening are desirable. Such
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TABLE III
AROMATIZATION SELECTIVITIES OF
PARAFFINS®
Carbon number 1241 kPa 3103 kPa
6 0.26 0.04
7 0.41 0.19
8 0.63 0.54

“ Weight of aromatic produced divided by
weight of paraffin converted at 783 K.

conditions are, for example, low pressure, high temperature, and increased
paraffin carbon number. Aromatization selectivities for paraffins as a func-
tion of pressure and carbon number are listed in Table III.

An important part of the model development was first defining a set of
“lumped” chemical species from the 300 identified species and then defining

80 T T T T
Ce 370 K Mid-Continent Naphtha
680 kPa
60 [~ 1380 kPa
| ——
&
3
2760 kPa
O
e
40 -
K
+
4140 kPa
o
20 - —
5500 kPa
0 1 1 1 1
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Temperature, K

FiG. 2. Effect of operating conditions on aromatics formation.
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the reaction pathways between the lumps so that reaction profiles, such as
those shown in Fig. 1, could be predicted. Most reforming reactions are
reversible, Thus, thermodynamic constraints play an important role in
understanding the reforming chemistry and in model development. Aromatics
formation as a function of pressure and temperature, from a C;, — 370 K Mid-
Continent naphtha is shown in Fig. 2. High yields of aromatics are favored by
low pressures and high temperatures. Conditions which favor high aromatic
yields also give high overall gasoline yield because side reactions to Cs-
paraffins are minimized. The window of operation for commercial reformers is
indicated by the shaded area in Fig. 2. Pressures below 680 kPa are not yet
feasible in commercial operation because of rapid catalyst deactivation. As
shown in Fig. 3, the relative rate of aging increases significantly as the reformer
pressure is reduced. Semiregenerative reformer designs operate in the pressure
range of 1700 to 4100 kPa and have cycle lengths from 0.5 to 2 years. Universal
Oil Products’ (UOP’s) continuous regeneration reformers and Exxon’s cyclic
reformers operate at lower pressures (~680 kPa for UOP’s continuous

Cs 466 K Arab Light Naphtha
At 80 R+0 Octane, 1.4 LHSV, 7.2 H; Recycle Ratio

Rate of D
(o}

Balatl

0.5 — _1

O

[} | 1 i 1
1000 1500 2000 2500 3000 3500

Pressure, kPa

F1G. 3. Pressure effect on deactivation rate.
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reformer) to increase the yield of high-octane components. The average
catalyst cycle length is as short as 1 week for the continuous reformer. The
trade-off between high yields and reasonable cycle lengths is one of the
interesting and important optimization problems for a reforming model.
Although the reaction classes discussed earlier are sufficient to describe the
hydrocarbon conversion kinetics, an understanding of the elementary re-
action sequence is needed to describe catalyst deactivation. Several of the
overall reactions require formation of olefinic intermediates in their elemen-
tary reaction sequence. Ultimately, these olefinic intermediates lead to coke
formation and subsequent catalyst deactivation. For example, the ring closure

reaction
c—C
=T n

requires paraffin dehydrogenation to an olefin and, subsequently, carbon
skeleton rearrangement to a cycloparaffin.

CH, —— CH,+H,

H
Q—C—c

Also, a normal paraffin is converted to an isoparaffin first by dehydrogena-
tion to a straight-chain olefin, then by rearrangement to form an isoolefin,
and by hydrogenation to an isoparaffin.

For example, in the ring isomerization reaction, methylcyclopentane forms
a methylcyclopentene intermediate in its reaction sequence to cyclohexane.
The intermediate can also further dehydrogenate to form methylcyclo-
pentadiene, a coke precursor. Bakulen et al. (4) states that methylcyclo-
pentadiene can undergo a Diels—Alder reaction to form large polynuclear
aromatic coke species. Once any olefinic intermediate is formed, it can either
go to desired product or dehydrogenate further and polymerize to coke
precursors. This results in a selectivity relationship between the desired
products and coke formation as shown on the next page.

Catalyst deactivation is primarily caused by the blockage of active sites due
to the coke formed from these olefinic intermediates. Higher hydrogen
pressures suppress the diolefin formation, making the selectivity between
olefinic intermediates and liquid products (in contrast to coke products) more
favorable. However, higher pressures reduce selectivity to aromatics in the
desired liquid product. Thus, a rigorous model must accurately predict not
only the rates of product formation, but also the formation of coke precursors
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and their effect on catalyst deactivation over a wide range of reactor
temperatures and pressures.

B. REFORMING CATALYSIS

Typical reforming catalysts are Pt/Re on Al,0, and Pt/Ir on Al,O5. Both
metals and the support play key roles in the catalysis. The role of platinum is
to catalyze dehydrogenation—hydrogenation reactions. Chlorided alumina
acts as an acid and catalyzes carbon skeletal rearrangement through
carbonium ion mechanisms. Proper acid activity is generally maintained by
injecting trace amounts of a chloride compound with the feed. The second
metal, either rhenium or iridium, acts as a stabilizer and suppresses catalyst
deactivation. It can also affect reaction selectivity. The role of the second metal
in catalyst stabilization is not fully understood and is the subject of current
industrial and academic research.

Except for naphthene dehydrogenation, which only requires a Pt site for
catalysis, all the other major reactions require an interaction between sites.
Ring and paraffin isomerization require the platinum function for dehydro-
genation to olefin, the acid function for carbon skeletal rearrangement, and the
metal function again for hydrogenation of the olefin.



202 M. P. RAMAGE et al.
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Ring closure can proceed through dehydrogenation of the paraffin on a
platinum site followed by carbon skeletal rearrangement on an acid site.
However, there is also evidence (5) that it can proceed directly on a single site
composed of Pt, alumina, and chloride.

CHyg = o C;H,, + H,
Al,O3
Pt/A)120;3
chloride

Cracking reactions can take place on either the acid site or the platinum site.
Acid cracking is characterized by the formation of C; and C, paraffins due to
the carbonium ion mechanism. Metal cracking (hydrogenolysis), as shown by
Sinfelt (19), is random and forms more C, and C, gases relative to acid
cracking.

As mentioned previously, the catalyst deactivates because of coke forma-
tion on the Pt and acid sites. The overall scheme for ethylcyclopentane is
shown here.

c—C
+ Pt

-
Cc—C Cc—C
— ————-> Coke

Pt Acid
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It is commonly thought that the second metal, Re or Ir, lowers the formation
rate of these coke precursors®,

A kinetic reforming model must properly represent these catalyst effects.
Thus, catalyst composition and state factors such as metal type and activity,
acid activity through chloride control and alumina type, and the role of the
second metal must be built in to the kinetics.

C. RErORMER REACTOR CONFIGURATION

Commercial designs take into account the complex characteristics of the
reforming reaction network. In order to show how these characteristics are
factored into a design, a semi-regenerative reformer configuration with light
gas recycle to the first reactor bed (Fig. 4) will be discussed here. In this design
example, the catalyst fill is split between three adiabatic reactor beds of
unequal size, with equal inlet temperatures. The catalyst fill in each reactor is
primarily determined by the adiabatic temperature changes which take place
during conversion. For optimal performance, catalyst deactivation is also a
factor in establishing the fill ratios. The recycle stream is the light gas coming
off a low-pressure separator and has a composition which is 65 to 959, H,.
The composition of this gas can be changed by adjusting the conditions of
the separator. It also will change with reformer severity, naphtha type, and
catalyst age.

[Note: Typically in reformer design, liquid hourly space velocity (LHSV) is
defined as fresh liquid charge volumetric flow rate divided by catalyst volume.
Catalyst volume includes the void fraction and is defined by W, /p ( — ¢).]

A typical reformer temperature profile for an inlet temperature of 783 K is
shown in Fig. 5 for a three-reactor design. Only 15-20% of the total catalyst
is used in the first reactor because of the rapid temperature decrease
which results from naphthene dehydrogenatiorn (Fig. 6). Note there is a 70 K
temperature drop in this reactor. The activation energies are such that
reaction rates are very low at the bottom of the first reactor. Thus, more
catalyst in the first reactor would not provide additional conversion.

o

Recycle Gas

P~ Product Gas (Cs)

. & M/ @ Separator
N:gmha
d

(Low Oectane)

Reformat
— (HIg'h g::'t'a:a)

FiG. 4. Typical semi-regenerative catalytic reformer.
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After the product is reheated to 783 K for the sccond reactor inlet, the
remaining five-member-ring naphthenes are isomerized to six-member rings,
which are subsequently dehydrogenated to aromatics. Notice that this occurs
in the “top” of the reactor bed, with a corresponding large temperature drop.
Once the five-member ring naphthenes are reacted, equilibrium constraints on
the paraffin ring closure reactions are relaxed and these reactions proceed. As
mentioned earlier, paraffin cracking always proceeds at rates similar to ring
closure.

Following a second preheat to 783 K, paraffin ring closure and cracking
occur in the last reactor. Since the cracking rate is exothermic, there is only a
small drop in temperature in the third reactor., Process conditions—tem-
perature, pressure, space velocity, etc.—can have a significant effect on the
selectivity between paraffin ring closure and cracking. In a refiner’s language,
conditions have a large impact on the yield-octane relationship. Since
reformers are typically operated to give a target reformate octane, sufficient
paraffin conversion must be obtained in the third reactor to meet the target.

As the catalyst deactivates, reactor inlet temperature must be increased to
maintain the target octane. A typical temperature profile as a function of
process stream time is shown in Fig. 7. The temperature increase further

Inlet

Reactor
Temperature
From KINPTR

Time on Stream

+

s
Yield

From KINPTR

Time on Stream

FiG. 7. Aging curve for typical semi-regenerative operation.
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enhances the rate of deactivation. In addition, deactivation changes the
catalyst acid—metal balance and thus its selectivity. With deactivation, more
of the octane boost arises from cracking of paraffins (instead of aromatiza-
tion), which lowers gasoline yield at target octane. When the temperature
reaches the reactor metallurgy limit or the gasoline yield losses become too
large, the catalyst must be regenerated. Cycle lengths between regenerations
are typically 0.5-2 years in a semi-regenerative reformer.

lil. Development of Reforming Kinetics

An effective kinetic reforming model must accurately represent the chemical
interactions of a system which contains over 300 chemical species, as
measured by gas chromatography. To model such a complex system with all
species would be extremely difficult. However, if the correct assumptions
are made, the size of the problem can be reduced without losing accuracy.
The large number of chemical components can be reduced to a manage-
able, smaller set of kinetic lumps, each composed of chemical species which
have sufficiently similar reaction characteristics. Weekman (7), Luss and
Hutchinson (20), and Wei and Kuo (21) provide detailed discussions on the
philosophy of defining kinetic lumps for complex reaction systems. We
employed a similar strategy in developing KINPTR. The kinetics are defined
in terms of a minimum set of lumped chemical species having a minimum, yet
sufficient, number of reaction pathways between them. If the lumps and
pathways properly describe the reforming system, the kinetic rate parameters
will be independent of feedstock composition and will not require additional
correlative adjustment factors for accurate predictions.

In the model development, the following strategies were employed.

1. The hydrocarbon lumps and reaction network for both the start-of-cycle
and the deactivation kinetics were defined.

2. The start-of-cycle kinetic problem was uncoupled from the deactivation
kinetics by taking advantage of their widely different time constants.

3. An experimental design was developed which uncoupled the overall
problem into a number of smaller parameter estimation problems. This
approach reduced confounding between parameters, for both start-of-cycle
and deactivation kinetics.

For the start-of-cycle kinetics, the following assumptions were made.

1. The nonlinear rate expressions were of the pseudo-monomolecular form
(8), which allowed the nonlinear parameter estimation problem to be split into
two simpler linear problems.
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2. The model followed mass action kinetics with Langmuir—Hinshelwood
adsorption.

3. The model satisfied microscopic reversibility with the equilibrium
constraints determined a priori from free energy data.

4. The reaction steps were consistent with known pure component
behavior. For example, a benzene cracking reaction was not allowed.

5. Diffusional effects were combined into apparent kinetic rate constants by
using commercial-sized catalysts in kinetic experiments. The experiments were
designed so that no significant external transport and axial dispersion effects
occurred.

For the deactivation kinetics, the following assumptions were made.

1. Catalyst activity loss was caused by coke formation only.

2. Deactivation could be modeled by using first-order irreversible aging
rates.

3. The model followed single-site, nondissociative, Langmuir—Hinshel-
wood poisoning. This resulted in the same adsorption coefficients for deac-
tivation and start-of-cycle kinetics.

In addition, based on pure component studies, the aging rates were found to
depend on time and also on the local temperature, pressure, and composition
in the vicinity of the catalytic site. Thus, aging rates for each reaction vary
axially along the reactor length.

The validity of these assumptions will be demonstrated by KINPTR’s
ability to predict the wide range of commercial reformer performance and
feedstock with no additional parameters.

A. LUMPING SCHEME AND REACTION NETWORK

The same criteria were used for start-of-cycle and deactivation lumping.
Start-of-cycle lumping was based on thermodynamics and molecular—
reaction similarity. The deactivation kinetic lumps contain the start-of-cycle
lumps as a subset. The additional deactivation lumps were required to
properly describe the effect of carbon number on aging rate.

1. Start-of-Cycle Lumping Scheme

Examples of thermodynamic equilibria are shown in Table IV. The con-
version of five- and six-member ring naphthenes to aromatics is quite
favorable. Methylcyclopentane conversion is the least favorable. Equilibria
for aromatic formation improves with carbon number. For five-member
ring naphthenes, the largest improvement occurs between the six-carbon
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TABLE 1V

REFORMING EQUILIBRIA®

Carbon number A/Ng? A/Ng (N5 Ng)/P?
6 46 23 —-37
7 54 42 -24
8 6.3 5.8 —14
9 71 7.0 —14

¢ Conditions: 756 K and 1360 kPa.
* Natural log of weight ratio; A, aromatics; N, C¢ naphth-
enes; Ny, Cs naphthenes; P, paraffins.

and seven-carbon components. The difference diminishes at higher carbon
numbers.

Paraffin conversion to naphthenes is very unfavorable (last column of
Table IV). For paraffins to be converted to naphthenes by ring closure,
naphthenes must be at very low concentrations. If appreciable naphthenes
exist, such as at short catalyst contact times, naphthene ring opening to
paraffins can occur. Again, equilibria improve with carbon number. Eight-
and nine-carbon paraffins behave quite similarly.

This wide variation in thermodynamic behavior requires that paraffins,
cyclopentanes, cyclohexanes, and aromatics be treated separately in an
accurate lumping scheme. Carbon number effects on the lumping scheme are
indicated in Table IV, but are shown more clearly in Fig. 8. Aromatic
selectivity (aromatic weight yield/weight hydrocarbon charged) for the
molecular classes is presented as a function of carbon number and represents
the effects of both thermodynamics and reaction kinetics. With carbon
number, selectivity changes considerably between six-carbon, seven-carbon,
and eight-carbon paraffins and cyclopentanes. For hydrocarbons containing
eight or more carbon atoms, the selectivity within a molecular class does not
vary significantly. Therefore, within a molecular class, the carbon number
lumps Cq4, C,, and Cg+ can be assumed.

Start-of-cycle kinetic lumps in KINPTR are summarized in Table V. A Cs-
light gas lump is required for mass balance. Thirteen hydrocarbon lumps are
defined. The reforming kinetic behavior can be modeled without splitting the
lumps into their individual isomers (e.g., isohexane and n-hexane). Also, the
component distribution within the Cs- lump can be described by simple
correlations, as discussed later. The start-of-cycle reaction network that
defines the interconversions between the 13 kinetic lumps is shown in Fig. 9.
This reaction network results from kinetic studies on pure components and
narrow boiling fractions of naphthas. It includes the basic reforming reactions
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FiG. 8. Component reforming efficiencies at 756 K, 1379 kPa.

TABLE V

KINPTR START-OF-CYCLE KINETIC LUMPS (INDEX)

Carbon Six-carbon-ring Five-carbon-ring
number naphthenes (Ng) naphthenes (N5) Paraffins (P) Aromatics (A)
Cq- Cy- cyclohexanes (1) Cjg- cyclopentanes (2) Cg- paraffins (3) Cg. aromatics (4)
C, Methylcyclohexane (5)  Cyclopentanes (6) Heptanes (7) Toluene (8)
Ce Cyclohexane (9) Methylcyclopentane (10) Hexanes (11) Benzene (12)
Cs- Cs- hydrocarbons (13)

of cracking, ring closure, ring isomerization, and dehydrogenation. Those
reactions between lumps of the same carbon number are reversible. Those
reactions coupling carbon number levels (cracking) are irreversible. Note that
for the six-carbon components, the reactions follow a simple, consecutive
reaction sequence with no direct paraffin dehydrocyclization to six-carbon
rings.

In general, the lumping scheme and reaction network of our model are
considerably less complicated than that of Kmak (9).
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FiG. 9. Reforming lump reaction network. N, cyclopentane and cyclohexane naphthenes;
P, C,. paraffins; A, aromatics; Cs-, pentane and lighter.

2. Deactivation Lumping Scheme

Experiments performed both in our laboratory and by others (4) show that
aging is a strong function of boiling point, with the higher boiling components
producing a much higher deactivation rate. The aging rate for a given class of
reaction—such as ring closure—is a strong function of carbon number. For
example, the effect of aromatic carbon number on the ring closure deactiva-
tion rate is given in Table VI. Therefore, while Cg+ components can be lumped
together in the start-of-cycle kinetics, they must be delumped for the aging
kinetics into Cg, C,, C,q, and C;, hydrocarbon types. However, the same
molecular classes can be assumed. Components required in the deactivation
kinetics are given in Table VIIL.

TABLE V1

ErFFeCcT OF AROMATIC CARBON NUMBER ON
RING-CLOSURE AGING RATES

Contribution to ring

Aromatic carbon number closure aging rate”
Cs 0
C, 1.0
Cy 1.0
C, 1.0
Cio 20
Cy 140

“ Relative to C, aromatic contribution.
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TABLE VII

COMPONENTS OF AGING

Component number Component name Component abbreviation
22 Hexanes CsP
21 Methylcyclopentane CgNj
20 Cyclohexane CeNg
19 Benzene CeA
18 C, paraffins C,p
17 C, cyclopentanes C,Ng
16 C, cyclohexanes C,Ng
15 Toluene C,A
14 Cg paraffins CgP
13 Cg cyclopentanes CgN,
12 Cg cyclohexanes CgNg
11 Cq aromatics CsA
10 C, paraffins C,P

9 C, cyclopentanes CoNg
8 C, cyclohexanes CoNg
7 C, aromatics CoA

6 C,, paraffins CioP
5 C,, naphthenes C,oN
4 C,, aromatics CioA
3 C, ; paraffins C,P
2 C,, naphthenes C,N
1 C, aromatics C;A

B. MATHEMATICS FOR DETERMINING KINETIC CONSTANTS

The general mathematical description for determining reforming kinetics is
shown below for hydrocarbon conversion and deactivation rates, respectively,

ow/ov = f,(T, P,, & W) (1)
3a/ot = f(T, P,, W) 2)

where w is the hydrocarbon composition vector and & is the catalyst state
vector (i.e., & = 1.0 signifies start-of-cycle activity). This set of highly coupled
nonlinear partial differential equations describes both the catalyst deacti-
vation and the hydrocarbon conversion through the reactor. Temperature,
w, and & all vary with both fractional catalyst volume through the reactor v
and with time on stream t. Also, the rate of deactivation (a&/dt) depends on
hydrocarbon composition w, and the rate of conversion (0w/dv) depends
on catalyst state & This composition-dependent approach to aging differs
significantly from other approaches (10, 11).
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This complex system would be difficult to solve directly. However, the
problem is separable by taking advantage of the widely different time scales of
conversion and deactivation. For example, typical catalyst contact times for
the conversion processes are on the order of seconds, whereas the time on
stream for deactivation is on the order of days. [Note: Catalyst contact time
is defined as the volume of catalyst divided by the total volumetric flow in the
reactor at unit conditions, PV/FRT. Catalyst volume here includes the voids
and is defined as W,/p (1 — &)]. Therefore, in the scale of catalyst contact time,
& is constant and Eq. (1) becomes an ordinary differential equation:

dw/dv = f|(T, P,, W, &) 3)
At start of cycle, @ equals 1 and
dw/dv = f|(T, P,, W) at t = 0 (start of cycle) 4)

However, in handling the deactivation problem, Eq. (2) must still be solved in
combination with Eq. (3).

1. Start-of-Cycle Kinetic Formulations

Reaction rates for the start-of-cycle reforming system are described by
pseudo-monomolecular rates of change of the 13 kinetic lumps. That is, the
rates of change of the lumps are represented by first-order mass action kinetics
with the same adsorption isotherm applicable to each reaction step. Following
the same format as Eq. (4), steady-state material balances for the hydrocarbon
lumps are derived for a plug-flow, fixed bed catalytic reformer. A nondis-
sociation, Langmuir—Hinshelwood adsorption model is employed. Steady-
state material balances written over a differential fractional catalyst volume dv
are the following:

dw/dy = pRw (5)
where

_ (PV/FRT)k,
" [1+ K,P, + (PF,/F)K,, - W]

and where P, P, are the total and hydrogen pressures, respectively; V is the
total catalyst volume [W,/p,(1 — &)]; v is the fractional catalyst volume; T is
the temperature; F is the total molar flow rate; F, is the mass flow rate of
hydrocarbon charge; K,,, K, are the adsorption equilibria coefficients; w
is the vector of hydrocarbon weight fractions; K is the pseudomonomolec-
ular selectivity rate constant matrix; and k, is the “real-time” rate con-
stant. Hydrocarbon weight fraction w; is defined on a H,-free basis, where

w; = PFM,/PF(1 — ) (7

¢ (6)
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h being the weight fraction yield of H,, typically 0.01 to 0.02. Therefore for
added simplicity, we further assume that 1 —h~1. In Eq. (7), M; and P, are
the molecular weight and partial pressure of lump j, respectively. Note that
Z;i . W; = 1, where H is not included in the summation. The hydrogen yield h
can be back-calculated from a hydrogen atom balance on the 13 hydrocarbon
lumps.

The following features may be defined in this kinetic description of re-
forming. In Eq. (6), ¢ is the catalyst activity function incorporating the ad-
sorption equilibria effects. Since each reaction rate expression employs the
same adsorption term, it can be factored out of the general rate expressions
and appears as a multiplying function on the matrix K of Eq. (5); K is the
pseudo-monomolecular selectivity rate constant matrix. The elements in this
matrix have the form kj/k,, where kj is the reaction rate constant for the
reaction of the ith hydrocarbon lump to the jth lump. All elements in K are
defined relative to the real-time rate constant k. As with the adsorption terms,
kg is also factored out of the general rate expressions and appears as a matrix
multiplier in ¢. Since k, itself represents the rate constant of one of the
reforming reactions, one element in K will be k,/k, = 1, and kg, may be chosen
arbitrarily. In KINPTR, it is chosen to be the irreversible constant for heptane
cracking to Cs-.

The individual rate constants kj; and k,, follow the Arrhenius form and may
be defined relative to a set of reference conditions. We define rate constants
relative to the experimental conditions of 756 K and 1220 kPa. Their form is

then
E(1 1 P, \"
— 0 =i h
k=k e"p[ R(T 756)](1220) ®

where kiseither k;; or k, and k° is the rate constant at the reference conditions,
E is the activation energy, and n is the reaction order in H,.

For reactions which are reversible, reverse rate constants k; satisfy
microscopic reversibility and are given by

kij = k;(Py)" exp[AS;;/R — AH;;/RT] ©

where AS;; and AHj; are, respectively, the entropy and enthalpy changes of
reaction evaluated at reforming temperatures and y;; is the H, stoichiometric
coefficient. Here AS;; and AHj; for each lump are calculated from heats of
formation and free energies for the individual isomers in each lump.

The preceding equations can be used with appropriate experimental data to
determine the kinetic parameters ky, E,, ng, kj-’i, Ej;, ny, K., and K, . The
pseudo-monomolecular form of Eq. {5) can be used to simplify the parameter
estimation into a selectivity problem (determine K) and an activity problem
(determine ¢). This reduces the original highly nonlinear problem into two
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simpler linear problems. The separation is accomplished by defining a new
independent variable, 1, such that

dw/dt = Kw (10)
where
dt = ¢dv (11)

Equation (10) defines the selectivity kinetic problem since K is the only
parameter to be determined. Equation (10) can be integrated directly to give

w(r) = X exp(A1) X ~1w(0) (12)

where X is the matrix of eigenvectors and A the diagonal matrix of
eigenvalues of the selectivity matrix K. _

As discussed earlier, the selectivity rate constant matrix K contains one
element that is unity, that is, k,/k, = 1. This property allows the elements of K
to be determined from composition data alone. The selectivity time 7, defined
in Eq. (11), does not need to be independently known.

To illustrate the method of determining the selectivity rate constant matrix,
it first must be shown that 7 can be uniquely related to Cs- at any position in
the reactor bed. This can be demonstrated using the C4 system as an example
(see Fig. 10):

Cs- G H —— MCP >*CH—=——=8B (13)
Note that k, in this example is defined as the real-time constant for hexane
cracking to Cs-. In the selectivity matrix for this system this constant is unity.
Thus, Eq. (10), written for C, - formation, becomes

dCs-/dv = H (14)

In Eq. (14), Cs- monotonically increases with t through the hexane
concentration, and therefore is uniquely related to t. Equation (14) allows the
selectivity rate constant matrix to be fit in a selectivity space with the observed
Cs- concentration as the independent variable and all C4+ compositions as
the dependent variables.

During the selectivity kinetic parameter estimation, the relationship for 7 in
terms of C;- is determined from Eq. (12). For an assumed set of rate constants
K, tis calculated for each composition data point such that the experimentally
measured Cs- equals that estimated from Eq. (12). Selectivity composition
profiles as a function of C;- are generated in this manner. The proper
selectivity matrix K will be that which minimizes the deviation between
experimental and predicted profiles for the hydrocarbons other than C;-, as
illustrated in Fig. 10.
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FiG. 10. Determining selectivity kinetics.

Solution to the activity kinetic problem ¢ requires integration of the
selectivity transformation Eq. (11):

L7 1 J‘l d
—dt = v=1 (15)
0 ¢ 0

The right-hand integration is taken over the entire catalyst volume and equals
one when defined in terms of fractional catalyst volume. The left-hand
integration is carried out over the total extent of reaction as defined by total
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C,- yield. Here 1 is the selectivity time when the Cs - yield at v = 1 (the reactor
outlet)is equal to the experimental value of Cs-. Itis determined from Eq. (12),
as discussed earlier. Integration of Eq. (15) requires that the selectivity kinetics
be previously determined. For isothermal reforming reactions, combining
Eq. (15) with Eq. (6) gives

*RTF, *RTF *“RTF
- vy — | = ——Pdr=1 16
K, Jo v PO k¢ py At kJo py 0T (16)
Note that the total hydrogen molar flow F, may be represented equivalently as
F, =FP,/P

Equation (16) can then be rearranged to be linear in the catalyst contact time
parameters:

KW'I—1+12+Kh13=k¢ (17)
where
-~ FRT (¥
== W de (18a)
V. Jo
RT [*
]2 =W . Fdz (18b)
RT
13 =0 th‘t (180)
V- Jo

In order to determine the activity parameters, values of I,, I,, and I; must
be calculated for each experiment. To accomplish this, only the selectivity
kinetics and 7; are required. Here 1; is calculated from Eq. (12) by using the
experimental value of Cs- at v= 1. Note that no other experimental
compositional data are required.

Now I, is determined by substituting the selectivity solution [Eq. (12)] for w
into Eq. (18a):

- FRT
- (%

))?fqexp(ir)dz)?-lwo (19)
4]

As a result of irreversible reforming cracking reactions, the selectivity rate
constant matrix K contains one column of zeros. Therefore, K will always
yield one zero eigenvalue. Let Ay, one of the elements in matrix A, be set
to 0 arbitrarily. After it is realized that Ay = 0, the integration of the expo-
nential diagonal matrix of Eq. (19) is done term by term. In matrix notation,
the integration yields

T, = (F.RT/V)XA*[T* — exp(At)]1X ~'w, (20)
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where A* is a diagonal matrix whose elements are 1/4,, ..., 1/Ay_,, 1, and
I* is a diagonal matrix whose elements are 1, 1, ..., 2.

The analytical integrations for I, and I; [Eqs. (18b) and (18c)] are
complicated by the dependence of F and F,, on composition and therefore on .
Therefore, it was necessary to determine /, and I; numerically. A five-point
Simpson’s integration rule was used (12).

With a set of integrals (I}, I,,and I,)calculated for each experiment, Eq. (17)
can be used to determine k, and the adsorption coefficients. The form of k,
was defined in Eq. (8). The adsorption coefficients are also defined relative to
reference experimental conditions:

—H,,[1 1
K..=K©°. _wif~ T
wi MGXP[ R <T 756)] 21)

—H /1 1
K, — ngxp[ s (? _ ﬁﬂ @)

where H,;, H, are the heat of adsorption (calories per mole) and K;, K¢ are

preexponential adsorption constants (parameters at base conditions).

To effectively determine the start-of-cycle reforming kinetics, a set of
experimental isothermal data which covers a wide range of feed compositions
and process conditions is needed. From these data, selectivity kinetics can be
determined from Eq. (12). With the selectivity kinetics known, Egs. (17) and
(18a)—(18c) are used to determine the activity parameters. It is important to
emphasize that the original definition of pseudomonomolecular kinetics
allowed the transformation of a highly nonlinear problem [Eq. (5)] into two
linear problems [Egs. (12) and (15)]. Not only are the linear problems easier
to solve, the results are more accurate since confounding between kinetic
parameters is reduced.

2. Deactivation Kinetic Formulation

Following the general form of Eq. (3), hydrocarbon conversion with
deactivation is given by

dw/dv = ¢K(@)w (23)

The elements of & range in value from 0 to 1 and are the ratio of the reformer
kinetic constants at time on stream ¢ to the values at start of cycle. At any time
on stream ¢, the deactivation rate constant matrix K(&) is determined by
modifying the start-of-cycle K with & From the catalytic chemistry, it is
known that each reaction class—dehydrogenation, isomerization, ring
closure, and cracking—takes place on a different combination of metal and
acid sites (see Section IT). As the catalyst ages, the catalytic sites deactivate at
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different rates. Rather than attempt to determine the interaction of the sites
during deactivation, each class of reaction is assumed to deactivate as if it took
place on its own unique site, a combination of metal and acid catalytic sites
(18). Thus, the deactivation can be lumped by the four reaction classes, re-
sulting in a four-parameter catalyst state vector, & = oy, (dehydrogenation),
o, (ring isomerization), ag (ring closure), and a¢ (cracking). In addition, it is
assumed that these four “sites” cannot distinguish between hydrocarbons of
different carbon number. Therefore, & is applied independent of carbon num-
ber, as shown in Fig. 11. The appropriate modification of K by & is defined
by this figure. [For example, see Eq. (47) later in this chapter.]

With & defined, the functional form for each rate of deactivation da/dt must
be determined. The primary cause of catalyst deactivation under reforming
conditions is the buildup of coke, which blocks active sites on the catalyst and
prevents further reforming reaction.

In our mechanism, coke formation is due to the presence of olefins, which
occur as intermediate species during the reforming reactions. As discussed in
Section II, these olefins can go either to products or to coke precursors. The
deactivation caused by feed poison, catalyst sintering during regeneration, or
improper regeneration techniques is not considered in this development.

Reforming experiments at Mobil have shown that the aging rate due to coke
formation is a function of the local composition at any position in the catalyst
bed and varies with time on stream. Isothermal experiments were performed
on mixtures of pure C, components over a fresh Pt—Re bimetallic reforming
catalyst at accelerated aging conditions (low hydrogen partial pressure and
high temperature). Aging data with time on stream are shown in Fig. 12afora
methylcyclopentane—hexane charge. The yield of benzene at a position 159
into the bed drops fairly rapidly from 55 wt. % initially to 12 wt. %, in about
1 day. Further aging at this point in the bed does not occur because the bed

e I o
Columps: Gy +———— P IT= = Ny = Ny " A — =y
Qx
(2]
ac| | o el \ac
— G o~ a
C,lumps: Cy =t Po——=Nys———Ny3s——A % ¢y
g
ac qn ac
Cs Lumps: cl'G—QC_' P — Ns = N¢ = A

FiG. 11. Reforming reaction network modified by catalyst state vectors. N, cyclopentane and
cyclohexane naphthenes; P, Cq. paraffins; A, aromatics; C;-, pentane and lighter.
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FiG. 12. Cgaging on Pt/Re catalyst at 794 K, isothermal; 445 kPa HC partial pressure; 928.5

kPa H, partial pressure.

is deactivated. The end of the reactor, however, still has significant activity
after 1 day of aging. Activity continues to decline with time on stream as the
compositions of the severe aging precursors move farther into the bed. These

results suggest bandwise aging in this isothermal experiment.
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Further experiments were performed to investigate the effect of charge
stock composition on catalyst aging. Aging data at the same conditions but
with a feed of benzene and cyclohexane are also shown in Fig. 12b. This charge
stock does not age the catalyst either in the initial part or at the end of the
reactor bed. From these data and other similar aging studies, it was concluded
that aging is a function of the local composition in the bed. As previously
mentioned, start-of-cycle Cg. lumps had to be delumped because of the rapid
increase in aging with carbon number within the Cg. lump.

To illustrate how the functional form for the deactivation rate equation
da/dt was developed, the C4 component system will be presented here:

Cs- « Hexane = Methylcyclopentane == Cyclohexane = Benzene

(H) (McCP) (CH) (B) - (29

The C, component reaction sequence involves several elementary steps with
adsorbed intermediates on both the metal and acid sites. An example is the
reaction of methylcyclopentane to cyclohexane:

(Y =T
= [ +H,

Acid (25)

g™

As mentioned previously, the catalyst ages because olefinic intermediates
further dehydrogenate to form coke precursors. These coke precursors react
further with other C4.+ hydrocarbon molecules to form an irreversible coke
polymer. Therefore, each adsorbed molecule can react to form either a desired
product or coke, as iflustrated:

H

Cyclohexane

Cyclohexene Methylcyclopentene —— MCP
[+ |+
[CH—S§] +—= [MCP—S5,]
(26)
[CH'=S,} [MCP'=§]

l(bs’ lrcs‘

[CH-Coke-S;] [MCP-Coke-S;]
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where MCP! and CH! are olefinic intermediates formed from MCP and CH,
and S, is a ring isomerization site (unique combination of acid—metal sites).
Each intermediate that goes to coke blocks an active site, [CH—coke—S;]
and [MCP-coke-S§,].

Thus, the number of ring isomerization sites available for reaction is the
total number of active sites minus those sites blocked by the formation of
coke. Since the metal and acid sites can be used for reactions other than
isomerization, intermediates from these other reactants adsorbed on the site
also affect the ring isomerization reaction by reducing the number of active
sites for the ring isomerization reaction. Since isomerization involves both
metal and acid sites in a unique way, all intermediates from other reactions
that utilize metal and acid sites in this manner have the potential to block these
active sites, This is illustrated in Fig. 13.

In our start-of-cycle (SOC) model, the start-of-cycle rate constants for ring
isomerization implicitly contained the total active ring isomerization site
concentration:

KO = SPK, 7)

where K is the isomerization rate constant at SOC cycle, S? is the number
of isomerization sites at SOC, and K| is the isomerization rate constant per
site.

As the catalyst ages, the rate constants decrease since the number of active
sites is reduced by coke formation:

K1) = Si(K, (28)

The parameter, a,, defined in the following equation, relates the concen-
tration of active ring isomerization sites at any time to the initial site

mcp CH B
! { !

H = [H§] = |[MCP§] = [CHS] = [B§]
! ! ! !

[Hi=S)] (MCP'=§)] [CHI=S§] [Bi=S]]

D, |*Ce D2 +Ce’ Dy |+Ce D, 'y

[H-Coke-S]  [MCP-Coke-S]  [CH-Coke-S)  [B-Coke-S)]

Fic. 13. C, aging mechanism: ring isomerization site deactivation.
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concentration:
) = MU SP-[Coked $, Sites]
H =T T S? |
_ S? — (H~Coke-S;) — (MCP-Coke-S8§,) — (CH-Coke—-S;) — (B-Coke-S§;)

N
29
where [H-Coke-S,] stands for coked ring isomerization sites from hexane,
[MCP-Coke-S,] for coked ring isomerization sites from methyicyclopen-
tane, [CH-Coke-S,] for coked ring isomerization sites from cyclohexane,
and [B—Coke-S,] for coked ring isomerization sites from benzene.
The start-of-cycle rate constant for ring isomerization K7 is modified to
include deactivation by multiplying its kinetic equations by a;:
_Ki(t) _ Si(®)

o = KO = 55 or  K(t) = 4K} (30)

We can equate the rate of decrease in available active sites to the sum of
the rates of coke buildup on the catalyst for each adsorbed intermediate
by differentiating Eq. (29):
odyy  d(H-Coke-S,] d[MCP-Coke-S§;]
1= +

dt dt dt

d[CH-Coke-S,] d[B-Coke-5,]
+ +
dt dt
As discussed previously, the rate of coke buildup can be related to the

concentration of components in the gas phase [Eq. (26)]. An example for the
coking of ring isomerization sites by cyclohexane intermediates is

[CH]+S, [CH—S,] [CH'=S,] + 6H,

) +Cer (32)
[CH-Coke-S§,]

Assuming that all steps in the formation of coke precursors are in
equilibrium and that the final coke formation step is irreversible, the coke
buildup rate [from Eq. (32)] can be expressed as

d[CH-Coke--S§,] _ D[P,] %PcyaS?
dt "1+ KP, +(PF,/F)K, W

where D is the deactivation rate constant and is a function of temperature and
hydrocarbon partial pressure. Because the sites [CH-S] in the model are of

-8

(1)

(33)
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the Langmuir— Hinshelwood type, the adsorption terms are the same as in the
start-of-cycle model as shown in Eq. (33).

Identical equations can be written for the coke formed from the other
adsorbed intermediates in the C, system of Eq. (24). Thus, the total rate of
decrease in active ring isomerization site concentration can be solved by
putting the solutions for the individual coke formation steps [similar to
Eq. (33)] into Eq. (31). This can be expressed as

—do, _ o D,[P,) "[P]e

= - 34
dt i=11+KhPh+(PF;/F)Kw'W_ ( )

where M is the total number of C; components,

Following the same arguments, the ring isomerization deactivation rate
expression can be directly extended to include the effects of all kinetic lumps
{defined in Table VII):

—doy _ # Di[Ph]_a‘al[Pi]
dt &1+ K,P, +(PF,/F)K,, W

(35)

Similar equations can be written for each of the four o’s:

—doy; & Dy[P,] *o[P]

J

(j=D,LLR,C) (36)

dt &1+ KyP, + (PE/F)K, - w
where
Kit)
o =——=
7T Kt = 0));

and j is the reaction class.

Equation (36) can be recast in matrix notation as

*_9 15°p (37)
at kg
where
DII’D D‘z’zn
DP = D‘lpl Dgzx
DII’R D’2’2R
D’;c Dgzc
and

D?} = Di_i(luh)_éij

and P is the 22-component vector of partial pressures for the deactivation
kinetic lumps (Table VII).
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Here, A is a diagonal matrix whose elements are «p, a;, og, ¢t

op 0 0 O
= 0 o 0 O
= 8
A 0 0 o O (38)
0 0 0 o

Each component in the deactivation rate constant matrix D is normalized to
reference conditions:

—EL (1 L\ R\ P\
P po 51 L[S\ T 39
Di D'fe"p[ R (T 794)](344) (827) (9)

In order to solve the complete aging model, Eq. (37) must be solved with the
start-of-cycle kinetic equations illustrated as follows:

dWI = d&— ¢ = = —
— = ¢K@)W, ~=--AD"P

= oK@w  G-p (40)
The matrix K () is the start-of-cycle matrix K att = 0, appropriately modified
by the &’s. Equation (40) represents the complete reformer model! kinetic

expressions.

C. EXTENSION OF KINETICS TO PREDICT PROCESS AND PRODUCT
CHARACTERISTICS: DELUMPING

While the 13 hydrocarbon lumps accurately represent the hydrocarbon
conversion kinetics, they must be delumped for the deactivation kinetics. In
addition, delumping is necessary to estimate many of the product properties
and process conditions important to an effective reformer process model.
These include H, consumption, recycle gas H, purity, and key reformate
properties such as octane number and vapor pressure. The following three
lump types had to be delumped: the Cs- kinetic lump into C, to C; light gas
components, the paraffin kinetic lumps into isoparaffin and a-paraffin com-
ponents, and the Cg. kinetic lumps into Cgq, Cg, C, 4, and C,, components
by molecular type.

The expanded set of 34 lumps necessary to define the reforming process is
shown in Table VIII. Note that this 34-lump set is sufficient for both start-of-
cycle and aging kinetics.

As an example of delumping, the kinetically predicted C,- lump is
delumped by means of distribution correlations; Cs- is distributed into C,,
C,, C,, iso-C,, n-C,, iso-Cs, and n-Cs, as indicated in Table VIII. The



TABLE VIII

DELUMPED COMPONENTS

Component number

Component lump

00 ~1 N B W N —

=]

10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
R
33
34

Hydrogen
Methane
Ethane
Propane
Isobutane
n-Butane
Isopentane
n-Pentane
Isohexane
n-Hexane
Methyicyclo Cy |
Cyclohexane
Benzene
Isoheptane
n-Heptane

C, cyclo Cq
Methylcyclo Cq
Toluene
Isooctane
n-Octane

Cg cyclo Cy
Cg cyclo Cq
Cg aromatic
Isononane
n-Nonane

C, cyclo Cs
C, cyclo Cq
C, aromatic
C,, paraffin
C,, naphthene
C,, aromatic
C, paraftin
C,, naphthene
C,, aromatic

Additional paraffin distribution lumps

2-Methyl pentane
3-Methyl pentane
Dimethyl butane
2-Methyl hexane
3-Methyl hexane
Dimethyl pentane
Monomethyl C.
Dimethyl Cs.
Normal Cg.
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distribution correlation form for each light component is
Ci/Cs- = Ay; + Ay x Cy+ A3 x Cs- + Ay X Py
+ As; x (1 — X,) + Ag; x Cy x (1 — X))
+ Ag; x Cy X Py+ Agi x Py x X + Ag; x Cy X (1 — Xp) x Py
(41)

where C; is the specific light gas component composition (i = 1 to 7), 4;; is the
correlation coefficient for the ith component, Cy, is the weighted average Cg+
product carbon number, P, is the reformer hydrogen partial pressure, and X,
is the Cg4. paraffin weight fraction in product. The Cs- composition data
generated as part of our kinetic data base studies were used to determine the
correlation coefficients 4;;. A separate set of correlations has been developed
for each reforming catalyst represented in our process model. Also, param-
eters to adjust light gas distribution for changes in catalyst environmental
control have been incorporated.

The paraffin isomer and Cg- kinetic lumps are delumped in a more rigorous
fashion than the C;-. Semikinetic “delumping” equations have been devel-
oped for both the Cg. lumps and paraffin distribution (Table VIII). The
paraffin distribution is constrained by known equilibrium.

IV. Experimental Design and Parameter Estimation

An isothermal, plug flow, fixed bed reforming pilot plant (shown in Fig. 14)
was used to generate the kinetic data. The reactor was U shaped and contained
roughly 70 ml of catalyst. Five sample taps were spaced along the reactor
length to determine compositions over a wide range of catalyst contact times.
The reactor assembly was immersed in a fluidized sand bath to maintain
isothermal conditions.

On-line gas chromatographic analysis of the reaction mixture at each tap
provided composition profiles of over 300 hydrocarbon components plus
hydrogen through the catalyst bed. The sample acquisition system is shown in
Fig. 15 (14). Reactor tap samples were analyzed by a Perkin-Elmer 900 Gas
Chromatograph. Reactor tap samples are withdrawn through capillary flow
restrictors into a heated manifold. Sample selection, line purging, and gas
chromatograph injection were controlled by a PDP 8 computer. In addition to
reactor sample tap analysis, an overall material balance was obtained by
analyzing gas and liquid product streams. This provided an internal check on
data consistency.
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Outlet inlet
T —— Catalyst Level
5.3 cc Tﬂp 1

Gas
Chromatograph

Fi1G. 14. Isothermal reformer reactor.

A. START-OF-CYCLE PARAMETER ESTIMATION

Data used to develop the start-of-cycle kinetics consisted of over 300
material balances on several commercial catalysts of three types: Pt/Al,O;,
Pt-Re/Al,0,, and Pt-Ir/AL,O;.

Experimental conditions were 727, 756, and 794 K isothermal reactor
temperature; 827-, 1220-, and 2619-kPa hydrogen pressure; 138- and
345-kPa hydrocarbon pressure; and 1 to 26 liquid hourly space velocity.
(See Section II for definition.) Charge stocks consisted of three Cq com-
ponent blends (blends included 53/19/23/5, 25/75/0/0, and 0/0/50/50 wt. %,
hexane/methylcyclopentane/cyclohexane/benzene), C4 to C, component
naphthas (322-366 K TBP Kirkuk, Mid-Continent, and Nigerian), a C¢ to
Cy component naphtha (322-416 K TBP Mid-Continent), and C¢ to C,,
component naphthas (322-461 K TBP Arab Light, Mid-Continent, and
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FiG. 15. Gas chromatograph sample acquisition.
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Nigerian). In each experiment, single-pass hydrogen (1009 H, feed without
recycle) was used.

The start-of-cycle selectivity and activity kinetics were determined through
a series of 22 separate parameter estimation problems. These separate
estimating problems resulted from (1) uncoupling reactions of each carbon
number by properly selecting the charge stock, (2) taking advantage of the
mathematical form of the rate constants, and (3) translating the general
nonlinear problem into two linear problems. This approach minimized the
confounding between rate constant since no more than five kinetic param-
eters were determined at each step.

The fitting sequence is based on the following partitioning of the 13 x 13
selectivity rate constant matrix K:

_ c,. 4 1T - -
reversible 0 0 0
subset | 1L ]
i Cg- 17T C, 1T i
- cracking reversible 0 0
K= | toC, | [ subset | | | 42)
[ Cee 1 C, [ G
cracking cracking reversible 0
I toC [ | toCs [ | subset

L [Cs+ = Cs-] [Cq-Cs-] [Cs—Cs-] _0
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for all 13 lumps as defined in Table V.

In general, each reversible subset is a 4 x 4 submatrix centered on the
diagonal of K and contains rate constants for the reversible reactions between
components of the same carbon number. For example, the reversible subset
for the Cg system is

1 k1o ke 10 kizg

Cs « Hex —— MCP CH = Benzene (43)

kigo kio.o ko .12

where k;, ,, represents the ring opening of methylcyclopentane (MCP) to
hexane (HEX) and k4 ,, is the reverse, ring closure step. The Cq reversible
subset is

_k10,9 - k12,9 k9‘10 0 k9,12
k10.9 _k9.10 - kll.lO klO,ll 0 (44)
0 kll.lO -1 —k10.11 0
k12.9 0 0 _k9.12

Constants below the diagonal can be determined by parameter fitting of the
kinetic data. Parameters above the diagonal are calculated from microscopic
reversibility, as discussed in Eq. (9). Other reversible subsets are of similar
form. The remaining nonzero submatrices represent the irreversible cracking
reactions.

Proper selection of charge stocks allows independent determination of each
submatrix. Thus, the C; submatrices can be determined with a charge stock
consisting of only C, components. A C4,—C, charge stock allows the C,
kinetics to be determined. B

The selectivity parameters in K were estimated in steps 1 to 15. With the
experimental design, k%s, E’s, and n’s [Eq. (8)] were determined in separate
fitting sequences. Initially the constants k% (and kJ from microscopic
reversibility) were estimated in five steps at the base conditions of 756 K and
1220 kPa H, partial pressure.

Step 1. Fit selectivity rate coefficients in the Cg4 reversible submatrix rela-
tive to the hexane cracking to Cs- rate coefficient using Cg¢ charge data
(k(l)3,ll =1)

Step 2. Fit rate coefficients in the C, reversible submatrix relative to the
heptane cracking to Cg- rate coefficient using Cy4 + C, naphtha data.

Step 3. Fit rate coefficients in the Cq. reversible submatrix relative to the
Cg- P cracking to C,- rate coefficient by using 416 and 461 K endpoint
naphtha data.

Step 4. Fit rate coefficients for the cracking of C, components to Cg and Cs-
with C4 + C, naphtha data. The rate of heptane cracking to Cs- was
arbitrarily set to 1 for the selectivity matrix; thus k, = k3 ;. The relative rate
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of hexane cracking to heptane cracking was determined in this step to place
the C¢ and C, kinetics on the same basis.

Step 5. Fit rate coefficients for the cracking of Cg+ components to C,, Cg,
and Cs-. Also the relative rate of Cq. P cracking to that of heptane cracking
was determined by using 416 and 461 K endpoint naphtha data.

Hydrogen pressure dependencies n; were fit in steps 6 to 10, using the same
sequence as in steps 1 to 5. Data for n; determination were at 756 K and H,
partial pressures of 827 and 2619 kPa. The activation energies E; were fit
similarly in steps 11 to 15 by using data at 1226 kPa H, partial pressure and
727 and 794 K temperatures. This procedure completed determination of the
selectivity matrix K.

The activity kinetics were estimated in seven additional steps.

Step 16. Fit C4 adsorption equilibrium constants (K,;, K,) at the base
conditions by using C¢ data at 756 K and 1220 kPa H, partial pressure.

Step 17. Fit C4 heat of adsorption (AH,,) by using C4 data at 727 and 794 K.

Step 18. Fit C, base condition adsorption constants and real-time activity
rate constant k3 by using base case condition data on C4 and C, charge stocks.

Step 19. Fit C, heats of adsorption and k, activation energy by using data
at 727 and 794 K.

Step 20. Fit hydrogen pressure parameter for the real-time activity constant
k, from data at 827 and 2619 kPa. (Note: If only Cg kinetics are to be
determined, k, is the rate constant for C¢ cracking and must be determined in a
procedure similar to steps 18 to 20.)

Step 21. Fit Cgz. base case adsorption constants by using base case
condition data.

Step 22. Fit Cg. heats of adsorption by using data at 727 and 794 K.

By following this multistep procedure, the kinetics were evaluated on a wide
range of data (both conditions and feedstock) not used in the parameter
estimation. The start-of-cycle kinetics were extended to other catalysts and
catalyst states by defining an appropriate catalyst state vector (& = ap, o, o,
ac), which is different from 1 at the start of cycle. A catalyst characterization
test was developed to estimate parameters for new catalysts,

B. DEgAcTIVATION KINETICS PARAMETER ESTIMATION

Data used to develop the deactivation kinetics consisted of over 50 balances
in the isothermal fixed bed reactor. Experimental conditions were 756 and
794 K isothermal reactor temperature, 551-1378 kPa H, partial pressure,
137-344 kPa hydrocarbon partial pressure, and 1-26 liquid hourly space
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velocity. Charge stocks consisted of two C, component blends (25/75/0/0,
and 0/0/50/50 wt. % hexane/methylcyclopentane/cyclohexane/benzene), a
C, + C, component naphtha (322-372 K TBP Mid-Continent), a C4 to C,
component naphtha (322-416 K Mid-Continent),and a C4 to C, ; component
naphtha (322455 K Mid-Continent). As with the start of cycle, single-pass
hydrogen (100% H, feed without recycle) was used.

In determining the deactivation kinetics, several observations and as-
sumptions were made to reduce the number of deactivation kinetic lumps
from that shown in Table VII First, all six-carbon ring naphthenes have
negligible effect on aging. These components react fast and their average
concentration is low throughout the bed. (See Fig. 12.) Second, the aging
coefficients for benzene are zero because experimental studies have shown
that benzene does not age the catalyst significantly even under severe re-
forming conditions. With these assumptions, the number of component lumps
for aging is reduced to 17.

The deactivation kinetics were determined through a series of seven
separate parameter estimation problems. As with the start-of-cycle case,
separate estimating problems resulted from uncoupling the reactions of each
carbon number by properly selecting the charge stock. This allowed the
independent determination of submatrices in the rate constant matrix D*
[Eq. 37)].

For the C, system as an example,

D19D D22D

5? DlQl Tt D22I (45)
D19R D22R
ch Dgzc

where 19 = C4A---22 = C¢P. From the preceding assumptions, the deac-
tivation rate constant matrix [ Eq. (45)] reduces to

0 0 Dip Dim
Dgll D}Z)Zl
Dglk D}Z,ZR

0 0 D5 Dix
where each rate constant D; is defined relative to the reference conditions as
defined in Eq. (39). At the reference conditions eight parameters DY were
determined from the C pure component data.

The procedure for fitting the deactivation rate coefficients at reference

conditions is as follows.

P

(]

oo
“lo o

1. The C, rate coefficients were determined from benzene—cyclohexane and
methycyclopentane—hexane feed data.
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2. The C, rate coefficients were determined from a C4- 372 K Mid-
Continent naphtha which contained only C4 and C,; components.

3. The Cq and C, rate coefficients were determined from a C4- 416 K Mid-
Continent naphtha.

4. The C,, and C,, rate coefficients were determined from a Cq- 455 K
Mid-Continent naphtha.

Once the deactivation rate coefficients at reference conditions were
determined, activation energy, hydrogen partial pressure, and hydrocarbon
partial pressure parameters were estimated from data at 756 and 794 K, 551 to
1378 kPa hydrogen partial pressure, and 137 and 344 kPa hydrocarbon partial
pressure.

V. C, Reforming Kinetics for R16H Bimetallic Catalyst

Complete reforming kinetics have been developed for several commercial
catalysts, including those used in Mobil reformers. Since KINPTR affects
Mobil’s business strategy, the complete reforming kinetics are proprietary.
However, as an example, KINPTR Cg kinetics will be presented for UOP’s
R16H platinum-rhenium-alumina catalyst. Both the hydrocarbon conver-
sion and the deactivation equations [Eqgs. (36), (40)] can be directly applied to
the Cq system. For the C4 hydrocarbon conversion, Eq. (40) becomes

dw/dv = K (@)W (46)

with w being (C¢Ng, CsNs, C4P, CeA, Cs-). The C, system selectivity
matrix modified for deactivation is

—kyo,00 — ky2,50p ks 100 0 ko yz0p O
_ kio.0m —kg,100 — ki1.10%R kio,110m 0 0
K@) = 0 kyy.100m —ac — kyo,110r 0 0| (47)
kyz0tp 0 0 —ko 1200 0
0 0 o 0 0
where each

“E (1 1\]/ P\
ki k"e"p[ R <T 756)](1220) (48)

As discussed previously, the reverse rate constants k;; satisfy microscopic
reversibility:
AS; AH;

kij = k;{(Py)™ exp [—R_ 7{'77] 49)
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The C system activity parameter ¢ is defined as

_ (PV,/FRT)kjexp{(—E¢/R)[(1/T) — 7451} (P./1220)"
1+ K,P, + (PF,/F)K,, - W

where K , represents  the five adsorption coefficients for Ng, N5, P, A, and Cs-.
Each element of K, is

_AH, (1 1
Ky = KO exp| —Swif L _ L
v ‘"‘ex"[ R (T 756)] (1)

AH, (1 1
K, = ngxpli——R}—‘<:I: - 75_6)] (52)

The deactivation parameters «; are determined by integrating the kinetic
deactivation equations:
_dw_ & DE(R/S2) (P, 53
dt &1+ K,P, + (PF/F)K, - w
where a; represents (ap, o, %k, %) and i represents parameters defined for Cg
components (6N, 6Ny, 6P, 6A). Also, each

Puc\¥o  [—ES(1 1
P _ poffic yft 1
by=D .,<344) e"p[ R (T 794)] Y

and K, and K, are the same as Egs. (51) and (52).
The selectivity and equilibrium parameters for the C4 system are given in

Table IX, the activity parameters in Table X, and the deactivation parameters
in Table XI.

¢

(50)

and

S

A. START-OF-CYCLE KINETIC PREDICTIONS

R16H selectivity and activity kinetics were fit over a wide range of
temperature and pressure. Reforming selectivity is shown in Figs. 16 and 17,
where benzene and hexane are plotted against Cs-, the extent of reaction
parameter. The effect of pressure on reforming a 50/50 mixture of benzene and
cyclohexane at 756 K is shown in Fig. 16. Selectivity to benzene improves
significantly when pressure is decreased from 2620 to 1220 kPa. In fact, at 2620
kPa, hexane is favored over benzene when the C,- yield exceeds 10%;. This
selectivity behavior can be seen in the selectivity rate constants:

0.29 .4 1813

756 K, 1220 kPa:  C5 <% Hex === MCP === CH —= B
10.2 312 7.55
1.0 0.34 30.0 1237

756 K, 2620 kPa: C;- «— Hex =—— MCP —— CH —— B

23.9 327.9 44.7
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TABLE IX

KINPTR SELECTIVITY PARAMETERS FOR C4 SYSTEM
[Eqs. (47), (48)] aND EQuiLiBRIUM CONSTANTS [EQ. (49)]

Reaction kS E;; (kJ/mole) ny;
CH - BZ 1813 0 —15
CH - MCP 312 81.5 —-094
MCP - HEX 10.2 —41.7 0.11

Reaction AS;/R AHy;/R Vi
CH = BZ 199.1 199.6 —-28
CH = MCP —20.2 —139 0
MCP = HEX —-396 60.6 +0.94

 Note that these are slightly different than expected from
stoichiometry (—3,0, +1). It was found that these minor
adjustments were necessary to fit the Cq kinetics. Such
adjustments were not necessary in the fitting of the C, and

Cg-+ kinetics.

TABLE X

KINPTR REAL-TIME ACTIVITY PARAMETERS FOR Cg
SysTeM [EQs. (50)—(52)] AND ABSORPTION CONSTANTS

kS (sec™t) E, (kJ/mole) n,
49 130.6 0.05
K. x 103
Component {mole/g kPa) AH,; (kJ/mole)
CH 23 —54.1
MCP 16.5 —-314
HEX 9.7 -30.6
BENZ 8.8 —1214
Cs- 55 —820
Component K? AH,
H, 0 0
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TABLE XI

KINPTR DEACTIVATION PARAMETERS FOR C, SYSTEM
[Eqs. (53), (54)]

Component ap o ™ o

a. Preexponential factors DJ x 10° (kPa™'sec™")

CH 0 0 0 0
MCP 1.83 1.66 0.41 0
HEX 0.85 0.81 0.23 0.17
BENZ 0 0 0 0

b. Activation energies E§; (k]/mole)
CH 0 0 0 0
MCP 246.4 230.1 251.0 0
HEX 246.4 230.1 251.0 188.3
BENZ 0 0 0 0

c. Hydrogen partial pressure coefficients §;
CH 0 0 0 0
MCP 4 4 4 0
HEX 4 4 4 4
BENZ 0 0 0 0

d. Hydrocarbon partial pressure coefficients M,
CH 0 0 0 0
MCP 1.45 1.45 1.45 0
HEX 1.45 1.45 1.45 1.45
BENZ 0 0 0 0

Note that due to the large cyclohexane dehydrogenation rate constant, the
benzene yield increases very rapidly from the charge composition at both
pressures. After the cyclohexane is converted to benzene, the reverse reactions
from benzene through hexane to Cs- cause the benzene yield to decrease with
extent of reaction. However, at higher pressures, the dehydrogenation
equilibrium is less favorable and the reverse rate constants leading to C;- are
larger. Thus a lower yield of benzene is maintained over the conversion range,
and the production of hexane is significantly higher.

Similar arguments can be made for the effects of temperature on the
reforming of a methylcyclopentane—hexane mixture at 2620 kPa, as shown in
Fig. 17. Higher temperatures favor the benzene formation.
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100 T T . T T

Start of Cycle

75 1220 kPa i

KINPTR

/ 2620 kPa |

Composition (Wt %)
g
— 2 —

25

1220 kPa

0 a1 1 1 1
0 5 10 15 20 25 30
Cs

Fic. 16. Effect of pressure on C, reforming at 756 K, with benzene—cyclohexane feed (data:
A, benzene; P, hexane).

80 T T T T T T

Start of Cycle

Composition (Wt %)

KINPTR

FiG. 17. Effect of temperature on C, reforming at 2620 kPa, with MCP-hexane feed (data:
A, benzene; P, hexane).
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With respect to catalyst contact time, the effects of temperature and
pressure on the yields are shown in Figs. 18, 19, and 20. Activity (as measured
by the C;- gas make) is a strong function of temperature, as shown in Figs. 18
and 19. Again, the higher-temperature operation favors benzene formation.
KINPTR’s prediction of activity as a function of pressure is shown in Fig. 20.
Lower-pressure operation favors the yield of benzene.

Note that in Fig. 18, KINPTR’s prediction of Cs- falls below the data
points. However, when one considers the large temperature and pressure effect
on activity in the C, system and the fact that these same Cg kinetics are used in
KINPTR to make predictions for all reforming feedstocks (full-range
naphthas, pure components, etc.), the predictions are certainly acceptable.

B. DEeAcTIVATION KINETIC PREDICTIONS

Methylcyclopentane and hexane dominate deactivation in the Cg system, as
shown in Fig. 21. At 77 hours of time on stream with a methylcyclopen-
tane—hexane feed, the catalyst lost significant activity. However, with a
cyclohexane—benzene feed at the same conditions, there was essentially no
deactivation even after 304 hours on stream.

50 T T T
KINPTR
40 -
A
g [
E 30 -
s P
.“;h’
2
£ 20 1
]
(3]
10 ~
Start of Cycle
0 1 )

) 2 4 6 8
Catalyst Contact Time, Sec

FiG. 18. Reforming composition profiles for Cg system at 794 K, 2620 kPa, with MCP-
hexane feed (data: A, benzene; P, hexane; C, C;-).
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Fig. 19. Reforming composition profiles for Cq system at 727 K, 2620 kPa, with MCP-
hexane feed (data: A, benzene; P, hexane; C, Cs-).
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FiG. 20. Reforming composition profiles for Cg system at 756 K, with benzene—cyclohexane
feed (data: A, benzene; P, hexane).
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Methyicyclopentane-Hexane (77 Hours) Benzene-Cyclohexane (304 Hours)
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%}elohenne T
ethylcyciopentane  PHC
Cs PH2

74 K
344 kPa
1170 kPa

nw

IEO

FiG. 21. Reforming composition profiles for C¢ system during deactivation.

As mentioned in the previous discussions of deactivation, catalyst aging is
very composition dependent. Thus, catalyst state at a given time on stream will
vary with axial distance in a plug flow reactor. This is shown in Fig. 22.
Benzene and methylcyclopentane compositions as a function of time on
stream are shown at 209 through the catalyst bed and at the end of the bed.
KINPTR predicts the catalyst state gradient in the reactor.

80
KINPTR
= = ; BENZ

sk ATEXIT e

N~ <&

\ ~
COMPOSITION 0
(WT %)
20
AT EXIT "
0 Lk ey e
0 25 50 75 100
TIME ON STREAM (HOURS)

FiG. 22. Evidence for catalyst state vector gradient, isothermal pilot plant data, with
methylcyclopentane - hexane feed (B, benzene; M, methylcyclopentane).
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VL. Structure of Reforming Process Model

Kinetics for the C, and Cg. carbon number systems have been developed
following procedures similar to those described in Sections III to V. The Cq,
C,, and Cg. kinetics comprise the complete reforming kinetics. However,
these complete kinetics had to be incorporated into a reformer process model
to simulate commercial operation. Mass and energy balances based on these
kinetics were written to describe adiabatic commercial reactor behavior. The
complete set of equations required for commercial reactor simulation is given
in Table XIIL. In addition to providing for the kinetic changes, the process
model also predicts product properties such as octane, vapor pressure,
enthalpies, and other thermodynamic properties. It is capable of predicting for
a wide variety of design configurations such as the number of reactors and
recycle strategy. The process model description is shown in Fig. 23. The
reactor and deactivation modules include the kinetics which are the heart of
the model. However, as shown in Fig. 23, these modules are only a small part
of the overall process model.

Each module performs one functional operation within the model.
Modularization decreases program size by eliminating multiple coding of the
same mathematical operation and enables new algorithms to be added with
minimal program changes. Modular units also have general applicability and
do not depend on one specific computer program. As a result, many of these
modules have been used in Mobil’s other process models.

The reforming process model is designed to predict the performance of
many reactor configurations. The model can be run in four modes, combining
adiabatic or isothermal reactors with recycle or single-pass (no recycle)

TABLE XII

EQUATIONS REQUIRED FOR COMMERCIAL REACTOR
SIMULATION

1. Differential hydrocarbon mass balance: Eq. (40)
2. Hydrogen balance:

N
Zi=1 gi(wio — wy)
N
1 - Zg: i g:W;
3. Differential energy balance:

C(dT/dv) = (dW/dv)H(T)

h=

4. Delumping as described in Section I11: Eq. (41)
5. Catalyst deactivation: Eq. (37)




KINPTR (MOBIL’S KINETIC REFORMING MODEL) 241

KINPTR

Executive
Input Reformer Aging Qutput (et
Naphtha
Library

y Y I I

Reactor Heat Flash Properties

Y

Deactivation

FiG. 23. KINPTR process model description (with module names).

operation. In the case of single-pass operation, the gas composition must be
specified along with the charge stock information.

To use the model, only three types of input are required: charge stock
characterization, process configuration, and product property targets. For
charge stock characterization, the user can utilize a library which contains
detailed compositional data on over 200 naphthas. If the charge stock is not in
the library, a gas chromatographic composition is required. For the process
configuration, the user specifies the number of reactors, the recycle gas
separator conditions, the total feed rate, catalyst type and volume fill in each
reactor, reactor pressure, and recycle ratio to each reactor. For product
property targets, all key octane measurements can be specified along with a
product cut point. In addition, vapor pressure can be specified.

A. MODULE DESCRIPTIONS

Module INPUT takes user-specified input and constructs proper initial
conditions for the detailed mass and energy balance equations.

To specify charge stock characteristics, one of several options can be used:
specify a detailed gas chromatographic composition; call the naphtha library;
estimate composition from general charge stock properties, such as PONA
(% paraffins, olefins, naphthenes, and aromatics) and gravity; or blend up
to seven naphthas by utilizing the naphtha library.

The module REFORMER constructs the user-requested simulation and
controls the numerical calculations. It simulates the process scheme and
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supervises information flow between the modules—REACTOR, FLASH,
HEAT, and PROPERTIES—as necessary. It also controls the convergence
on the target property and recycle gas composition.

The module REACTOR contains the start-of-cycle kinetics discussed
previously. It calculates the temperature and composition changes through
each reactor by integrating the mass and energy balance equations. During the
integration, the reaction rate constants can be constantly updated in the
DEACTIVATION module (which contains the deactivation kinetics) to
reflect catalyst deactivation. The composition changes through each reactor
are determined for the 13 kinetic lumps. At the end of the reactor bed, the 13
lumps are delumped into the 34 property lumps (Table VIII) and passed back
to the REFORMER, where the inlet conditions for the next reactor are
developed.

The module FLASH simulates the reformer flash separator by using a
modified Chao-Seader method. The necessary constants for the Chao—
Seader correlation have been developed for the lumped components. The
output from this module determines the liquid yield and the composition of
recycle gas.

The module HEAT calculates stream enthalpies at any position in the
reactor. It also calculates the necessary heat duties for interreactor heat
exchange.

The module PROPERTIES calculates all the product properties listed in
Table XIII. These are calculated by means of correlations based on the lumped
components,

TABLE XIII

LisT OF PRODUCT PROPERTIES®
CALCULATED IN MODULE
PROPERTIES

Octanes
Research clear actane (R + 0)
Research leaded octane (R + 3)
Motor clear octane (M + 0)
Motor leaded octane (M + 3)
Distributed clear octane (D + 0)
Front end clear octane (FE + 0)
Vapor pressures
Initial vapor pressure (IVP)
Reid vapor pressure (RVP)
Boiling point distribution
Specific gravity
Molecular weight

“Calculated for C,., C,-
liquids.
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The module AGING controls the integration of the catalyst deactivation
equations.

The module OUTPUT generates a report (Tables XIV-XVII) summariz-
ing input data, reactor operating conditions, product yields, properties of
liquid products, recycle gas composition, and hydrogen production. Also,
temperature and composition profiles are generated.

TABLE X1V
KINPTR Case 1. KINPTR ExAMPLE PROBLEM

Input type Input deck as edited

Documentation ———> 1 KINPTR Example Problem 200 o1
Charge Stock ——> {2900001 01000. 120- 380
ge Sloe 3900004 1500, 120380

4

o0 3 O W

9
10
11
12
13
14
Process —— 151000. 4 1 700 9600 35470 98.00 1.30 0.0
16 2 0.115 364.7 0.0 1000 00
17 0 0.227
18 0 0.324
19 0 0334
20
21
22
23
24
25
26
27
28
25
30
3
32
33
34
35

Reactors ——>
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TABLE XV
KINPTR Case |. KINPTR ExaMPLE PROBLEM
Naphtha charge composition
Naphtha name IBP-EBP Vol. % of crude Vol. % orig. naphtha
Arab. Lt. (1974) 120380 2324 100.00
Nigerian (41772) 120-380 29.90 100.00

Mol. Volume Weight

Component MPH percent BPD percent Lbs/Hr percent

1 Hydrogen 0.0 0.0 0.0 0.0 00 0.0
2 Methane 0.0 0.0 0.0 00 0.0 0.0
3 Ethane 0.0 0.0 0.0 0.0 0.0 0.0
4 Propane 0.0 0.0 0.0 0.0 0.0 0.0
5 Isobutane 0.0 0.0 0.1 0.0 0.7 0.0
6 N-Butane 0.3 0.3 22 0.2 19.0 0.2
7 Isopentane 1.0 1.0 7.5 0.8 68.7 0.6
8 N-Pentane 21 2.1 164 1.6 150.6 14
9 Isohexane 49 5.0 4.1 44 426.3 3.9
10 N-Hexane 49 4.9 434 43 420.0 38
11 Methylcyclo C, 30 3.0 23.0 23 252.6 23
12 Cyclohexane 32 32 234 23 266.7 24
13 Benzene 08 0.8 49 0.5 63.1 0.6
14 Isoheptane 42 43 42.1 42 4233 3.8
15 N-Heptane 44 44 439 44 440.7 40
16 C, cyclo C, 35 35 31.0 3.1 3419 31
17 Methylcyclo Cq 59 6.0 51.6 52 582.4 53
18 Toluene 24 2.8 20.1 20 256.0 23
19 Isooctane 45 4.6 50.0 50 517.2 4.7
20 N-Octane 3.7 3.7 40.6 4.1 418.3 38
21 Cgeyclo Cq 5.0 5.1 50.6 5.1 565.2 51
22 Cgcyclo Cq 5.2 5.2 50.7 5.1 583.8 5.3
23 Cg4 Aromatic 47 48 394 39 501.1 4.6
24 Isononane 49 5.0 60.1 6.0 630.6 5.7
25 N-Nonane 32 32 39.1 39 411.0 37
26 Cycyclo Cs 2.8 28 30.8 3.1 3477 32
27 Cycyclo Cq 5.1 52 55.6 5.6 645.2 59
28 C, Aromatic 4.0 40 372 37 476.8 4.3
29 C,, Paraffin 5.1 52 68.5 6.8 732.5 6.7
30 C,, Naphthene 34 34 412 4.1 479.8 4.4
31 C,, Aromatic 1.6 1.6 154 1.5 2074 1.9
32 Cq, Paraffin 29 3.0 425 42 461.0 42
33 C,, Naphthene 1.5 1.5 19.6 20 229.5 2.1
34 C,, Aromatic 0.5 0.5 4.8 0.5 79.4 0.7
Total charge 99.2 100.0 1000.0 100.0 10998.2 100.0
I-Paraffin  2MEC, 3MEC, DMEC, 2MEC, 3MEC, DMEC, MMC;. DMEC,. n-Cg.
Wt % 20 1.5 0.3 14 1.7 0.8 8.4 6.2 142




TABLE XVI

KINPTR Casg 1. KINPTR ExaMPLE PROBLEM®

Process Conditions
Average reactor pressure

Average H, partial pressure

Separator pressure
Separator temperature
Total recycle ratio

H, recycle ratio

W1 hourly space velocity
Liq hourly space velocity
C,. octane severity
H,O/HCl ratio

Naphtha properties
Specific gravity 60 °F

Average molecular weight
Mean average boiling point

Composition, PCT

Paraffins

Naphthenes

Aromatics
ASTM distillation, °F

1P

10

30

50

70

90

EP
Reid vapor pressure, psia
Research octanes

R+0

R+3

Reactor data

Catalyst type
Loading-vol. PCT

Cubic feet

1000 pounds

TONS/1I0MBPD
Inlet pressure psia
Inlet temperature, °F
Qutlet temperature, °F
Delta temperature, °F
Heat of reaction, BTU/Ib
Reheat MMBTU /hr
Inlet vapor viscosity, CPS
Inlet vapor density, CF

364.7 psia
275.4 psia
354.7 psia
98.0 °F
124
10.0
1.91 hr!
1.30 hr™?
10l9R+3
5.0 mole/mole

0.7546
1109
2582 °F
Vol Wit Mol
50.06 46.55 46.60
37.76 39.05 3891
12.18 14.40 14.49
AS-IS Ce+
171. 191.
205. 212.
237. 236.
2685. 267.
298, 299.
337. 338.
384. 384.
2.1 1.4
63.6 63.2
81.6 81.3
1 2 3 4
R-16H R-16H R-16H R-16H
11.5 22.7 324 334
20.7 409 58.3 60.1
0.7 1.3 1.9 1.9
33 6.5 9.3 9.6
364.7 364.7 364.7 364.7
909.9 909.9 909.9 909.9
839.9 860.6 887.8 906.1
-70.0 —49.3 -222 -39
—1355 —958 —43.2 -1.5
15 1.1 0.5 0.0
0.0199 0.0199 0.0200 0.0202
0.3813 0.3676 0.3566 0.3490

“ User specified the kinetic model with adiabatic reactors and recycle gas: R + O target is 96.0.
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KINPTR Case 1. KINPTR ExaMPLE PROBLEM®

TABLE XVII

Product octanes

R+0 R+3 M+0 M+3 D+3 FE+0 FE +3
Cs+ 96.0 101.9 86.0 92.1 0.0 80.4 0.0
Ce+ 97.2 1024 86.9 92.7 0.0 79.5 0.0
Product properties SG MW Ivp RVP D-86 IBP 10 30 50 70 90 EP
Cse 0.7939 98.8 4.7 44 128 156 197 243 284 333 397
Ce- 0.8121 1019 22 20 169 187 211 253 290 337 398
Product yields Volume Weight Molar Miscellaneous
Pentane plus 81.7 859 96.5 RG VPCC,. 13
Hexane plus 73.7 79.3 86.2 RG Mole wt 7.6
Pentanes 80 6.7 10.2 RG Spec gr 0.264
Butanes 6.0 4.6 8.7 SCF H,/BBL 927
Dry gas 12.0 FOE 9.5 1319
Paraffins in Cg+ 25.1 226 26.3
Aromatics in Cg- 47.1 55.2 58.3
Naphthene in Cg. 1.4 14 1.6
Recycle gas
composition
FOE Volume Weight Molar (percent)
Component 6.25 PCT CUMUL. PCT CUMUL. PCT CUMUL. VOL. WT.
Hydrogen 48 19 100.0 102.9 237.1 809 214
Methane 1.7 1.7 98.1 119 1343 89 18.6
Ethane 1.9 20 96.4 7.5 1224 43 16.8
Propane 35 57 934 39 944 9.7 1149 33 19.0
Isobutane 20 87.7 1.5 90.5 29 105.2 0.5 4.1
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n-Butane
Isopentane
n-Pentane
Isohexane
n-Hexane
Methylcyclo C,
Cyclohexane
Benzene
Isoheptane
n-Heptane

C, cyclo Cs
Methyleyclo Cq
Toluene
Isooctane
n-Octane

Cg cyclo Cg
Cg cyclo C¢
Cg aromatic
Isononane
n-Nonane

C, Cyclo Cy
C, cyclo Cq
C, aromatic
C,, paraffin
C,, Naphthene
C,o Aromatic
C;, paraffin
C,, naphthene
C,, aromatic
I-Paraffin

WT. PC

IMEC,
34

40
52
29
8.4
41
0.5
00
34
6.1
19
04
0.1

116
2.7
0.6
00
0.0

15.8
09
0.2
0.2
0.0

11.8
0.1
00
37
0.0
00
0.8

3MEC,
26

85.7

81.7
76.5
73.7
65.3
61.2
60.6
60.6
57.2
511
492
48.7
486
37.0
343
33.7
33.6
336
17.8
169
16.8
16.6
16.5

47

46

46

09

08

038

DMEC,
15

31
43
24
74
36
0.5
00
40
56
18
04
0.1

134
2.6
0.6
0.0
0.0

182
08
0.2
0.2
0.0

138
0.1
0.0
45
0.0
0.0
13

2MEC,
18

89.0
85.9
81.7
79.3
71.9
68.3
678
67.7
63.7
58.1
56.4
559
55.8
424
39.9
39.3
39.3
39.2

21.0
20.2
20,0
198
19.8

6.0
58
58
1.3
1.3
13
3MEC,
23

59
6.6
37
95
46
0.7
0.1
56
6.2
19
0.5
0.1

16.1
25
0.5
0.0
0.0

19.0
0.7
02
0.1
0.0

12.7
0.1
0.0
38
0.0
0.0
1.0

DMEC,
1.5

102.3
96.5
89.9
86.2
76.7
72.1
71.4
713
65.7
59.5
57.6
57.1
56.9
408
383
378
377
37.7
18.7
179
17.8
17.6
17.6
48
47
47
1.0
1.0
1.0
MMGs.
24

09
04
0.2
0.3
0.1
0.0
0.0
0.1
0.1
0.0
0.0
0.0
0.1
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0
0.0

DMC;.
11

6.6
42
1.9
30
1.0
0.1
0.0
0.7
0.7
0.2
0.0
0.0
0.8
0.1
0.0
00
0.0
0.5
0.0
0.0
00
0.0
0.1
0.0
0.0
0.0
0.0
0.0
0.0
n-Cg.
0.8

¢ User specified the kinetic model with adiabatic reactors and recycle gas: R + O target is 96.0
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The model is user friendly and the input requirements are simple. An
example of typical user input is shown in Table XIV, which contains all
necessary information to run the model. In the example, charge stock
information for a blend of two naphthas is produced by means of naphtha
library codes; the detailed composition developed by the module INPUT for
the specified naphtha codes is shown in Table XV. Optional output of yields,
temperature, and octane at six points through each reactor can also be gen-
erated. The process and reactor conditions are summarized in Table X VI, and
complete yields along with the product properties are shown in Table XVII.

B. LOGICAL STRUCTURE DIAGRAM

The logical structure of the model is shown in Fig. 24. To illustrate the logic
flow, a typical commercial simulation is used as an example. In this case, the
reactor inlet temperature is adjusted over an entire catalyst cycle to maintain
target octane. The model must determine the recycle gas composition and inlet
reactor temperature required to make octane as a function of time on stream.
At the start of the model iteration, the reactor feed compositions are calculated
on the basis of user-specified naphtha information and an assumed recycle gas
composition. With an assumed reactor inlet temperature, mass and energy
balance equations are integrated over each reactor. At the end of the last
reactor, the effluent stream is flashed to calculate the recycle gas composition
and checked for convergence. The octane number of the properly cut liquid
product is calculated and checked for convergence to the target value. The
entire calculation is repeated until both recycle gas and octane converge
simultaneously. The converged solution will yield complete information on
the reformer performance at a particular time on stream. After convergence,
the time on stream is incremented, deactivation kinetics are solved, hydrocar-
bon conversion kinetics are properly modified, and the procedure is repeated.

The simulation continues until the temperature requirement exceeds a
specified end-of-cycle limit.

Vil. Predictions with the Complete Reforming Kinetics

The accuracy of KINPTR over a wide spectrum of conditions and
feedstocks will be demonstrated in this section. KINPTR predictions will be
compared to a variety of R16H start-of-cycle and aging data from pilot plant
and commercial reformers. Pilot plant data were obtained in both adiabatic
and isothermal reactors. These predictions required complete refcrming
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kinetics—that is, all fitted parameters in KINPTR —and a full set of mass and
energy balances, as discussed in Section V1.

A. START-OF-CYCLE PREDICTIONS

KINPTR accurately predicts the start-of-cycle selectivity and activity for
reforming of full-range naphthas. In Fig. 25, feedstock type—Arab Light
versus Nigerian—is shown to have a dramatic effect on aromatic selectivity.
As expected, the more naphthenic Nigerian naphtha results in increased
aromatics compared to the more paraffinic Arab Light naphtha. Note that at
higher conversion to Cs-, the Cg. aromatics yield actually starts decreasing
with a Nigerian feed, but not for an Arab Light feed. This behavior is a
thermodynamic effect resulting from the widely different paraffin contents of
the feeds. Reactor temperature also dramatically affects aromatic selectivity
(Fig. 26). Higher temperatures improve the thermodynamics for aromatic
production. Pilot plant compositional profiles as a function of catalyst contact
time are shown in Figs. 27 and 28. Heptane and toluene profiles for a full-
range, Cs- 461 K Arab Light naphtha are shown in Fig. 27. Hexane and

50
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Fi1G. 25. Effect of charge stock type on aromatic selectivity.
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benzene profiles for a C4- 461 K Mid-Continent naphtha are shown in
Fig. 28. KINPTR predicts the selectivity and activity profiles over the wide
range of pressures and temperatures represented by these examples.

For commercial simulations, KINPTR’s selectivity kinetics determine the
reformate composition and overall yield at a target reformate octane.
Reformer yield—octane behavior from pilot and commercial units are shown
in Fig. 29a. The large variation in the reformate yields at a given octane, as
much as 259, results from the wide range of process conditions and naphtha
feed quality used in Mobil reformers. As demonstrated in Fig. 29b, KINPTR
accurately normalizes these reformate yields over a wide range of octanes,
including those required for gasoline lead phaseout.

KINPTR’s real-time activity kinetics determine the adiabatic reactor inlet
temperature required to make a target octane. The accuracy of KINPTR’s
reactor inlet temperature predictions is shown in Fig. 30 for a wide range of
process conditions. The average deviation is + 3.8 K with no significant bias.
This degree of accuracy is very reasonable considering the sensitivity of
catalyst activity to start-up conditions and initial catalyst state (e.g., chloride
added).
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B. DEeacTivaTION KINETIC PREDICTIONS

KINPTR’s deactivation model can be used to predict changes in com-
position and activity at any position in the reactor as a function of catalyst
aging. The selectivity and activity gradients which occur in the bed during
aging are illustrated in Figs. 31 and 32 for isothermal reforming. Owing to the
large concentration of five-member ring naphthenes present in the early part
of the reaction path, the initial portion of the catalyst bed ages faster than the
back portion. As the catalyst in the initial portion deactivates, the naphthenes
progress farther down the bed until they can react. Aging, therefore, occursina
somewhat bandwise manner owing to the compositional gradients.

In commercial aging simulations, KINPTR’s deactivation model is used to
predict cycle lengths (time between catalyst regenerations) and reactor inlet
temperature requirements with time on stream to maintain target reformate
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F1G. 32.  KINPTR aging predictions.

octane. Cycle length predictions for a large number of adiabatic pilot plant
and commercial cycles are shown in Fig. 33. Over the wide range of process
conditions, catalyst types, and cycle lengths (up to 700 days on stream),
KINPTR accurately predicts the data within +10%. A typical commercial
cycle prediction is shown in Fig. 34. Not only does KINPTR predict overall
cycle lengths, it also predicts the proper shape of the temperature aging curve.
In addition, KINPTR predicts Cs. yield loss (aging selectivity shift) with a
standard deviation of 0.87 and no significant bias (Fig. 35).

C. SENSITIVITIES TO PROCESS CONDITIONS

KINPTR simulations of commercial reforming (Table XVIII) will be used
in this section to demonstrate process sensitivity. In the base case, a full-range
Mid-Continent naphtha (55 wt. %, paraffins) is reformed to a constant octane
of 90 R + 0 over the entire cycle. With a reactor pressure of 1695 kPa and a
7.2 H, recycle ratio, the start-of-cycle reactor inlet temperature to achieve
target octane is predicted to be 759 K. The deactivation simulation shows that
it would take about 1 year to reach the end-of-cycle temperature of about
798 K. The start-of-cycle C,+ yield for this case is 86 vol 9. The model predicts
that the yield would decline by 4.8 vol % over the cycle.

If the pressure of the reformer is doubled with the same feedstock and
octane target (case 1), the start-of-cycle inlet temperature is uneffected (760 K).
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Despite the same start-of-cycle temperature, the aging rate is significantly
reduced due to the higher-pressure operation. KINPTR predicts that
doubling the pressure will triple the cycle length and reduce start-of-cycle Cs .
yield to 83.8 vol 9. The yield shift results from less favorable aromatization
equilibrium. Over the cycle, the Cs. yield drops by 4 vol %. This example
clearly illustrates the trade-off between cycle length and yields discussed in
Section IL
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TABLE XVIII

KINPTR SIMULATIONS OF COMMERCIAL OPERATION: PROCESS VARIABLE EFFECTS?

Case 1 Case 2 Case 3 Case 4 Case 5
Reactor Recycle  Charge Space
Variable Base case  pressure  Octane ratio stock velocity
Octane (R + 0) 90 90 98 90 98 98
Reactor pressure (kPa) 1695 3051 1695 1695 1695 1695
H, recycle ratio 7.2 72 7.2 10 7.2 7.2
Paraffins (wt. %) 55 S5 55 55 71 55
LHSV 1.43 1.43 1.43 1.43 143 0.70
Temperature (K) (SOC) 759 760 779 758 782 768
Temperature (K) (EOC) 798 791 794 797 798 797
Cycle length (days) 385 1000 100 595 475 250
Cs. yield (SOC) 86.0 83.8 79.5 859 742 79.5
Cs;. yield (EOC) 81.2 79.8 76.6 81.3 709 73.7

4 SOC, start of cycle; EOC, end of cycle.
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If the target octane is increased to 98 R + 0, keeping the base case pressure
and recycle ratio (case 2), the start-of-cycle temperature must be increased
significantly (779 K). Because of the higher temperature and the higher level
of aromatics required for octane, cycle length is reduced to 100 days. The 98
R + 0 operation results in a start-of-cycle Cs. yield of 79.5 vol %, 6.5 vol %,
lower than that of the base case. The reforming reactions required to increase
octane from 90 to 98 R + 0 consist mainly of ring closure and cracking. Since
the ring closure and cracking rates are similar, the higher-octane operation
gives lower Cs . yields. During the reforming cycle, the Cs. yield is estimated
to decrease by 2.9 vol %,.

When recycle ratio is increased over the base case, maintaining other
variables constant (case 3), the start-of-cycle temperature is unaffected.
However, because of the lower hydrocarbon partial pressure, the deactivation
rate is significantly reduced. KINPTR estimates a 595-day cycle length to
reach 798 K. This is due to the presence of more inerts in the reformer, which
reduces the partial pressure of the coke-forming reactants. The Cs + yields with
hydrogen recycle rates remain similar to those of the base case over the entire
cycle length because hydrogen partial pressure remains essentially the same.
As discussed previously, hydrogen partial pressure significantly affects the
aromatization equilibrium. While higher recycle ratios favor longer cycle
lengths, increased utility costs result owing to increased compression require-
ments for the additional recycle gas. Thus, in this case, there is a trade-off
between utility costs and cycle length.

If an Arab Light naphtha (719 paraffins) is charged to the reformer instead
of Mid-Continent (55%; paraffins) at 98 R + 0 (case 4 versus case 2), start-of-
cycle temperature increases only about 3 K. However, the temperature
profiles through each reactor bed are less endothermic for the more paraffinic
stock, resulting in a higher average reactor bed temperature. Since the Arab
Light naphtha contains more paraffins and less naphthenes than Mid-
Continent naphtha, additional ring closure activity is required to make target
octane. As mentioned during the discussion of target octane effects, cracking
also increases, resulting in a lower C,. yield. The increased ring closure
requirement leads to a higher concentration of five-member ring naphthene
on the catalyst and the aging rate is substantially increased. The cycle length is
only 47.5 days and the start-of-cycle yield is 5.3% lower than in case 2.

The last column in the table shows a decrease in space velocity to 0.7 hour™
at the higher octane, 98 R + 0. The model results show that the inlet
temperature decreases to 768 K owing to the increased catalyst volume.
Because of the lower space velocity and temperature, the aging rate is
significantly reduced so that the cycle length is 250 days. The C; . start-of-cycle
yield is 79.5%; with a 5.8 vol % yield loss over the cycle.

1
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These case studies show the versatility of KINPTR to optimizing unit
performance in terms of cycle length, feedstock, yield, product octane, and
operating costs.

Vill. Examples of Model Applications

As shown in Section VII, KINPTR accurately predicts the effects of wide
variations in unit operating conditions and feedstock. Therefore, it is a very
valuable asset to reforming operations, allowing unit performance to be
optimized in terms of cycle length, yield, feedstock type, product octane, and
operating costs.

KINPTR is used several thousand times a year for both research and
commercial reformer estimates. The model has four principal uses: commer-
cial monitoring, reformer diagnostics, optimization, and research and devel-
opment guidance.

A. MONITORING APPLICATIONS

The model provides a performance reference to evaluate commercial
reformer operation by taking into account the wide variation in operating
conditions, feedstocks, and product octane typically experienced commer-
cially. Such variations in reformate yield have already been discussed in
Fig. 29, where the model effectively predicts the yield variations. As a
monitoring tool, the model is routinely used to assess reformer yield and
activity losses due to catalyst deactivation relative to fresh catalyst model
estimates. When commercial yield and/or activity losses relative to the model
are uneconomical, a decision to regenerate the catalyst is made. A typical
monitoring trend (Fig. 36) illustrates the use of the model as a performance
reference.

B. REerFoORMER DiaGgNoOSTICS: A COMMERCIAL EXAMPLE

Occasionally, routine commercial monitoring finds significantly larger
deviations from the model than expected. We have successfully used the model
as a diagnostic tool to troubleshoot these situations. Table XIX is an example
of a model diagnosis of a damaged commercial reformer catalyst. Commercial
data taken after only 9 days on stream compare reasonably well to the model
estimate. At constant octane, the yields agree. The inlet temperature require-
ment is 9 K higher than expected, but this is not sufficient to require
commercial corrective action.
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TABLE XIX

KINPTR Di1aGNosIs OF DAMAGED REFORMER CATALYST

Commercial Commercial
Variable data KINPTR data KINPTR
Days on stream 9 Start of cycle 27 Start of cycle
Octane (Cs+ R +0) 95.1 95.1 83.6 83.6
Cs- yield {(vol %) 75.0 76.0 755 84.4
Average reactor
inlet temperature (K) 768 759 767 726

Fraction of fresh catalyst rate constants at 27 days:

—_—

Cs- «—— Paraffins ¥~ Cyclopentanes —— Cyclohexanes =—— Aromatics
0.4 0.01 0.5 0.05

However, at 27 days on stream, the comparison has changed dramatically.
While about the same temperature was maintained, the reformer octane fell
roughly 12 numbers to 83.6, but yields stayed constant. At the same octane, the
model predicts a 41 K lower inlet temperature and 9 vol % higher reformate
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yield. Such a shift signals significant catalyst damage, since under normal
operation the catalyst should last more than 6 months. Several operating
factors could account for such damage, one example being sulfur poisoning.
However, standard commercial investigations did not find anything abnormal
in the operation. Further, an acceptable catalyst regeneration is indicated by
the good comparison to the model at 9 days on stream.

To provide a more fundamental diagnosis of the problem, the model was
used to characterize the state of the commercial catalyst at 27 days on stream.
The rate constants representing the four basic reactions—cracking, ring
closure, ring isomerization, and dehydrogenation—were adjusted to match
commercial performance. The necessary shifts are shown as fractions of the
fresh catalyst rate constants in Table XIX. Although all reaction rates have
been deactivated, dehydrogenation and ring closure, which depend strongly
on catalyst metal function, are nearly completely deactivated. This analysis
clearly pointed to platinum metal deactivation. Troubleshooting activities
focused on the naphtha pretreater, although normal naphtha analysis did not
indicate unusual levels of sulfur in the naphtha. Upon closer examination, a
periodic flooding of the pretreater stripper which slugged H,S into the
reformer was detected. The periodic nature of the H,S slugging made
detection by naphtha analysis subject to random chance. Correction of the
stripper operation and catalyst regeneration restored expected reformer
performance. Such use of the model quickly eliminated several other possible
factors (e.g., chloride environmental control) and facilitated a resolution of the
problem, thus saving costly commercial downtime.

C. OPTIMIZATION

KINPTR is also used extensively for commercial planning guidance and
reformer operation optimization. The model has been used to improve linear
program accuracy for short-range refinery planning and crude oil supply and
distribution studies. It is also used to optimize reformer economics by proper
selection of operating conditions within refinery constraints.

In Mobil’s short-range planning activities, reformer objectives such as
octane target and naphtha distillation cutpoints are determined in view of the
overall refinery operation using large linear programs (LPs). The model was
used to improve the reformer representation in these LPs. Because the LPs
require very large matrices of process information during their execution,
executing the highly nonlinear kinetic model several thousand times for each
LP run is time-consuming and cumbersome. Therefore, to more efficiently
generate this information, numerous correlations of the kinetic model results
were developed over a wide range of conditions and feedstocks for each of
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Mobil’s reformers. These consisted of more than a quarter of a million
correlation coefficients. The improved LP reformer representation has been
used in Mobil’s refinery LPs successfully since the mid-1970s.

Also, the optimization and planning of crude allocations in Mobil’s
worldwide refinery system is the principal objective of Mobil’s supply and
distribution planning group. Overall corporate profits can be maximized by
proper crude allocations to the various refineries. Similar to the refinery LPs,
the reformer representation in the crude supply and distribution LP was
improved. Table XX gives an example of how sensitive reformer operation can
depend on the type of naphtha reformed. A significant improvement in
performance and octane potential results from processing a naphthenic stock
compared to a paraffinic stock. This improved performance must be balanced
against differences in crude cost.

Finally, the model has been coupled with Mobil’s process equipment
models and economic analysis programs to create the overall Reformer
Operations Model (ROM) for each of Mobil’s reformers. The ROM allows
us to study the effects of process conditions and design configurations on
reformer economics, The ROM calculates mass and energy balances, reformer
yields and cycle length, and utility consumptions for all major reformer
equipment (compressors, towers, exchangers, etc.). Economic analysis allows
optimization of the individual reformer’s profitability. The effect of various
design configurations on profitability can also be determined.

D. RESEARCH AND DEVELOPMENT GUIDANCE

The model has also provided Mobil with a fundamental understanding of
reforming because it is based on the fundamental thermodynamics and kinetic
reactions. It has been used extensively to provide guidance in Mobil’s research
and development efforts, particularly in developing and evaluating leads for

TABLE XX

EFFECT OF CHARGE STOCK ON REFORMER PERFORMANCE

Start-of-cycle at

98 R + 0 octane Estimated cycle
length to 794 K
Charge stock Temperature (K) Yield (days)
Paraffinic naphtha
(70% P) 778 732 48
Naphthenic naphtha

(349, P) 764 86.3 148
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new reforming process and catalyst research directions. This has reduced the
necessity for costly laboratory experiments.

We have evaluated and developed new process modifications using the
model. The concept of staggering the reactor inlet temperatures to equalize the
aging rates in all three reactors (15) was evaluated with the model. Model
simulations, to quantify the benefits of this modification, could be carried out
in a day. Corresponding experiments showing similar effects would have
required months to complete. With minimal modifications to the model, the
benefits for splitting the reformer feed among the three reactors (16) were also
determined.

Also, the deactivation kinetics development gave Mobil leads for novel,
more stable reforming catalysts. It was discovered in 1978, using the model,
that increased rhenium content improved catalyst stability. This discovery
arose during the determination of the deactivation kinetics for catalyst C
(Table XXI). Initially, the deactivation kinetics for catalysts A and B were
determined. Both catalysts had different catalyst densities and rhenium con-
tents (Table XXI). As Table XXI illustrates, catalyst B had increased stability.
Catalyst C is essentially the same catalyst as catalyst A but with a higher
rhenium content. Mobil found that it could fit the commercial and pilot plant
aging data for catalyst C by using the start-of-cycle kinetics of catalyst A (same
catalyst density, platinum content, manufacturer) and the deactivation
kinetics of catalyst B (roughly the same rhenium content).

Given the excellent fit of the data (Fig. 37), Mobil researchers hypothesized
that further increases in rhenium content would further improve catalyst
stability. To test this hypothesis, a series of Pt—Re reforming catalysts were
prepared with increasing rhenium content and evaluated under accelerated
aging conditions. As Fig. 38 shows, increasing the rhenium content signifi-
cantly decreased the aging rate, confirming the original hypothesis developed

TABLE XXI

PROPERTIES AND AGING RATES
FOR COMMERCIAL REFORMING CATALYSTS

A B C

Pt 0.375 0.35 0.375
Re 0.20 0.35 0.375
Catalyst density 32 39-40 32
Catalyst type Spheres Extrudates Spheres
Relative stability Base Improved Improved
Catalyst kinetics used

Start of cycle A B A

Deactivation A B B
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from the reforming model. Recent developments in commercial reforming

catalysts use higher rhenium contents and are claimed to increase catalyst
stability (17).

IX. Nomenclature

A Diagonal matrix of catalyst state M; Hydrocarbon partial pressure expo-
vector - nent in deactivation kinetics
A;  Correlation coefficient for C, - light Hydrogen pressure reaction order
gas delumping Total pressure, kPa
Cy  Weight average Cq. product car- Hydrocarbon partial pressure vec-
bon number tor in deactivation kinetics
Cp  Heat capacity, kJ/gmole K Hydrogen partial pressure, kPa
D Deactivation rate constant matrix C¢+ hydrocarbon partial pressure,
D, Deactivation rate constant for ith kPa
component, jth catalyst state pa- Ideal gas constant
rameter Catalyst site concentration fr -
E  Activation energy, kJ/gmole isomerization
E® Deactivation activation energy, Total catalyst sites
kJ/gmole Liquid hourly space velocity
EOC End of cycle Entropy of reaction, kJ/gmole K
F  Total molar flow rate, gmoles/sec Start of cycle
F, Hydrocarbon charge weight flow Time on stream, sec
rate, g/sec Temperature, K
F, Hydrogen molar flow rate, Fractional catalyst volume
gmoles/sec Total catalyst volume, liters
g; Combined hydrogen of hydrocar- [V =W/p,(1 —€)]
bon species i Vector of hydrocarbon weight frac-
h  Weight fraction yield of H, tions for specific hydrocarbons
H Heat of formation vector, kJ/gm used in text:
H, Heat of adsorption for hydrogen, H, hexane
kJ/gmole MCP, methylcyclopentane
H,; Heats of adsorption for hydrocar- CH, cyclohexane
bon i, kJ/gmole B, Benzene
AH; Enthalpy of reaction, kJ/gmole A, aromatics
AHgzx Heat of reaction, kJ/mole P, paraffins
k, Real-time rate constant, sec™! {de- C, Cs- light gas ]
fined in terms of catalyst con- N, five-carbon-member-ring
tact time) naphthenes )
K Pseudomonomolecular  selectivity N, six-carbon-member-ring
rate constant matrix (each ele- naphthenes
ment is k;) W, Hydrocarbon charge composition
K, Hydrogen adsorption constant, vector
kPa~! W, Catalyst weight, g
K. Hydrocarbon adsorption equilibria X Matrix of eigenvectors of K
vector, gmoles/kPa g X, C,- paraffin weight fraction

M Molecular weight, g/gmole
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Greek Letters

@ Catalyst state vector € Catalyst void fraction

y; Hydrogen pressure stoichiometric A Diagonal matrix of eigenvalues of
coefficient K

yr Molar feed ratio hydrogen to hy- p. Hydrocarbon charge density, g/liter
drocarbon p, Catalyst particle density, g/liter

8; Hydrogen partial pressure exponent 7 Selectivity time
in deactivation kinetics ¢ Catalyst activity function
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A

Abbot Laboratories, 4
Activity
function of pressure, 237-238
function of temperature, 237
gradients, 253
prediction by KINPTR, 250, 253-254
Adams-Moulton predictor-corrector
technique, 139
Adsorption coefficients
defined, equations, 217
Aging rate, see also Deactivation
boiling point and, 210
C; on Pt/Re, 219
charge stock composition and, 220
components of, 211
deactivation kinetics, 193
effect of carbon number, 207, 210
prediction by KINPTR, 254-257
pressure effect on, 199
ring closure, 210
Algebraic method, 15-54
accuracy of, 44
cubic for mixed convection, 54
versus exact solution, 28
and integral method compared, 41-42
quadratic in penetration theory, 54
renewal models and, 49-50
Aromatization
hydrogen partial pressure and, 258
selectivities, 198, 250
Aspect ratios, 127
Assisting convection, 30
Automatic clinical analyzer, 6
Average mass transfer coefficient
equation for, 88-89, 94
multiple, 91
Axial aspect ratio, 118

INDEX
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Axial collocation, 135-138, 178
assumed axial profiles, 136
catalyst energy balance, 136
gas energy balances, 137
mass balances, 137
overall continuity, 138
thermal well energy balance, 137

Axial dispersion, 127

Biot numbers, 128
Blake-Kozeny equation, 125
Blasius expansions, 35, 44
Blasius expression, 49, 65
Blasius flow, 35, 37, 106
Boundary layer thickness
elasticity and, 18
velocity and, 18
viscosity and, 18
Brown’s algorithm, 139
Bulk concentration
profiles, 148
Buoyancy factor, 29

C

Carson transformation, 96
Catalyst aging, see Aging rate
Catalyst characterization test, 230
Catalyst contact time

defined, 212

pressure and temperature effects, 237-238

reforming compositional profiles and,
251-252
Catalyst damage, 260-261
Catalyst deactivation, see also Aging rate
coke formation and, 200, 202
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Catalyst regeneration
cycle lengths, 206
Catalyst state gradient, 239
predicted by KINPTR, 239
Cell number, 100
Chambré-Young solution, 35
Chao-Seader method, 242
Coke formation
concentration of components and, 222
deactiviation from, 200, 202
olefins and, 218
Collocation, 130
axial, 135-138
orthogonal, 132-133
radial, 133-135
Combined convection in internal flows,
31-32
Concentration wave velocity, 167-168
Continuity equation, 120, 125, see also
Total mass conservation
Continuum transport theory, 118
Control model development
model linearization, 171-174
control and disturbance variables, 173
simulations with linearized model,
174-178
concentration dynamics, 175
gas temperature dynamics, 175-176
steady-state concentration profile, 176
state-space representation, 170-171
Control theory, modern multivariable, 179
convective diffusion equation, 12, 24, 64, 78,
near liquid interface, 86
roll cell model and, 95

D

Damkdéhler number, 35, 45
Danckwerts renewal model, 55, 57
Danckwerts theory, 86-91, see also Physical
model approach
Danckwerts equation, 89
statistical model, 107
Davison’s method, for reduced model,
182-184, 186
Deactivation kinetics, see also Aging rate
assumptions, 207
in Cq¢ system, 237, 239
coke formation, 200, 202, 218
hydrocarbon conversion with, 217
kinetic formulation, 217-224

INDEX

lumping scheme, 210-211
number of lumps, 231
parameter estimation, 230-232
rate coefficients, 231
rate constant, 222
rate equation, 220
for Cs component system, 220
predictions, 237-239
Deborah number, 18
Delumping, 224-226
delumped components, 225
semikinetic ‘‘delumping’’ equations, 226
Dimensional analysis, 11
based on two scales, 12-15
micro- and macroscales, 13
Drag coefficient, 18, 19
Du Pont
agricultural products, 3-4
basic research, 2, 4
biomedical products, 4
AIDS antibody test, 4
catalysts, 3
composites, §
dyes, electrochemicals, 2
electronics, 3-4
engineering plastics, 4
explosives, 2
General Motors, 2
neoprene, nylon, 2
N. V. Philips, joint venture with, 4
petroleum-based raw materials, 2
polymer science, 2

E

‘‘Effective’’ parameters, 162
Ergun equation, 120, 125
Euclidian norm, 174
Euler’s equations, 16
Exxon

cyclic reformers, 199

F

Falkner-Skan flows, 36, see also Wedge
flows
Finite difference technique, 130-131
Fisher-Tropsch processes, 117
methanation, 116
Fourier number, 43
Free-stream velocity, 18, 36
zero free-stream flow, 37
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G

Galerkin method, 130-131
Galileo number, 69
Gallium arsenide, 5
General Motors, 2

Global rate expression, 117
Granular bed filters, 50

H

Harshaw Ni-0104T nickel-Kieselguhr
catalyst, 117
Heats of reaction, 128
Heat transfer, 11
boiling, from horizontal surface, 75-76
between bubble bed and vertical wall, 74
between fluid flowing through fixed or
fluidized bed and wall, 70-74
Heat transfer coefficient, 12, 18, 19
local, defined, 28
Hessenberg matrix, 174
Higbie-Danckwerts approach, 91
Higbie equation, 94
Higbie penetration theory, 86
‘““Hot spot,’’ 141, 144, 145
Householder’s method, 174

Image force, 51

Insulin, 6

Interfacial turbulence
Marangoni effect and, 104

Interferon, 6

K

Kinetic platinum reforming model, 193-265

accuracy of predictions, 249-255

inlet temperature, 252-253
applications, 259-265

diagnostics, 259-261

monitoring, 259

optimization, 261-262

research and development, 262-265
deactivation model, 253

activity predictions, 253-254

aging predictions, 253-255, 256
composition changes predicted, 253
cycle length predicted, 253-257, 264
deactivation parameters, 235
example problem, 243-247
experimental design and parameter
estimation, 226-232
activity kinetics, 230
gas chromatograph sample acquisition,
228
hydrogen pressure dependencies, 230
isothermal reformer reactor, 227
flow chart, 248
kinetic lumps in, 208-209
nomenclature, 265
to predict reformer performance, 207
process model description, 241
real-time activity kinetics, 252
real-time activity parameters
for C system, 234
selectivity kinetics, 252
selectivity parameters for C, system, 234
KINPTR, see Kinetic platinum reforming
model
Kmak, 209

L

Laminar convection, forced and free,
26-31
free, equations for, 20-22
Prandtl numbers, 20-22, 26
velocity, 26
Laminar flow
transition to turbulent flow, 15
Laminar motion, 11
Laminar natural convection, 47
Langmuir-Hinshelwood adsorption, 207,
212, 223
Langmuir-Hinshelwood rate law, 117
Leveque solution, 32
Life sciences
chemical engineering in, 5-6
controlled release drugs, 6
dermal penetration drugs, 6
drugs, 6
microbial processing, 6
Linearized model, 171-187
accurate near steady state, 175
start-up and disturbance simulations, 177



270

Linearized model, dimensionality of
178-189
model discretization, 178-180
axial collocation points, 178-180
OCFE, 180
rippling, 178, 180
model reduction, 180-186
Davison’s method, 182-184
Marshall’s method, 184-186
modal reduction approach, 181, 188,
189
Linear stability theory, 73
Liquid hourly space velocity (LHSV)
defined, 203
Lithium niobate, §
Litz’s modal reduction, 189
“Lumped”’ heat transfer parameters, 162
Lumping scheme
deactivation, 210-211
start-of-cycle, 207-210
Lumps
delumping, 224-226
lumped chemical species, 206

M

Marangoni effect, 55
circulation patterns, 102
influence on mass transfer between
phases, 101-107
interfacial turbulence, 104
mass transfer coefficient, 103
numerical calculations of, 106-107
Reynolds number, small values of, 101
Marshall’s model reduction technique,
184-186
advantage of, 184
state-space representation, 184
state vector, 184
Mass diffusivities
axial, defined, 123
radial, defined, 123
Mass transfer, 11
to a continuous phase from single
spherical drop, 39-41
through free surface of stirred liguid,
92-93
surface tension, 92
viscosity, 92

in liguid film in turbulent motion, 91-92

to separated flows, 76~78

INDEX

turbulent, with first-order chemical
reaction, 46-49
unsteady-state, to rotating disk, 41-44
Mass transfer coefficients, 12, 22-25, 33,
48, 53, 64, 91
algebraic equation for, 12
local, 31
in a semiinfinite liquid, 22-26
Mathematical models of packed bed
reactors, mathematical models of
Methanation
Langmuir-Hinshelwood rate law, 117
nickel catalyst, 117
reaction system
high exothermicity, 114, 115
nickel on alumina catalyst, 116
reactions in, 116
side reactions, 115
synthetic natural gas production, 140
Mixing length, 55
Mobil, 193-265 passim
Mobil Research, 193
Modal reduction
‘central theme in, 181
Davison’s, 188
Litz’s, 189
Marshall’s, 188

Naphtha reforming
chemistry, 194-201
classification of reactions, 195-196
paraffin reactions, critical, 196
reforming charge and product composi-
tions, 195
National Academy of Sciences, ‘‘Opportun-
ities in Chemistry,’’ 1, see also
Pimentel Report
Natural convection velocity, 31
Navier-Stokes equations, 11, 16
Newtonian fluids, 19, 54
Nusselt number, 37-38, 45, 53

o

OC, see Orthogonal collocation

OCFE, see Orthogonal collocation on
finite elements

Opportuities in chemical engineering, 1-9

OR double-step iterative process. 174



Orthogonal collocation, 115
drawback of, 152
and OCFE compared, 158-159
orthogonal polynomials, defined, 132
for packed bed reactors, 132
solution, 157

Orthogonal collocation on finite elements,

131, 152-159, 180
discretization analysis, 154
formulation of, 153-158
global indexing system, 154-155
Lagrangian functions versus Hermite
polynomials, 153

local indexing system, 154-155
and OC compared, 158-159

P

Packed bed modeling, simplifications
approximations in, 160
as bundle of tubes, 71
dispersion effects, 161-162
axial thermal diffusion, 162
Peclet numbers, 161
“rippling,” 162
evaluation of physical simplifications,
160-169
homogeneous versus heterogeneous,
162-166
combined energy balance, 163
exothermic reactions, 164
steady-state profiles, 165
negligible energy accumulation in gas
phase, 168-169
quasi-steady-state approximation for
concentration, 166-168
concentration wave velocity, 167-168
reactor configuration and conditions,
168
thermal wave velocity, 167-168
Packed bed reactor
configuration, 116
control model development, 170-178

differential equations describing, 120-124

continuity equation, 120
energy balance for catalyst, 121-122
energy balance for gas, 120-121
energy balance for thermal well, 122
mass balance in reactor section,
122-123
H; + O, on platinum, 163

INDEX
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typical parameters, 140
Packed bed reactors, mathematical models
of, 113-189
adiabatic conditions, 149-150
analysis of model behavior, 139-152
catalytic reactor, 114
for designing control systems, 113
dimensionless equations
energy balance for catalyst, 126
energy balance for gas, 125-126
energy balance for thermal well, 126
mass balance in reactor section, 127
total mass conservation, 125
dimensionless quantities
aspect ratios, 127
axial dispersion, 127
Biot numbers, 128
heats of reaction, 128
heat transfer, 128
radial dispersion, 128
reaction coefficients, 128
reaction rates, 128
dynamic behavior, 142-144
effect of thermal well, 150-152
formulation of model, 118-128
heterogeneous, 114
major assumptions, 119~120
methanation reaction system, 114
nomenclature, 189
nonadiabatic, 115
numerical simulation, 138-139
numerical solution, 129-139
operating conditions and reactor
behavior, 144-146
pseudohomogeneous, 114
radial concentration profiles, analysis of,
146-148
solution techniques, 129-132
finite difference, 130
weighted residuals, 130
steady-state behavior, 141-142
“hot spot,” 141, 144, 145
radial temperature profiles, 143
axial profiles, 142-144
two-dimensional, two-phase, 118
Particle deposition, rates of
under combined flow and assisting
electrostatic field, 50-53
Peclet numbers, 40, 53, 100, 178
radial concentration profiles and, 148
radial gas, 161
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Penetration theory, 105
Higbie, 86
mass transport equation, 32
rate of diffusion with chemical reaction,
32-34
Perturbation solutions, 46
Philips, N. V., 4
Physical model approach, 84-86, see also
Danckwerts theory
physicochemical and hydrodynamic para-
meters separated, 85
renewal and, 85-86
Physical scaling, 11
Pimentel Report, 1, 6, see also National
Academy of Sciences, ‘‘Opportunities
in Chemistry’”
Polymers, 2
alloys, §
Powell’s algorithm, 139
Prandtl’s evaluation procedure, 15-17
Prandtl numbers, 19, 20-22, 29, 37, 44
laminar free convection and, 20-22, 26
Pracess sensitivity, 255-259
Process technology, 7

Q

Quasi-steady model, 66
laminar, 70, 74

R16H platinum-rhenium-alumina catalyst,
232
activity kinetics, 233
selectivity rate constants, 233
Radial collocation, 133-135
discretization in radial dimension, 133
radial concentration profiles, 134
radial temperature profiles, 133
Radial concentration profiles
analysis of, 146-148
Peclet numbers and, 148
Radial dispersion, 128
Radial temperature files
in catalyst, 150-151
Reaction coefficients, 128
Reaction rates, 128
Reduced model, 180-189
computation time reduced, 187
methanation, 187-188

Reformer Optimization Model (ROM), 262
Reformer yield-octane behavior, 252-253
Reforming catalysis, 201-203
interaction between sites, 201
Pt/Ir on Al,O,, 201
Pt/Re on Ale;, 201
Reforming kinetics
Cs, for R16H catalyst, 232-239
pressure effects, 236
temperature effects, 236
delumping, 224-226
equilibria, 208
kinetic lumps, 206
kinetic reforming model, 206
strategies employed, 206
lumping scheme and reaction network,
207-211
mathematics for kinetic constants,
211-224
deactivation, 211, 217-224
hydrocarbon conversion, 211, 217
predictions with, 249-259
process and product characteristics,
224-226
process sensitivity, 255-259
rate constants defined, 213
selectivity, 214
start-of-cycle formulations, 212-217
Reforming process
equations for reactor simulation, 240
mathematical simulation, 193
reactor configuration, 203-206
aging curve, 205
reactor composition profiles, 204
reactor temperature profiles, 204
yield-octane relationship, 205
Reforming process model
logical structure diagram, 249
module descriptions, 241-249
product properties calculated, 242
structure of, 240-249
13 kinetic lumps, 242
Reforming reactions
aromatization selectivities of paraffins, 198
high octane (high aromatic yield), 197
reaction composition profile, 197
reaction parameters, 196
Renewal frequency, 74, 91-92
Renewal models
algebraic method and, 49-50
Danckwerts, 55, 108
hydrodynamic rotating structures and, 93
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Reynolds analogy, 67
Reynolds number, 11, 18, 19, 39, 69, 71
critical, 61
Marangoni effect and, 101
strong turbulence, 14
vanishingly small, 14
Rhenium
catalyst stability and, 263-265
Richardson and Zaki equation, 72
Ring isomerization
deactiviation rate, 223
start-of-cycle rate constant, 221
“Rippling,”’ 162, 178, 180
Roll cell model
average mass transfer coefficient, 94
convective diffusion equation, 95
quantitative formulations of, 94-101
Schlieren arrangement and, 94
for turbulent mass transfer, 93-94
Roll cell pattern, 58
Runge-Kutta-Gill method, 139

Scale, changes in
effectiveness of chemical products, 8
physical piece of equipment, 8
Scaling transformations, 12
Schlieren arrangement, 94, 104
Schmidt number, 15, 37, 39, 65
depth of penetration by diffusion and, 35
high values of, 22, 35
Selectivity
aromatic 198, 250
effect of charge stock type, 250
effect of temperature, 251
gradients, 253
kinetic parameter estimation, 214
kinetic problem, 214-216
rate constant matrix, 214, 216, 230
for Cs system, 232
time, 216
transformation, 215
Shear stress
equation for, 68
Sherwood numbers, 11, 14, 34, 53, 54
local, 35
Similarity solution, 38
similarity transformation, 100
similarity variable, 28, 86
Simpson’s integration rule, 217
““‘Smart”’ chemicals, 8

SOC, see Start-of-cycle

Space charge effect, 51

Start-of-cycle kinetics
assumptions, 206-207
defined, 193
formulations, 212-217
lumping scheme, 207-210
lumps in KINPTR, 208-209
in module REACTOR, 242
predictions, 233-237, 250-253
ring isomerization, 221-223

Start-of-cycle parameter estimation,

227-230

Steady laminar flow, 34-36
along a plate, 58-61

Steady stagnation laminar flow, 61

Steam-shift reaction, 116-117
rate expression for, 117

Stokes equations, 50-51

Successive scaling, 81

Suction of fluids, 36-39

T

Temperature field
equation for, 44
Thermal boundary layer, 26
Thermal wave velocity, 167-168
Thermal well, 122, 126
effect of, 150-152
Total mass conservation, 120, see also
Continuity equation
Transfer coefficient, 38
Transient model, 66
Transport phenomena, analysis with scaling
and physical models, 11-109
Tube and separated flow cases, 78-81
average mass transfer coefficient, 79
mass flux, 79
“Tuning factors,”’ 194
Turbulent diffusivity, 46-48, 81-83,
equation for, 55-56
Turbulent flow
near solid boundary, 55-58
theory of turbulence, 55
turbulent transport equations, 55
very large Schmidt numbers, 56, 59
Reynolds number and, 15
transition from laminar flow, 15
Turbulent heat and mass transfer, 54-108
““local,” 60
in stirred vessel, 68-70
in tube, for Sc or Pr > 1, 66-68
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Turbulent kinematic viscosity, 56
Turbulent mass transfer
coefficient
for large Schmidt numbers, 83
in tube, for Sc or Pr > 1, 66-68
deterministic approach, 107-108
Danckwerts statistical model and,
107-108
near liquid-fluid interface, 81-83
physical model approach, 84-86
in stirred vessel, 68-70, 83-84
viscosity and surface tension, 83-84
Turbulent motion, 11
Turbulent transport, 46

U

Universal Oil Products
continuous regeneration reformers, 199
R16H bimetallic catalyst, 232
Unsteady heat transfer to liquid in steady
laminar flow, 44-45

INDEX

Unsteady laminar motion and turbulent
transport, 62-66

Unsteady-state transport equation, 41, 109

UOQP, see Universal Oil Products

v

Velocity profile of forced flow, 31

Viscoelastic fluid, boundary layer for,
17-20

Viscous limit, 20

Wall shear stress
equation for, 65
Wedge flows, see also Falkner-Skan flows
transport phenomena in, 36-39
Weighted residuals, 130, 131
collocation, 130
Galerkin method, 130
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